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The solution of the Schrédinger equation for the potential V(r) = V/(ur) and all angular momenta
is given in terms of known functions, namely, the solutions to the modified Mathieu equation with
complex parameters and complex argument. Scattering solutions for both attractive and repulsive
potentials are given and in the latter case the explicit expression for the S matrix is given.

I. INTRODUCTION

ISTORICALLY,'"® interest in nonrelativistic
potential theory has always been centered on
solving the Schrodinger equation for potentials less
singular than the inverse square. This is because
the boundary conditions at the origin are easy to
satisfy (the Jost functions are, in general, finite and
nonzero), and there are discrete bound states with
a lowest one: the ground state. However, Case,*
some years ago, showed that potentials of the form
r " n > 2 do not cause as much trouble as might
be expected and, in fact, do not have a divergent
behavior at the origin for attractive potentials. With
the adjustment of a single parameter, it is possible
to form discrete bound states but there is no ground
state.

Case pointed out two possible useful situations
for such singular potentials: (1) the case where such
a potential is not valid all the way to »r = 0 but is
joined to some less singular potential as r becomes
small in much the same way as the Coulomb po-
tential is not really valid down to® » = 0; and

1 A. Bhattacharjie and E. C. G. Sudarshan, Nuovo Ci-
mento 25, 864 (1962).

* A. K. Bose, Phys. Letters 7, 245 (1963).

3 V. Bargmann, Rev. Mod. Phys. 21, 488 (1949).

+ K. M. Case, Phys. Rev. 80, 797 (1950).

5 Moreover, the Coulomb potential behaves very badly
at infinity in terms of the standard phase shift analysis. The
only reason we use it is because we must (it’s physical).

(2) for repulsive singular potentials the study of
scattering is mathematically well-defined and useful.

More recently, interest in potentials of the form
A/r* 4+ B/"*, A > 0, have been investigated by
Predazzi and Regge® in an attempt to shed light
on the analyticity of the S matrix in the complex
! plane for singular potentials. Their argument is
that physical interactions seem more singular at
close range than the potentials which one normally
deals with. Therefore, if we expect the physical S
matrix to be meromorphic in [ we must study singular
potential scattering to look for clues as to the proper
behavior. They show that, indeed, making the po-
tential singular removes the usual difficulties one
has with the S matrix in the [ plane that are found
with the Coulomb potential, for instance, in the
left half-plane. The authors are not able to solve
the Schrodinger equation except for zero energy.

Other workers”*® have investigated »™* potentials
in the Bethe-Salpeter equation so as to illuminate
the behavior of this equation. However, in this
case the solutions for ™ reveal a very similar be-
havior to the inverse-square potential for the Schrs-
dinger equation. This is not surprising since the

( °E). Predazzi and T. Regge, Nuovo Cimento 24, 518
1962).

7 A. Bastai, L. Bertocchi, S. Fubini, G. Furlan, and M.
Tonin, Nuovo Cimento 30, 1512 (1963).

8 A. Bastai, L. Bertocchi, G. Furlan, and M. Tonin,
Nuovo Cimento 30, 1532 (1963).
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Bethe—Salpeter equation is in a sense a squared
equation (in energy), while the Schrodinger equa-
tion is linear.

Though Case (see also Morse and Feshbach®)
demonstrated the exact solutions to the Schrédinger
equation for %, he was able only to give the general
behavior at the origin for more singular potentials.
It is our intention here to give the exact solutions,
for attractive and repulsive potentials, for the r™*
potential in the nonrelativistic case for all angular
momenta. The solutions turn out to be in the form
of solutions of the modified Mathieu equation of
complex argument and so are, in general, rather
complicated in form. However, the final result for
the S matrix is remarkably simple, formally at
least, and is amenable to a machine calculation of
the scattering.

II. GENERAL FORMULATION

We seek a solution to the separated radial equation

) ., V. W+ 1)] B

@"'(r) + [k + Gy e =0 L
V > 0 attractive
¥V < 0 repulsive

where units are such that £ = k*, V(r) = V/(u |1])*
with V having the dimension of energy and 4 > 0
the dimension of inverse length. It is possible (and
in fact was so done) to find the solutions of (1) by
using the methods of Refs. 1 and 2 by starting with
the algebraic form of the modified Mathieu equation.
It is easier and simpler to follow the reverse pro-
cedure and start with (1), making the correct trans-
formations as we go. Let us put o(r) = r} ¢(r) to get

v+ v + K+ s

- M_gu_ﬂw _ o

r

and then putting x = Ar we have

gy + L AN 2N
v+ e + | () + 2
1\2
— (l °lx_2 2) ]#/(.’C) —_ 0'
Making the further substitution
z=¢" 0<Lz]<L1, @)
T =¢ 1< o] < =, @)

¢*P. M. Morse and H. Feshbach, Methods of Theoretical
Physics (McGraw-Hill Book Company, Inc., New York,
1953), mainly Chaps. 5 and 11.
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we arrive at

V@) + [k/Ne™ + (VN /uh)e™

— U+ 8k =0, @
where we always have Re (2) > 0. Let us set
/N = VN/ut = ¢ and a = (I + 3)
to get
Y'(z) — [a — 2q cosh 2z]¢{z) = O, 5)

which is the canonical form of the modified Mathieu
equation, i.e., the form assumed by the Mathieu
equation

') + [a + 2q cos 2y]Y(y) = 0

when y = 72z, In what follows we draw mainly on
the material in McLachlan' (hereafter referred to
as M), whose notation we use, and Meixner and
Schifke'" (hereafter MS) where @ = \ and ¢ = A’

The standard treatment of the ordinary Mathieu
equation is concerned with periodic and nonperiodic
solutions and with regions of stable and unstable
solutions for various choices of the pair (a, q). How-
ever, it is obvious that these concerns are no longer
of interest when we deal with the modified equation
(5) because cosh (22) is not periodic for real z.
Instead we are concerned with asymptotic properties
of the solutions of (5).

In the relationship

B/ = VN

if we consider positive energy solutions for an at-
tractive potential we must take

N =M= ukt/Vt and ¢, = ¢ =kVi/i@ >0

so that A, and ¢, are real and z = Zln Ar is real.
Though this is less interesting than the case of a
repulsive potential, it is easier to deal with, since
if V < 0 we must take

N ST SN BT

A= \/5(1 1) =7 \/5(1 DN,
R 7o

Qr=7:]_0(_”2l)_=iq}

and A, and ¢, are complex as is z.

10 N. W. McLachlan, Theory and Applications of Mathieu
Functions (Oxford University Press, Oxford, 1947). The
reader is cautioned that various passages in this book are in-
correct, for example, Secs. 6.20 and 12.30 do not state the
regions of validity of the expressions contained therein (these
expressions are completely invalid for certain regions). Simi-
larly parts 12 and 15 of the Additional Results are completely
wrong. In all cases the correct expressions are found in Ref. 11.

1 J, Meixner and F. W. Schiifke, Mathieusche Funktionen
und Sphdroidfunktionen (Springer-Verlag, Berlin, 1954).
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III. SOLUTIONS FOR ATTRACTIVE POTENTIAL

We consider first the case when A\, and ¢, are
real for then it is easy to write down the solutions
of (5) which are well known. Transforming the nota-
tion of MS to our own, we write the two independent
solutions of (5) as'

M9, ¢ = [me, 0, g1

S (—1CLQHES 24 cosh 2)

re=—0

®)

where H¥/* are the Hankel functions of the first
and second kind, respectively, and in the more
conventional notation have the property®

@) = HOG) — () eromiorio

2\ _,
(4) — (2) “ —~i(z—}or—1x)
H*() = H, (z)—)(rz)e

a8 z—> + . N

In (6) v is a parameter which is a very complicated
function of @ and ¢, v = »(a, ¢), discussed in more
detail in the Appendix. The coefﬁclents ;.
satisfy the recursion relations

fa— @+ 21Ch — q(Coh2 + Coia) =0 (8)

which unfortunately are of the three-term variety.
We discuss (8) in the Appendix. The constant in
(6) is

3 ). )

r=—co

me, (0, q) =

1t is obvious that having the two Hankel functions
appearing in (6) means that we can form other
solutions with different asymptotic behavior, for
instance, behaving as the sine or cosine as do J,(2)
and J_,(2) [or N,(2) if ¢ is an integer] the Bessel
functions. We are obviously interested in the forms
(7) so we will not discuss other possibilities. The
recursion relations (8) are known''' to give a
converging series for the C},’s for the correct v(a, ¢)
(which always exists) and the series (6) can be
proved convergent for |cosh z| > 1, but uniformly
convergent only when |cosh z| > 1. Here z takes
on any complex value.

We write the general solution of (1) when the
potential is attractive and energy positive as

o) = APMP (£ Innr, ¢) + BEMP (£ In M, ¢)
(10)

2 The two_independent solutions are wrongly given in
part 12 of Additional Results of Ref. 10. When » is an integer

the form of the solutions and various expressions we use are
rather different but lead of course to the same conclusions.
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where the plus sign is taken if [Ar] > 1 and the
negative sign if A\r| < 1. In (10) A and B are arbi-
trary constants. It is easy to see that |cosh 2| =
occurs when |Ar| = 1, so that though the solution is
continuous across r = [A\|™' the derivative is not
[in fact it does not exist in the form (10)]. Here we
make use of one of the interesting properties of the
solutions of the modified Mathieu equation, namely,
that there is a plurality of forms for the solutions.
It can be shown that an equally suitable set of
solutions to (5) are given by

i Cv (q ei(2r+y)z
2r

r=—u

Me,,(z, q) = 11)
with the same C2,! This solution converges uni-
formly for all finite 2z in the complex plane and so
can be used to join the two regions r < [\|™* and
r > |A]”". In the next section we do this type of
joining in detail to enable us to get the S matrix.

The behavior of ¢(r) at the origin and infinity
are both obtainable from the infinite asymptotic
behavior alone of the M ¥, This is because we
have

M,2¢ coshz) = M, (¢*O + 1/3)

= M,(kr + V¥/ur)

and the argument of M, goes to infinity as r — 0
and r — . Using the results proved in MS we have

o A Z)rew [ {7 -5 -9)]
+ B( VQ)%’I‘ exp I:—i(%; — % - i)} r—0, (12a)
0= 4(5) e[ -5 -]

2\ :
+ B’(%> exp [—z(lcr - %r - i):| r— o, (12b)

Several things should be noted about (12). First
the correct wavefunction does not in general have
the same coefficients at the origin and at infinity,
in other words, A # A’ and B # B’. This is a result
of the fact that if the A term in (12a) is continued
across the point r = [A|™" as explained above, the
resulting expression. will contain some of each of
the A’ and B’ terms; similarly for the B term.

The infinite behavior of ¢(r) is exactly what we
would expect and causes no difficulty. But at the
origin, both solutions tend to zero while oscillating
infinitely rapidly. To define a phase shift at infinity
it would be necessary to choose the ratio A/B as
some arbitrary parameter. This is essentially Case’s
parameter.
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We now turn our attention to the more interesting
case of a repulsive potential.

IV. SOLUTIONS FOR REPULSIVE POTENTIAL

We must now replace ¢ everywhere in See. III
by 1q as can be seen from the relationships established
at the end of II. These also show that we now have

z=xIn 1/V2({1 — O\ = xIn M F Lir.

Most of the results of III can be taken over directly
since the convergence and asymptotic properties of
the series given there have been proved for com-
plex Cj,, », and z (see MS and Bateman'®). The
parameter v = »{a, ¢g) is not well studied in the
literature, though »(a, ¢) has been extensively in-
vestigated. Besides this difference in », we see that
our solution of (1) is of the form

e = APMP [ 0r + i/ W] + BAM P [¢0r + /W)

= APM®(er + iV ur) + BPAMP (or + V/ur).
(13)

As r — o we still have the forms (12b), but as
r — 0 it is easy to see that we have a finite solution
only in the one case that B = 0; then

0= 4 e 5 +5) | o ()
14

This solution is unique® in that any other solution
finite at the origin is merely a constant multiple of it.

Now the condition™ that |cosh 2] > 1 for uniform
convergence means that when z = —In (\r) + Lir
we can use (13) only when ar < (2 — 4/3)}, and
when z = In (A\r) — 3ir the solutions are valid
only for ar > (2 + v/3)%

In order to connect these two regions we must
make use of the solutions Me,, given in (11). We
choose some r, such that 0 < r, < A7'(2 — V/3)}
and write

Mfa)(r!) = aMev(rl) + BMe-v(rl)x
M?“(ﬁ) = aMe)(r;) + BMe.,(r}),

where o and 8 are to be determined. Now at the
point r = A7 we switch from z = —In (\r) + ir
to z = In (\r) — 4w, which means that the sign
of dz/9r changes from minus to plus. Thus at this

as r—0.

13 Bateman Manuscript Project (MeGraw-Hill Book Com-
pany, Inc.,, New York, 1955), Vol. III.

1 It is remarkable that in two books, Ref. 10 and 13, the
condition [cosh 2| < 1 is stated to exclude only real z such
that —1 < z < 1. See p. 201 of MS for a diagram of the
region in the complex z plane for which [cosh 2] < 1.
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point we must have
aMe (7Y + BMeS (V7Y

= yMeSP () + SMelP (7Y,
aMe;” ' (N7 4 BMeS /(N

= —yMe, "\ — sMeS) (Y,

where M and M refer to solutions for which
z= —In \r) + %ir and z = In (\r) — Lim, respec-
tively. Using (16) to determine v and & we then
have for some r, > A7 (2 + 4/3)}

YMe,(r;) + 6Me_,(r;) = A’Mfs’(rz) + B'M:“(Tz);

yMel(ry) + 8Me! (r) = A/MP'(r)) + B M (ry).
an

We know from (12b) that the S matrix is given by
Sk, 1) = i[A’(k, I)/B'(k, Dle™* """ = IO

(16)

To evaluate A’ and B’ it is necessary to do some
very tedious algebra and make use of the fact that
the Wronskian of two independent solutions of the
Mathieu equation is a constant. With our normaliza-
tion, MS gives these Wronskians as

WM, M) = 3, 4] = —4i/x,
[1,3]) = —[1, 4] = 2i/x,
{1)2] = _‘[2, 3] = -2, 4] = 2/’”:

(19)

where
M = 3MP +3M0, M = —3MGP + HMLE.
It is also necessary to use the relationships
Me, = [me,(0)/M;” (O)]M,"
and
Me_, = [me,(0)/M2(0)}(cos s MY — sinvrMP).

Making use of the explicit forms (11) we can finally
write

Sk, 1) = ie"" ' "[(R* + 1)/(R* + ¢'*7)] 20)
with
R = MO0)/MP0)
and
HEO = €
X 3 (~1PCHToG sl (2D

gm—c

In (21) the J’'s are the usual Bessel functions, As
E — 0 (or ¢ — 0) we show in the Appendix that
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v — | 4+ % and it is shown in MS that'® C33(0) = 0
S 0 while C;"(0) # 0 and is finite. Now J,(0) = 1
and J.,((ig)}) — ¢*! as ¢ — 0. Hence we see that
R — k%P a5k — 0 and conclude that S(0,1) = 1
as indeed it should be.

Unfortunately the determination of the behavior
of the phase shifts as the energy becomes infinite
is not such a simple problem. However it may be
possible to investigate such behavior and the ques-
tion is currently being studied.

The expressions comprising the S matrix though
complicated are tractable for a computer caleulation
of scattering from an inverse fourth-power repulsive
potential. As has recently become apparent'® the
use of simple potentials such as the Yukawa gives
a remarkable good fit to high energy p—p scattering.
It would be of great interest to investigate the
present potential because it lies in between the
Coulomb (too long a tail for high-energy scattering)
and the Yukawa (very short range). Such an in-
vestigation would help shed light on exactly where
the transition between acceptable short-range po-
tentials and unacceptable long-range potentials
comes.
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APPENDIX

As mentioned earlier in the paper, the solutions
to the Mathieu equation take on a different form
when the parameter » is a real integer. All the
properties we have proved in this paper can be
shown to hold for these unusual cases as well; in
fact the proofs are easier then. We have considered
the more general case that » is not a real integer.

Though the derivations of various formulas for
v are generally given in M and MS for real ¢, a
study of these derivations easily shows that they
hold for complex g as well. The reason » enters
the problem at all is because the recursion relations
will converge only for certain values of »." We give
two formulas useful for computing ». For small
complex ¢ we have

_ .2 1 2 51'2"'7 4
a=yvy +2(v2__1)q +32(V2_1)3(V2_4)q

%' + 58° + 29 o s
+ 64(1’2 _ 1)5(1‘2 — 4)(1,2 — 9) q + O(Q )'

We make use of this formula when ¢ = 0 just below
(21), but in general it must be truncated and in-
verted to find ». More useful is

3

cos vr = cos a'r +

2 L. |
Wda—-1n1? + [64((; — 1@ — Dad® "ORT

_ 7 cos alr :I .
32a(a — 1)° |7

= sin alr

4 [105«;" — 1155a* 4+ 3815a° — 4705a® + 1652a — 288

7 sin a'r

256(a — 1)°(a — 4)°(a — 9)a*”*
15¢° — 350 4+ 8

- - 2 os gt | 4 ...
384(a — 1°a} ~ 256a%(@ — D@ — &) " °® ‘“’]q o

Having found » by these means (or others available),
the recursion relations are solved for the C}, by
way of continued fractions as is explained in detail
in Morse and Feshback or M where worked examples

1 More exactly we have

) , (v + 1)
Cas” = Co (22581 To+ 8 +1)

as ¢ — 0. See MS, p. 121.
18 R. Serber, Phys. Rev. Letters 10, 357 (1963).

q2lSI

are given. When » is an integer the entire process is
usually reversed so that one looks for the corre-
sponding value of a that makes v an integer (this
is the Mathieu eigenvalue problem). For small ¢
the formula for C}, given in footnote 15 is useful,
and there are many other formulas given in the
literature for » and Cj, but usually only of use
for special ranges of a and ¢. In any given situation
it is necessary to search various references for any
useful expressions,
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We demonstrate the mathematical existence of a meson theory with nonrelativistic nucleons. A
system of Schrédinger particles is coupled to a quantized relativistic scalar field. If a cutoff is put on
the interaction, we obtain a well-defined self-adjoint operator. The solution of the Schrédinger equa-~
tion diverges as the cutoff tends to infinity, but the divergence amounts merely to & constant infinite
phase shift due to the self-energy of the particles. In the Heisenberg picture, we obtain a solution
in the limit of no cutoff. We use a canonical transformation due to Gross to separate the divergent
self-energy term. It is shown that the canonical transformation is implemented by a unitary oper-
ator, and that the transformed Hamiltonian, with an infinite constant subtracted, can be interpreted

as a self-adjoint operator.

1. INTRODUCTION

HE main mathematical problem presented by

quantum field theory is to establish the exist-
ence, or nonexistence, of relativistic interactions of
quantized fields. The free fields are well-understood,
but the Hamiltonians of relativistic interactions fail
to exist as well-defined operators. Here we study
the interaction of a field of spinless “nucleons” with
a scalar “meson” field, where the nucleons are
treated nonrelativistically, For most of our discus-
sion we may limit ourselves to a fixed number N
of nucleons, since N does not change with time.
In this model also the Hamiltonian H fails to exist
as a well-defined operator. Despite this, we are able
to associate with H a well-defined one-parameter
group of unitary operators which describes in an
unambiguous way the temporal development of
states.

If we put a cutoff « on the interaction Hamil-
tonian, we obtain a self-adjoint operator H,. The
operators exp (—4tH,) have no limit as x — o,
but the divergence is of a very simple kind. There
is a family of real constants E,, which diverges
logarithmiecally as x — «, such that exp (—dt(H, —
NE.,)) does converge strongly to the unitary operator
exp (—itH), where H is a self-adjoint operator which
is bounded below. The operator H has the interpreta-
tion of the Hamiltonian H with the infinite self-
energy of the nucleons subtracted. Since a state
is given not by a point in Hilbert space but by a
ray, this implies that the state determined by
exp (—4tH,) ¥ does converge as « — <. In the
Heisenberg picture, if A is any bounded self-adjoint
operator then exp (itH,)A exp (—itH,) converges
strongly as k — o,

This model has been discussed by Gross' and

1 E. P. Gross, Ann. Phys. 19, 219 (1962).

others, and it was known that the only divergence
in the theory was the divergent self-energy. Gross
found a canonical transformation, a modification of
a dressing transformation used by Greenberg and
Schweber,” such that, formally, e"He™" = H' + NE,
where E is an infinite constant and the self-energy
terms for H' are finite in all orders of a perturbation
expansion. We show that H’ and e” have interpreta-
tions as well-defined operators on Hilbert space. The
operator H referred to above is e”"H’e”, and once
this is shown to exist the convergence theorem is
not difficult.

The author first studied the problem from the
point of view of Feynman path integrals, and de-
scribed this approach to the Conference on Analysis
in Funection Space® held at M.LT. in June 1963.
It was there that he learned of the work of Gross
which makes possible a much simpler and more
complete treatment of the problem.

We use some operator theory which, although
known, is not entirely standard. These results are
summarized in an appendix.

2. STATEMENT OF THE THEOREM

Our Hilbert space 3C is the tensor product of the
space of nucleon wavefunctions and Fock space for
the meson field. The meson field is relativistic, but
we shall use nonrelativistic notation throughout. An
element ¥ of 3¢ is a sequence {¥‘™} of functions

2 0. W. Greenberg and S. S. Schweber, Nuovo Cimento 8,
378 (1958).

3 E. Nelson, “Schrodinger Particles Interacting with a
Quantized Scalar Field,”” in Proceedings of a Conference on
the Theory and Applications of Analysis in Function Space
held at Endicott House in Dedham, Massachusetts June 9-13,
1963. Edited by W. T. Martin and I. Segal (Masgsachusetts
Institute of Technology Press, Cambridge, Massachusetts,
1964), p. 87.
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on R***" with ||¥|| < =, where

2| = Zf fdxl - dxy dk, --- dK,
n=0

X l‘I/(")(le st ny;kly ot vkn)‘zy

and each ¥™ is symmetric in k,, +-- , k,. It wil
not be necessary to specify the statistics of the
nucleons, and 3¢ could be replaced by the subspace
of all ¥ which are antisymmetric (or symmetric) in
the nucleon variables x,, - - - , Xy.
Let M, the nucleon mass, be a strictly positive
constant, and let
1 4,
Hnuo - m- '; pm;
where —p? = V2, is the Laplacian in the variable
X,, with the usual domain which makes it a self-
adjoint operator. Let u, the meson mass, be a
strictly positive constant, and let

wlk) = & + u).
Define H ., by
(Hmes‘I’)(") = Z w(ki)\:[/(”)’
i=1

on the domain ©(H,.,) of all ¥ in 3¢ such that
{ (Hmes ¥)™} is again in 3C.

The symbolic annihilation operators a, and crea-
tion operators a¥ are given by

(V)™ &y, --- , k)
=mn+ D"k kK, --- k), (@)

(@) "k, --- k) =n"t > sk — k)
i=1
X TV, ’i{i‘ -, k), @)

where k; indicates that k; is omitted. We have
suppressed the nucleon variables in (1) and (2),
and shall frequently do so when considering operators
which do not affect them. The formal expression of
H,., in terms of a; and af is [ w(k)atay dk. Formally,
lag, a¥ ] = 6k — K').

Let n be the number of mesons operator defined by

(n‘I’)(") — n\Il(")

on the domain D(n) of all ¥ in 3¢ such that {n¥™}
is again in 3C.

If f is in *R’), ||fl; = [ [f(&)|" dk < =, then
[ f(&)ay dk and [ f(k)a} dk, defined by

(n)

([ 0o axcv) ", - k)

=@n+ 1} f f&T ™k, ky, - k) dk, (3)

1191
and

([ 1000t aev) ", -+ i

= a7t D fE)V &y, - Ky, -

i=1

" k'n); (4)

are well-defined operators on D(n!). By the Schwarz
inequality,

|/ s ] < o,

Hf fi)ax dk\I'H < Il 1 + 1l
Also,

(., [ 1000x aww,) = ([ 7000z div, )

for all ¥, and ¥, in D(?).

Notice that if f is an arbitrary measurable func-
tion, then [ f(k)a, dk is a densely defined linear
operator on the domain of all ¥ in 3¢ such that the
integrals on the right-hand side of (3) exist and
define an element of 3¢. However, -this operator will
fail to have a closure if f is not in £°, so that the
adjoint operator will not be densely defined. In fact,
only ¥ = 0 is in the domain of [ f(k)a} dk if f
is not in £° Thus, annihilation operators are better
behaved than creation operators. This is why it is
advantageous to have creation operators to the
left in an operator product, where they may be
moved to the other side of an inner product as
annihilation operators,

Let k £ o, and define

Xx(k) = 17 Ik‘ < k,

0, k| >«
Let

o®) = 2007 [ (i
X (akeik.x + ate‘ik.x)x:t(k) dk,

N
H, = g Z ¢K(XM)7

m=1

(6)

where g is a real constant. Except for the non-
relativistic notation, ¢.(x) is the scalar field as
given in Schweber.* Since «(k)™? is not in £*(R?),
¢-(x) and H;. are merely formal expressions. The
introduction of the cutoff « ensures that, for k < <,
H;,, is a well-defined operator on the domain D(nt).
—_‘S-TSchweber, An Introduction to Relativistic Quantum

Field Theory (Row, Peterson, and Company, Evanston,
Tilinois, 1961), p. 177.
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To deseribe the interaction of the nucleons with
the megon field we study the behavior of exp (—4tH,)
as k — «, where

H: = Hnuc + Hmes + HI:-
The integral
E, = —2Mg[2(2x)]"

)]

X [ @Ml + o) @) &k ©)
is divergent for x = o, but if « < o« then E, is
a well-defined real number.

Theorem. For each « < o, H, is a self-adjoint
operator on 3. There is a unique self-adjoint operator
A on 3¢ such that, for all real t and all ¥ in i,

lim e—il(l!;-NE.)\I, = e"“ﬁ‘I’.

K=o

)
The operator B is bounded below.

3. THE CANONICAL TRANSFORMATION
OF GROSS

We shall proceed formally at first. Let K < «,
and let the function 8 and the operator 7', be
given by

_ g2 ()

T. = 3 [ Bene™™ — ate* )9 dk. (11)

mml

We shall compute e"*H e~ 7, which for x = « and
K = 0 is the transformation considered by Gross.'
For reasons which will become apparent in Sec. 4,
we shall ehoose a fixed large value of K, and consider
T, for finite values of « tending to « and forx = .
We shall always assume that « > K (otherwise

T, =0).
Observe that
€™ Pae”"" = Pn + A + AL, 12)
where
Anc = [ BB "0, (K) d,
(13)

A% = [ k@ate &) dk,

since [T‘, pm} == Amx + A:, and [Tx; {Tx; pmH = 0.
Similarly,
N
e?'gake-T. = gy + ZB(k)XK(k)e—ik'xm’
™=t (14)

N
eTate™ = af + 3 Al
m=1
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Therefore, to find ¢”*H,e~ " we need only substitute
(12) and (14) into

H, =@M T+ [ oata dk + o2GeT

X > f w®) Hae™ ™ + ate =)y, (k) dk.

This yields
e He ™ = QM) Y (ph + A%, + A2

+ 2A% A+ [An, AL+ 2P Amc + Ao Do)
+ {[Ane; Pa] + [Pn) AZID + Haues

+ { S [ ot0ptee = + ate™ i) dk}

+ 2 X [ @80 + gl2eeT e 6w)
X ¢ ) dis + (o). (15)
Now
A 2] = [ BB ""x.00) d,
(16)

(o, A% = [ WB00aze* *x,0) dk,

so that, by the definition (10} of 8(k), the terms of
(15) enclosed in braces { } add up to H,x. Similarly,

[Ane, AL = [ KB09°.0) dk,

so that 2M)™* X, [A,.., A% ] and the terms m = [
in the double sum add up to N(E, — Ex). Therefore,
e"He ™ = H, + N(E, — Ex), a7
where
H = Hy + @M)™ 20 (A% + A% + 2A%-A,.
+ 2pu-Aus + Afopa) + V. + Hix,
Hy = Hopo + Huens

V.= 3 [ 80 + ol2e1 o 50)

X &7 ey, k) . 20)

Now we turn to questions of mathematical exist-
ence. By (10), 8 is in £*(R®), so that for ¥ < o,
the right-hand side of (11) is a well-defined skew-
symmetric operator on the domain D(n!). We define
T, to be the closure of this operator.

(18)
19)

Lemma 1. For « < o, the operator T, is skew-
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adjoint, T* = —T,, so that e™ and e ™* are well-
defined unitary operators. For all ¥ in 3C,

lim e ™¥ = ¢ 7%,

Kk—

lime™¥ = e™°¥,
Proof: Let 3¢(n) be the subspace of all ¥ in 3¢
such that ¥” = 0 whenever j > n, and let

1)

se(w) = \J 5em).

By (5), if ¥ is in 3C(n) then
||T.%]] < 2N [18]l. (0 + D} |J2]],  (22)

and T ¥ is in 3¢(n + 1). From this it follows that,
for all real s and ¥ in 3¢( ),

2 sl T/t < .

Since 3¢(w) is dense in 3¢, this implies® that T* =
—T,, and that, for ¥ in 3C(«),

e = Y TN/
i=0
Since we have estimates on the tail of this series
which are independent of «, and since for each j,
Ti¥ — Ti¥ for ¥ in 3¢(«), this implies that (21)
holds for all ¥ in 3¢(«), and consequently for all
¥ in JC.

Lemma 2. For ¢ < o, H, 1s self-adjoini, and
DH,) = D(H,).

Proof: It is clear that H, [see (19)] is self-adjoint,
since it is the sum of two positive commuting self-
adjoint operators. [There is a measure space X such
that 3¢ is unitarily equivalent to £*(X) in such a
way that H,,, and H,,, correspond to multiplication
by positive measurable functions h,,, and h.,., re-
spectively. For ¢ in £3(X), (howe + Pmes) ¢ is in
£%(X) if and only if Ay and hn.y are, since Aoy,
and A, are positive, so that H,,, + H.,., is unitarily
equivalent to multiplication by h.,. -+ Ax.., and so
is self-adjoint.]

By an argument due to Kato,® we need only show
that there isana¢ < 1 and a b < « such that

|H %] < o [|He¥|| + b {|¥]| (23)

for all ¥ in D(H,). By (5), [|[H.. 2| < C|ln + Dy,
where C is a finite constant (depending on «, x < ).
Forall e > Q thereisad’ < = such that ||(n+1)}¥|| <
e In¥lf + ¥ [9l] < e [[H|| + b [l s0 if
we choose ¢ < C ', then (23) holds.

5 See E. Nelson, Ann. Math. 70, 572 (1959), Lemmma 5.1.
¢ T. Kato, Trans. Am. Math. Soc. 70, 195 (1951), proof
of Lemma, 5.
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By Lemmas 1 and 2, if x < o then e™H. ™ is
a well-defined self-adjoint operator.

Lemma 3. If k < o, (17) s true.

Proof: First, it should be remarked that there
is something to prove: the computation made in
the beginning of this section shows only that for
¥ in a suitable domain on which [T,, H,] and
[T,, [T., H]] are defined, say on (=) M D(H,),
that

H, + [T, H)¥ = (H. + N(E. — Ex))¥,
[TK) [Tn Hx]]\I’ = 0.

Let us use C to denote constants which are finite
for k¥ < . Different occurrences of C are not
necessarily the same. Analogously to (22), we find
that for all ¥ in 3e(n) N D(H,),

[|HoT.¥|| < Cln + 1} [Ho¥|| + |[¥|]),

80 that Hee ™*"*¥ is an entire function of s, for ¥
in (o) N D(H,). Since H, + s[T,, H,] sends
%e(w) N D(Ho) into J(w), e™*™*(H, + s[T., H)¥
is an entire function of s, for ¥ in Je(e) N D(H,),
by the proof of Lemma 1. By (24), these two func-
tions of s have the same Taylor series at s = 0,
so they are identical, and (17) holds when applied
to any ¥ in 3C() M D(H,).
We shall show that D(H!) = D(H,) and

[1H¥|| < C(I1Ho¥|| + |2(]) (25)

for all ¥ in D(H,). If we assume this, then by (17)
for ¥ in 3¢( ) M D(H,),

IHe™ ]| = ™ He™" %
and so by (23),
[|Hoe "¥|| < C(||Ho¥|| + |[¥[])

for all ¥ in 3¢() M D(H,). Since Je(=) N D(H,)
is dense in D(H,) in the norm ||H¥|| + |[¥]|,
it follows that e~"* maps D(H,) into itself. Similarly,
e™ maps D(H,) into itself. (One way to see this
is to replace g by —g.) Therefore, D(e" H,e ™) =
D(Ho)=D(H,)=D(H!). Again, since 3¢(= ) N D(H,)
is dense in D(H,) in the norm ||Ho¥|| + ||¥]|, (17)
holds for all ¥ in D(H,), and since this is the domain
of the operators on the two sides of (17), the two
operators are equal.
It remains to establish (25). Now

1A% ] < C [l + 2% + D]
< C(||Haoe¥|| + [1¥]]) < C(|Ho¥|| + [[2]]),
and similarly for A*?and A%, -A,,,. Also, ||A%, -p..¥|] <

24

| < C(IHo2I| + (1],
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C ||(n 4+ 1)¥p,¥]|, and since (n + 1)* and p,, com-

mute, this is < C([|m + ¥ + |[lpa¥|]) <

C(||Hy®|| + [|%|]). Similarly, if we use (16).

[P Anc®|| < [|Ancpa¥]] + [|[An, Pul¥]]
< C(||Ho¥|| + |12[)).

By (23), [|H:x¥|| < C(||Ho¥|| + [|¥]]), so we need
only show that ||V, ¥|| < C(||H¥|| + |[¥[]). For
later use, we prove a stronger result.

Lemma 4. For all € > 0 there is a b < o such
that, for all k < o,

IVl] < e [|H] + b [[¥l.

Proof: By (20), V, = > et Wi — X;) Where,
even forxk = o, W,(x)isin £'R®%) for2 < ¢ < o,
since (w(k)B(K)? + g[2(2m)* (k) 8(k)) is in £*(R?)
for 1 < p < 2. (We use the Hausdorff~Young
theorem.”) We need only show that for all ¢ > 0
there is a b < « such that

HWall < e llpul| + b |[ull (26)

for all 4 in £°(R?) in the domain of p = (1/4)V,
since we may make a linear change of variables
which carries x,, — X; into x,. This is a standard
Soboleff inequality, and may be proved as follows.
Let 4 be the Fourier transform of u. By the Plan-
cherel theorem, (1 + [p))4 € £(R®). But (1 + [p)~*
is in £3**(R®) for all @« > 0, so that by the Hélder
inequality, 4 = (1 + [p|)™'(1 + [p|)2inin £*°**(R?)
for all @ > 0. By the Hausdorff-Young theorem,’
uisin £ (R% forall ¢/, 2 < ¢’ < 6, and

|luller < CoCllpul| + [lelD, 27)

where C,- is a constant depending only on ¢.
Choosegand ¢’ sothat 2 < ¢ < » and2 < ¢ < 6
and 1/¢ + 1/¢’ = %; for example, ¢ = ¢ = 4.
We may write W, =W ,,+W,, where [|W,q||, Cor < ¢
and |[W,|le < b, where b’ is independent of «.
Then, by the Holder inequality and (27),

(Wl < [Woull + 0[]l < [[Wolle [ull
+ 0" [ul] < ellpull + (e + ) [lu].

This concludes the proof of Lemma 4, and con-
sequently of Lemma 3.

4. THE TRANSFORMED HAMILTONIAN

Our main task now is to assign a meaning to the
expression H/ as a self-adjoint operator. Notice that
7 See A. Zygmund, Trigonometric Series (Cambridge Uni-

versity Press, Cambridge, England, 1959), 2nd ed., Vol. II,
p. 254.
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since kB(k) is not in £°, A*_ is not well-defined and
H! is meaningless as it stands.

Consider an analogy from the theory of partial
differential equations. The expression

L=%

(%)

0 i 9 i 9y 0
o o + z,: b oz’ + ox' b
is meaningless as a partial differential operator un-
less diﬁ'erepfciab_ility conditions hold for the co-
efficients a'’, b’. Formally, however, (u, Lu) =

B(u, u), where the Hermitian form B is given by

Blu, )
ou i u LAN
T & (ax" ) @ ax’) + 2Re ‘,V"' (u, b 6xi>

(More properly, the Hermitian form B(u, v) is
obtained from B{u, u) by polarization.) This is
well-defined for all » in £° whose derivatives are
in £ if the a'’ and b’ are merely bounded and
measurable. If in addition the matrix a*? is uniformly
positive-definite, one can construct a unique self-
adjoint operator L such that (u, Lu) = Bu, u)
for all v in D(L). We shall do something quite
similar for HZ.
Let « £ . Formally, by (18),

(¥, HY) = (H{¥, HY) + B¥,¥),  (28)

where

B¥, %) = M'Re X {((n + I, (n + 1)ALW)

+ (Amx‘I,y Amx‘I’) + (Pm‘I’; A,,,“I/)}
+ (‘I,: V,\I’) + (‘I,; HIK\I’)' (29)

Lemma . For all x < «, B, (¥, V) 1s well-defined
for all ¥ in D(HY). For all ¢ > 0 thereisa K <
and a b < o such that

|BLY, ¥)| < (HYY, HIY) 4 b(¥, ¥) (30
for all k <  and all ¥ in D(HE). Also,
lim B(¥, ¥) = B.(¥, ¥) (31)

K—®

uniformly on any set of ¥ in D(HB) for which || H3¥||+
[|®|] s bounded.

The proof will be given later. By Theorems A
and B of the Appendix, Lemma 5 has the following
immediate consequence.

Lemma 6. For all xk < o, there is a unique self-
adjoint operator H’, with D(H!) C D(H?) such that
(28) holds for all ¥ in D(H!). The operators H' are
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bounded below. For all real t and all ¥ in X,

lim e 'Y = ¢ "7y,

Using this, we may prove the theorem (stated
at the end of Sec. 2). By Lemma 2, if «k < « then
H, is self-adjoint. By Lemma 3 and the uniqueness
assertion of Lemma 6, if k < o then

H, = e¢"(H, — N(E, — Ex))e’ ™",

so that for all real ¢,

Ty, ~it (Hy~NEx) —Tx

e e e —it(H ' —NER)

=€

By Lemma 6, this converges strongly to ¢~**(#="~¥¥0

as x — . By Lemma 1, therefore, ¢™* ‘M ¥59 =
g~ Teg™ it NER T aonverges strongly to

e'I'ae'—it(Ho’-NEK)e—Tw

Let B = e 7(H! — NEx)e™. Then (9) holds,
and H is bounded below since H/ is. The uniqueness
assertion of the theorem is trivial. Therefore, to
conclude the proof of the theorem we need only
establish Lemma 5.

Let C,(K)® = [ k*8(k)’w(k)™ dk. [Recall that,
by (10), B(k) contains the factor 1 — xx(k).] Then
for all « < « and ¥ in D(H}Y),

a8 g — «,
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alp = 3 [ f i [ 0096 =) ot

X (n + 1)?@-(”‘*1)(1(, kl’ e 7k1l)xl‘(k)dk dkl i dkn
<o T [ [owm+D
X l‘I’(nﬂ)(k; klr R kn)‘2 dk dkl e dkn

= Cy(K)* ||HL. [ < Cu(K) [|H, (32)

by the Schwarz inequality and the fact that, due
to the symmetry of ¥*", we may replace w(k)(n-+1)
by w(k) + w(k) + - + w(k,). Similarly,

Ane — AD¥|° < C,(0)° ||HAR|]?,  (33)

where C,(x) is, of course, C,(K) with K replaced
by «. Also,

llp¥|I* < 2M ||Hiw|[". (34

The inequalities (32), (33), and (34) prove (30) and
(31) as far as the terms (A, 7, A,..¥) and (p,. ¥, A,..¥)
of B, are concerned, since C,(K) is arbitrarily small
for K large enough.

Let C(K)* = [ kK*8(k)*w(k)™? dk. Then, for all
k¢ < ® and ¥ in DHD),

i + DA = z [ ] [] sty sty

X Eg)e™ ™ w(l) Vo)t + 2T E, K Ky, -

< Y [ [ ol +2) B 0w kL, -

n=0

< C(B) [|HEY]® < Cu(K) ||HA| P,

where we have used w(k)e®)? < (o) + o))
and symmetrized. Similarly,

4+ 1)} A% — AL < CaGo)* ||| P.
Also, :
Hin + DR| < o7 ||HS®|P + |2 @7)

The inequalities (35), (36), and (37) prove (30) and
(31) as far as the term ((n + 1Y, (n + 1)71A2 %)
in B, is concerned.

Lemma 4 proves (30) as far as the term (¥, V,¥)
is concerned, and the method of proof establishes
(81) for it.

It remains to consider (¥, H;x¥). By (5), there
is a constant € such that ||H x¥|| < C ||(n + D],
so that by (387) there is a constant C such that

(36)

) kn)Xx(k)XK(k’) dk dk’ dkl T dkn

yK)* di’ dk dks, - - - dk,

(35)

1Hx¥ |l < C(IH}]] + |[¥]]). Thus

(¥, Hix®)| < C(l|| |HEY| + |[2l). (38)

Forall e > 0, 2 [[¥|| |[H}¥|| < e [[H}¥|]* + ¢ ||,
so that (38) proves (30) for the term (¥, H,x¥).
This term is independent of «, so (31) holds trivially
for it. This concludes the proof.

5. REMARKS

Let us now denote the Hilbert space which we
have been calling 3¢ by 3Cy, where N is the number
of nucleons, and let now

o

> .

N=0

L =
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Consider the Hamiltonian

H = @) [ v@prus dx + [ olato ax

+¢ [ Ve dx,

where ¢ is a nonrelativistic complex scalar field
(of fermions or bosons). Since the number of nucleons
is conserved, this is essentially the same problem
as the one we have studied. If we put a cutoff «
on the interaction we obtain a self-adjoint operator
H,, and exp [—it(H, — NE,)]¥ converges as x — o,
where 9 is the number of nucleons operator it =
[ ¢*&@)¥(x) dx. If ¥ is in 3¢y for some N, then by
the theorem, although e *'¥*¥ diverges as x — o,
the state determined by it converges, in the sense
that if A is any bounded self-adjoint operator,

(e-“H'\I’, Ae-“H"\I’)—)(e_“ﬁ\Il, Ae_“ﬁ\Il). (39)

However, if ¥ has nonzero components in several
3Cy, this is no longer true, and the left-hand side
of (39) diverges in general. It is possible to ‘“re-
normalize’’ H by subtracting infinite constants on
the 3Cy, but there is an arbitrariness in this process
in that each infinite constant may be changed by
a finite constant, giving different rules for prop-
agating states which have components in several 3Cy.
If one takes the point of view that H, although it
does not exist, is the true Hamiltonian, then the
theorem may be interpreted as giving meaning to
the state (ray) e ‘¥, provided that ¥ lies in 3¢y
for some N. Thus the dynamies of the interaction
impose a superselection rule.

The case of a field interacting with a fixed point
source—which is essentially the limiting case M = o
—is formally simpler but is also more singular. In
this case 8 is no longer in £*(R?), and ¢ is not
implementable by a unitary transformation. A
rigorous discussion of this situation has been given
by Shale.® The fact that in our case ¢”* is unitarily
implementable depends strongly on the fact that
our particles are nonrelativistie, which produces the
term k?/2M in the denominator of g.

It would be interesting to have a direct description
of the operator H. Is D(H) N D(HE) = 0?
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APPENDIX: A VARIANT OF THE FRIEDRICHS
EXTENSION THEOREM

There is a complete equivalence between bounded
self-adjoint operators and bounded Hermitian forms.
The Friedrichs extension theorem gives conditions
under which an unbounded Hermitian form gives
rise to an unbounded self-adjoint operator. We shall
develop this theory in a form suitable for our
purposes.®

Theorem A. Let H, be a positive self-adjoint operator
on a Hzlbert space 3C. Let B{¥,, ¥,) be a Hermitian
form defined for all ¥, and ¥, in D(HD), such that
for some constants a < 1 and b < o,

|B(¥, ¥)| < a(HiY, HYW) + b(¥,¥)  (AL)

for all ¥ in D(HE). Then there is a unique self-adjoint
operator H' with D(H') C D(H}) such that for all
¥ in D(H'),

(¥, H'Y) = (Hi¥, H) + B(¥, ¥).
The operator H' is bounded below by —b.

Proof: Let © = D(H}). Then D is a Hilbert space
with respect to the inner product

T, ¥)s = (1 — a)(Hg‘I’n Hg‘I’z) + (‘I’x, T,).

(The space D is complete since H} is a self-adjoint,
and hence closed, operator.) It is convenient to
introduce the Banach space D* of all continuous
linear functionals on D. If ¥, is in 3¢ then ¥ — (Yo, ¥)
is an element of D* and is the zero element of D*
if and only if ¥, = 0 (since H} is self-adjoint and
hence densely defined). If ¥, is any element of D*
and ¥ is in D, we denote the value of ¥, on ¥ by
(Wo, ¥). Thus we may regard 3 as a subspace of
D* If ¥, isin D, define A ¥, to be the linear functional

¥ — (Hi¥,, HY) + B, ¥) + (b + 1), V).

Thus A¥, is in D*. Note that (4¥,, ¥,) > (¥,, ¥,),,
so that ||A¥,||s« > [|¥,]|5. Consequently, the linear
operator A : D — D* has closed range. Since D is
a Hilbert space, it is reflexive, and so D* is reflexive.
That is, every continuous conjugate-linear functional

(A2)

® For a more general result, see J. L. Lions, Equations
Différentielles  Opérationnelles et Problémes aux Limites
(Springer-Verlag, Berlin, 1961), Chap. II, Sec. 1.
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on D* is of the form ¥, — (¥,, ¥) for some ¥ in D,
Suppose ¥ in © is orthogonal to the range of A.
Then in particular, (A ¥, ¥) = 0, so that (¥, ¥), =0
and ¥ = (. Therefore the range of 4 is both closed
and dense, so that 4 maps D onto D* Let A’ be
the restriction of 4 to those ¥ in D such that A¥
is in 3¢, Recall that ©* D 3 D D, so that 4’ so
defined is an operator on 3¢ with domain contained
in D, 8ince B(¥,, ¥,) is a Hermitian form, 4’ is a
symmetric operator, and clearly (A"¥, ¥) > (¥, ¥)
for all ¥ in the domain of 4’. Since the range of 4’
is all of 3¢, A’ is self-adjoint. Define H'=A’—(b+1).
Then H’ is self-adjoint, H' is bounded below by
—b, DH") C DH?), and for all ¥ in D(H'), (A2)
holds.

To see that H’ is unique, suppose that H'' also
has these properties, By polarization,

¥y, H'"E,) = (HY,, H,) + B(¥,, ¥,)  (A3)

for all ¥, and ¥, in H(H"). For fixed ¥, in D(H"),
¥, — (¥,, H'¥,) is continuous in ¥, for ¥, in 3
and consequently for ¥, in ©, so that (A3) holds
for all ¥, in . Therefore H' + (b + 1) is the
regtriction of 4 to D(H”). By the construetion of

1197

H’, this means that H’ is an extension of H”, and
since H' and H" are self-adjoint, H' = H',

Theorem B. Let H,, be a positive self-adjoint operator
on a Hilbert space 3¢, and let B,(¥,, ¥,) for ¢ < w
be a family of Hermitian forms on D(H3) satisfying
(A1) with fired a < 1 and b < o, and let H’ be
the corresponding self-adjoint operators. Suppose that

}iim B(¥,V¥) = B.(¥, ¥)

uniformly on any set of ¥ in D(H?Y) for which ||HI¥||+
[[¥]| is bounded. Then

hm 8~izH."P. _ e—ich"I,

Koo

for all real { and oll ¥ in 3.

Proof: Let X be imaginary. Then A\ — H! converges
uniformly to A — H/ as mappings of D into D¥,
so that W\ —H?’)™" converges uniformly to (A\—H?)™
as mappings of D* into D, and consequently of 3¢
into 3. The theorem now follows from a result of
Trotter.'

5 1“’ H. F. Trotter, Pacific J. Math. 8, 887 (1958), Theorem
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A technique is developed for the statistical description of multiple-valued functions. For the special
case of single-valued functions, the relations developed are shown to reduce in a natural way to the
customary ones. Transformation laws are developed relating the statistical descriptions of a multiple-
valued function in two coordinate systems. The relationship of the present work to the Rice formula
for the zeros of a random function is shown. The statistical description of homogeneous, isotropic,
multiple-valued functions in two dimensions is developed. Previously known results regarding expected
arc length of random functions are obtained using the present technique.

1. INTRODUCTION

EVERAL recent papers’® have dealt with the

expected contour length and expected area of
multiple-valued random functions. These papers
have avoided the problem of the general statistical
description of multiple-valued functions. Since many
physical problems give rise to multiple-valued func-
tions which should be described statistically, (e.g.,
the contours of constant concentration in a turbulent
mixing problem, or the contours of constant density
in the turbulent flow of a compressible medium),
it is of interest to develop such & description, in
order to provide tools with which to handle other
questions arising from such functions.

The arguments presented here are intentionally
heuristic, and the cases considered are intended to
be the simplest possible. Generality has in no sense
been attempted. No doubt many points of interest
lie in the more subtle cases which are excluded;
it is desired, however, to present the main ideas
as clearly as possible.

The discussion in this paper will be confined to
the plane; the generalization to higher dimensions
will be clear. For simplicity we have in mind a line
drawn on the plane, (Fig. 1) this line having a slope
defined everywhere (in some Cartesian coordinate
system) except at points where the line crosses
itself. That is to say, the only points at which a
slope cannot be defined by rotating to a different
coordinate system, are points where the line crosses
itself. At such points, as many slopes can be defined

* This work was supported by the Bureau of Naval
Weapons under contract Nord 16597,

t Professor of Aeronautical Engineering, Garfield Thomas
Water Tunnel, Ordnance Research Laboratory, and Aero-

nautical Engineering Department, The Pennsylvania State
University.

1 8. Corrsin, Quart. Appl. Math. 12, 404 (1955).

2 8. Corrsin and O. M. Phillips, J. Soc. Indust. Appl.
Math. 9, 395 (1961).

as there are branches present at the crossing. In
order to avoid difficulties we will specify that the
line has no ends in the finite part of the plane, except
those which occur at crossings. In such a case the
slopes at the crossings are to be defined as limits
from one side. We wish specifically to exclude limit
points of crossings and similar phenomena. A some-
what more formal way of specifying such a function
is to say, that for a given coordinate system, at
almost every value of the abscissa, the function
will take on a denumerable set of values and this
set will contain no limit points. The function is
continuous and differentiable in the sense that the
sets corresponding to adjacent values of the abscissa
contain values whose differences (or the ratio of
whose differences to the separation) will tend to
the appropriate limit as the separation is reduced
to zero. This will be true almost everywhere in some
coordinate system, and the remaining points can
be taken care of as one-sided limits.

We begin by selecting a particular coordinate
system. In this system we consider an ensemble
of multiple-valued functions f(x, 8) of the type
described above, where 8 is an ensemble parameter
lying in the closed unit interval, i.e.,

g € [0, 1]. (1)
THE SIMPLE DENSITY
Let us define a random indicator function
1 <
[ et <utsu, o

ou, Au; z, B) =
10 otherwise.

Thus, for specified values of z and B, ¢ is unity
if f(x, B) takes on at least one value lying in the
interval [u, w + Au). The function ¢ is a single-
valued function. It is sufficient for subsequent pur-
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poses to require that all such functions so defined
be Lebesgue-measurable in 8.
Consider the quantity

j: ¢(u, Au; z, B) dag. (3)

By definition for specified values of z and u, this
is a positive nondecreasing function of Au. It is
bounded below and above by zero and unity, re-
spectively. It is, in faet, simply the probability of
f(z, 8) taking on at least one value in the interval
fu, u + Aw), if 8 is uniformly distributed, as we
shall assume. We will not make the assumption that
its limiting value is unity as u — — o, Au — 4,
since we may wish to consider, for example, functions
which, with probability unity, “do not oceur” (i.e.,
take on no values) at certain values of the abscissa.
Instead, we will assume that

lim
Au—0

fo (p(u, AZ,IL:C, B) dg - Pf(u, .’I))

exists for all » and z. 4)

Since the values assumed by f(z, 8) for fixed z and B
are denumerable and have no limit points, P,(u, x)du
is the probability that f(z, 8) take on exactly one
value in {u, ¥ + du), for vanishingly small du.
Now, we must ask what will be the value of

+w

f_ P,(u, 2) du. ®)

This will not necessarily be unity, as can be seen
from the following argument. In the case of single-
valued functions f(x, 8), integrals of the form

[ " F@P,u, 7) du ©)

are expectations. For a single-valued function the
events A: “f(z, ) is close to a¢” and B: “f(z, 8) is
close to b’ (a ¢ b) are mutually exclusive. For a
multiple-valued function, they are not, since in a
certain number of cases the events can occur simulta-~
neously. Thus, in computing the probability of the
occurrence of A or B (or both) we must use

P(A Vv B) = P(A) + P(B) — P(AB), )

that is, the overlapping region must be subtracted,
since it is counted twice. Thus the sum

P(A) 4+ P(B) = P(A V B) + P(4B) (8)

is a probability only in the case of mutually exclusive
events. Such a sum, being of the form of (6) is,
in general, an expectation. In fact, (5) is the expecta-
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F1e. 1. A typical multiple~valued ensemble member.

tion of the count—unity each time an event occurs.
(5) is thus the expected “valuedness’”. The statement
that the value of unity for (5) corresponds to cer-
tainty of occurrence (i.e., certainty that the function
takes on some value) is erroneous. When one makes
the initial assumption that one is dealing with a
surely single-valued function, then the value of
unity for (5) is simply a consequence—the expected
valuedness of a surely single-valued function is
unity. On the other hand, the value of unity for
(5) does not imply single valuedness: for instance,
a function which is exactly double valued with
probability one-half, and does not occur with the
same probability, will also give the value unity
for (5).

We can examine this equation more formally.
Imagine the u axis to be divided by a mesh,

Upey = Uy + Ay, ©)

Now consider

Efo olte, Dy z, B) dB

k=p

= fol {Zq: o(ur, Au,; x, 6)} dg. (10

The integrand on the right can be interpreted as
the total number of times that one or more values
of f have appeared in a Au window between u, and
Ug+y In the realization corresponding to 8. Because
of our assumption that the values assumed by
f(z, B) for fixed x and 8 are denumerable and have
no limit points, as ||Au.f] — O the integrand will
go to the total number of values of f(z, 8) between
Uy = Uy, U, = Uy (82Y). We have simply

[ P, 7 du = Eln@)s Gsy), (1)

the expected (ensemble average) number of values
(or valuedness) of the function at z between u;
and u,.
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When 4, = — o and 4w, = -+, (11) is the
expected valuedness of the function at z and we
will write it

Efn(z)}ie = E{n(z)} (12)
when no confusion is possible. This may (and in
many cases of interest will) be infinite, and we
consider instead

i @

us—+w Uz — U

Uy — o

(13)

and similar quantities.
THE SLOPE

We cannot build up a statistical deseription of the
slope in quite such a straightforward way. This is
because the valuedness of the slope will be at least
as great as the valuedness of the function, and it
is of interest to distinguish those cases in which
the line can not cross itself, in which the valuedness
of the slope is the same as that of the function,
(simply being a reflection of this multiple-valued-
ness) and those cases in which the line can cross
itself. In this latter case it seems worth while to
define things in such a way that the multiple-
valuedness of the slope is ‘“‘per value of the function”,
ie., in such a way that the valuedness of the function
itself is not reflected.

It is perhaps easiest to begin by defining a two-
point joint density

Pyf(us, 215 Ua, 22)Au; Auty
1
= f e(uy, Auy; xy, Blo(Us, Auy; 2, B) dB. (14)
1]

From what we have already done, the normalization
properties of this density are clear,

®h
f P(uy, 245 Uy T5) AUy
“a

= E{n(z,) | {(x:) = %}ucP(u, 25),  (15)
where
Efn(z)) | f@2) = wa}is

g fll) n(xli B)J:: 90(u27 Auz; 2?2, ﬁ) dB (16)

ftll e(uz, Au,; x,, B) dB

is the expected number of values of f(z,), lying
between u, and u,, in those realizations in which
f(x.) is approximately equal to u,. n(z,, B)|2 is
the number of values of f(x;, 8) occurring between
u, and u,.

That is to say, (15) is of the form of a conditional
expectation multiplied by the simple density; it is

J. L. LUMLEY

the conditional expectation of the function “1’: a
count of unity at each occurrence. (Note that we
have now suppressed the ensemble index, to conform
to customary usage).

As an aside, by setting z, = z, we can create
a new type of density, the density for taking on
two specific values simultaneously.

Now, to obtain the simultaneous value and asso-
ctated slope, we have only to evaluate
lim Py u,, z,; 4, + adz, 7, + Az)Az

Ar—0
an

which is the density for the value of f to be close
to u,, while the associated slope is close to «. We
must obtain the normalization properties of this
density.

From the relation

= Py, a; 2),

1
Pyp(uy, a; 2,)Au, Ao 22 ﬁ oy, du,; z,, B)

X olu, + aAz, Aalz; z, + Az, 8) d8,  (18)

we can obtain, using the same techniques, the result
ub
f Piyi(ur, @5 3:) duy

= Efn(z) | f'@@) = a}iiPr (e, m),  (19)

where E{n(z,) | f'(z,) = o} is the expected number
of values lying between u, and w, having associated
slopes approximately equal to & considering only
those realizations in which some value has an asso-
ciated slope a. P,(e, z,) is the density function
for the oceurrence of slope « without regard for
the associated value. That is, if we define

1 if at least one value of
f'@, B) € [a, a + Ad],

0 otherwise,

\b(a: Ac; x;ﬁ) = (20)

then
Pyo, Dha = [ Ve, da;z,8)ds. (1)

If we had chosen to define 2 joint density using

1
[ ¥, aas 2, B)otu, dus 2, 8 d8, (22
we would have gotten quite different answers, since
we would have lost the information which associates
a value with a slope: we would have statistics
regarding the occurrence of a slope and a value
without regard for whether the slope in question
is the slope of f(z) as it takes on that value. The
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relation between the two types of densities could
be obtained by defining a joint density for the
occurrence of two values and the slope associated
with one of them. Integration with respect to one
or the other value could then give relations between
the two types of densities. We will not pursue this
further here, since the density defined in (17) is
appropriate to our purposes,
Integrating (18) with respect to «, we obtain

[ Py, a5 2) de

= E{n'@) | f@z) = ulaiPslu, 2),  (23)

where E{n/(z) | f(x) = u}3a: is the expected number
of slopes having values between «, and o, associated
with the value u, given that the value u occurs
[that is, in those realizations in which f(z) taken
on a value approximating u].

REDUCTION FOR SINGLE-VALUED FUNCTIONS

In the case of a surely single-valued function,
it is clear that

E{n@)}is =1,

En@) | &) = )22 = 1,
En'@)}is =1, 24)
Ein'@) | f@) =u}is =1,
Ein(z) | flz) = wm}ic =1,
so that all our relations reduce to the customary

ones.

As an aside, we might note that, for a multiple-
valued function which can not cross itself, the
number of slopes per value is unity, i.e.,

E{n'(z) | fiz) = u}ls = 1. (25)

GENERAL TRANSFORMATION PROPERTIES

Since we can now deal with multiple-valued
functions as easily as (at least within the terms
of our discussion) single-valued ones, we need no
longer be tied to a particular coordinate system
in defining our densities. If we can obtain the
transformation properties of the densities, then we
can examine the question of isotropic densities and
similar problems. We can also obtain a check on
our work, since the densities for a surely single-
valued function, expressed in coordinates rotated
through an angle of 7 radians from the usual,
are the densities for a multiple-valued function, and
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Fia. 2. Relations between amplitude windows under rotation.

should, in fact, give us the Rice formula for the
probability of occurrence of zeros.

Let Py, (u, a; z) correspond to an z, y coordinate
system. Let P,.(%, &; %) correspond to an %, §
system, rotated through a positive angle 3.

Care must be taken in computing B,,, since a
straightforward application of the usual transforma-
tion rules does not give the proper result. This is
due to the fact that the rotating of axes causes an
interaction between the slope of the function and
the size of the amplitude “window”. In Fig. 2,
a simple diagram makes this clear. If a function
appears in the @, % + A % window with slope lying
in & & + Aa (at constant £), then to appear in
the u, 4 + Au window we must have (by the sine
theorem)

Au
sin {47 — ¢ 4+ tan”™' (a@ + Aa)}
_ Al
sin {3r — tan™" (@ + Aa)}

(26)

In the limit (as “window” size becomes smaller)
we obtain

dit = du/(cos ¢ + asin d). @7)

Geometrically, it is clear that the size of the slope
“window’ does not interact with that of the ampli-
tude window, so that we have

a — tan ¢ da = do
1+ataned’ %" (cosd + asing)

&=

(28)

Finally we can write (where we have introduced
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Fig. 3. The Rice example in two coordinate systems.

absolute value signs since only the magnitude of
the transformation is of interest).

Pys(u, a; x)
. a — tan ¢
= P,,,(u cos 4 — xsin d, 1 Fatand
1

X z cos ¢ + usin z?) (29

[cos & + asindf*
THE RICE FORMULA

Suppose that f(x) was surely single-valued in #,
7 coordinates (Fig. 3). We wish to obtain P,(u, 0).
Integrating the joint density we obtain by (23)

f P, (u, a; 0) de

= E{n'(0) | /0) = ulP,(x, 0).  (30)

But the conditional expectation must equal unity,
since the line can not cross itself. From (29), setting
¢ = }m, we obtain

~ 1 1
P u, a;z) = Pn'(—x, —;;u> o (31)
Substituting in (27), we have
P, 0) = [ o, iu) tide @
o a ||
and making a change of variable, —1/a = &, we
obtain
+o
Piw,0) = [P0, &) la|da  (33)

L. LUMLEY

which is exactly the Rice formula for the probability
of occurrence of zeros.” Note that we have not used
the assumption of single-valuedness of the function
(though we have used the assumption of single-
valuedness of the slope “per unit value”), so that
(33) is equally valid for a multiple-valued function.*

The same technique can of course be used to
obtain the well-known formula® for the simultaneous
occurrence of two zeros.

ISOTROPIC HOMOGENEOUS FUNCTIONS

We can examine isotropic functions—that is, func-
tions for which P, is independent of #. The re-
quirement for this is that (29) be valid if P,,. and
P,,. have the same functional form. Differentiating,
and requiring independence with respect to ¢, we
obtain a first-order partial differential equation

dg

—yaa—yl+ylaiyg;— (1+y§)§—i—3yzg =0, (349
where we have set

Y = u cos ¥ — z 8in &,

Yo = (@ — tan9)/(1 + atand), g = P,., (35)

Y3 = x cos ¢ + usind.

If we apply the additional requirement of homo-
geneity, so that P;,» may not be a function of z in
any coordinate system, we find, of course, that it
can not be a function of u either, and by solving
the associated equations corresponding to (34) we
obtain

Pf!’(u, a; x) = A(l + az)_?‘) (36)

where A is a constant. If we restrict ourselves still
further to a line that cannot cross itself, so that
the conditional expectation in (23) is unity, then
by integrating (36) with respect to «, we obtain

Piu,z) = 24. 37
Furthermore, using (11),
P/u, 2) = Bin@)}2t/s — w) = 7, say.  (38)

That is, the expected number of occurrences per
unit length. Finally, then, we have

Po(u, a; ) = 30l + o*)7h (39)

3 8. O. Rice, Am. J. Math. 61, 409 (1939).

4 It is not necessary to assume that the lines do not cross,
but only that the expected number of slopes per value is
unity, or equivalently, that, of the members taking on a
value near u at z, only a set of measure zero has a crossing.

§ 8. O. Rice, Bell System Tech. J. 23, 282 (1944).
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CONTOUR LENGTH OF ISOTROPIC
HOMOGENEOUS FUNCTIONS

This can be applied immediately to the problem
of the expected length of line per unit area as a
function of the expected number of cuts per unit
length on a line cast down arbitrarily in an isotropic
homogeneous field of nonerossing lines.*

The expected length of line per unit area is just

+ o
£ = f (1 + P, (@, a;2) da,  (40)
since P,, is independent of u and z. Using (39),
this is just

- + @

7 nimw
£—_ —_—

2. 2

This is the result obtained by Corrsin' using a
different method.

A+ o))" da = (41)

CONTOUR LENGTH OF ANISOTROPIC FUNCTIONS

In Ref. 2, expressions are derived for the average
contour length per unit length of axis for a homo-
geneous function, in both the single- and multiple-
valued case. A way is presented of relating the
results in the two cases. We present here another
method of making this relation. The notation is
that of Ref. 2.

Consider a multiple-valued homogeneous function
of z, f(x). If a line is passed through the z axis
at z* making an angle y with the positive side,
the intersections of f(x) with the line will be the
zeros of the function

f(x) — tan v(x — z*). (42)
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Applying (33), the expected number of cuts made
by this line is given by

M, = f_ dxf~ lee| dex
X P,p.(tan v(z — 2%), & + tany), 43)

since P, (u, a; ) = P,.(u, a) by assumption.
Carrying out the z integration first, we obtain

+ o 1
M, = f_w o] dex [tan |

X E{n|f =a+tany}P;(a +tany), (44)

using (19). The average contour length per unit
length of axis has been related to (44) by an integral
over v;° but the exact form of this integral need
not concern us here. If the integration over v is
carried out first, we obtain

L= f: doePy @B [ f = a}(l + o). (45)

In the case of a surely single-valued function
E{n|f = a} = 1, the density P, () is the usual
one, and we have just

L = E{(1 + o*)*}. (46)

Note that expression (45) eould have been written
down by inspection on the basis of the ideas pre-
sented above.
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A redundant, linear representation of four-component spinors y(z) by antisymmetric tensors
fu(z) is proposed on the basis of the relation ¥ = 3f,,v*"v, where v#* is the skew product of gamma ma-
trices and v is a constant fiducial spinor. The redundant degrees of freedom in f,, as well as the par-
ticular choice of v are both treated as unobservable “‘gauges,” and the appropriate gauge groups are
discussed. As part of this analysis, we demonstrate that the possibility that tensors can behave as
spinors is intimately connected with the existence of two coordinate-invariant, gauge-covariant
subsidiary conditions. A linear, tensorial reformulation of the Dirac equation is given, and shown
to be the Euler-Lagrange equation of the conventional action functional for spinor fields. Finally
covariance under arbitrary space-dependent coordinate and gauge transformations is discussed,
and a generally covariant, tensorial form of the] Dirac equation is proposed differing from the con-
ventional generally covariant equation in the degree of arbitrariness in the (spin) connection.

1. INTRODUCTION

NTEREST in tensorial descriptions of two- and

four-component spinors and their equations of
motion has existed almost since their inception'™
and persists to the present time.* In the usual
approach, tensors are set in correspondence with
a spin matrix, a two-index spinor, as opposed to
a column spinor with but one index.® For this
reason tensor equations equivalent to the Dirac
equation lose the important property of linearity,
at least explicitly.® It is our purpose to present a
linear correspondence between single-index, four-
component spinors and antisymmetric tensors, and
discuss some of its consequences.

A. Core of the Linear Representation of
Spinors by Antisymmetric Tensors

The core of our linear correspondence is based
on the following observations: Let v* be four Dirac
matrices® that satisfy

™+ = 2",

( ‘E). T. Whittaker, Proc. Roy. Soc. (London) A158, 38
1937).
2 A. H. Taub, Ann. Math. 40, 937 (1939).

3 T, Takabayasi, Progr. Theoret. Phys. (Kyoto) 13, 222
(1955); Phys. Rev. 102, 297 (1956).

4 Important issues involved in the relationship between
tensors and spinors are put in particularly sharp focus by
J. A. Wheeler, Geometrodynamics (Academic Press Inc., New
York, 1962), pp. 88-94.

5 An excellent account of the conventional formalism is
given by E. M. Corson, Introduction to Tensors, Spinors, and
Relativistic Wave Equations (Hafner Publishing Company,
Inc., New York, 1953), Chap. II.

¢ We follow the notation of J. M. Jauch and F. Rohrlich,
Theory of Photons and Electrons (Addison-Wesley Publishing
Company, Inc., Reading, Massachusetts, 1955). In particular,
we adopt g1 = g22 = ga3 = —gop = 1; "% = 1; v5 = vov1vzva.
Additional relevant properties of the Dirac gamma matrices
are given in Appendix A2 of the cited reference.

and define v*” by

{ LG

Y =30 — ).

Let v denote an arbitrary nonzero spinor—which
we call the fiducial spinor—for which vy % =£iv.
Then the sixz spinors v*’v always span spin space,
and thus form a redundant “basis” for spin space.
The expansion coefficients of an arbitrary spinor
field ¢(z) in this ‘“‘basis” are complex, antisymmetric
tensor fields:

¥(@) = .. (6]

The tensorial transformation properties of f,.(x)
under Lorentz transformations are dictated by (1)
and the requirement that both ¢(x) and v are
spinors.”

B. Survey of Principal Topics

Equation (1) provides a linear map f,, — ¥ of
antisymmetric tensors onto spinors, but because
of the different dimensionality of these spaces this
is necessarily a many-one mapping. Consequently,
one of our initial tasks in Sec. II is to determine the

7 An immediate algebraic consequence of (1) is

vs¥(z) = —3fn N,
where

fm«(x) = %e“,,,f"(x)

is the dual of f,,. A vs invariance of Y(ysy = =dy) is secured
if f,, is chosen self-dual (f,, = Fif,,). However, if ysv = =1iv,
the six spinors v#7» do not span spin space since all ¥ of the
form (1) will satisfly ys¢ = =4y independent of whether f,,
is self-dual or not. We exclude this possibility by assuming
Ysv £ .
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set of f,, that map onto the same y.® For physical
applications, we regard the difference between two
antisymmetric tensors f,,, which have the same
image ¥, as an unobservable “gauge.” As a con-
sequence, our linear tensorial reformulation of the
Dirac equation [Sec. II. I, Eq. (41)] is expressed
in terms of redundant variables two of which cor-
respond to gaugelike degrees of freedom. Of course,
a redundant tensorial formulation is in no way
ineorrect, and indeed analogous redundant formula-
tions with gauges permeate mathematical physics:
e.g., the electromagnetic field, meson fields with
nonzero integral spin, the gravitational field, ete.

A gaugelike property of a different nature, also
discussed in Sec. II, arises from the arbitrary choice
of the fiducial spinor v. If we adopt a different v,
then Eq. (1) provides a different map f,, — ¥.
An analysis of this gauge demonstrates that the
tensors f,, that correspond to spinors undergo a
gauge transformation isomorphic to an independent,
spin-1 representation of the complex Lorentz group.
The properties of this gauge group shed light on
how tensors ean behave as spinors, and show how
tensors with the properties of spinors could have
been introduced ab tnitio.

In Sec. III, we extend the linear tensorial rep-
resentation of Eq. (1) to a general relativistic setting
in which the gamma matrices and fiducial spinor
become space dependent. General covariance re-
quires the introduction of an affine connection—
additional to the Christoffel connection—which is
an analog of the well-known spin-affine connection.’
The ‘“‘geometrical”’ relation determining our affine
connection differs from the usual one,” and leads
to an affine with not just one, but ten arbitrary
vector fields. As a consequence, our generally
covariant linear tensorial formulation of the Dirac
equation is capable of exhibiting Yukawa-like inter-
actions with a number of independent vector fields.

The results which are developed in the following
sections should demonstrate that a linear tensorial
reformulation of any spinor relation may be readily
obtained. It is ultimately hoped that a linear rep-

8 A description of spinors by redundant variables alterna-
tive to our Eq. (1) has been discussed by V. Hlavaty, Geom-
etry of Einstein’s Unified Field Theory (P. Noordhoff, Ltd.,
Groningen, The Netherlands, 1957), Appendix 2. We thank
Professor Hlavaty for drawing this work to our attention.

% For general covariance under coordinate transformations,
see any standard text covering general relativity, e.g., L,
Landau and E. Lifshitz, The Classical Theory of Fields, trans-
lated by M. Hamermesh (Addison-Wesley Publishing Com-
pany, Inc., Reading, Massachusetts, 1951), Chap. 10. For
general covariance under spinor similarity transformations
see, e.g., W. L. Bade and H. Jehle, Rev. Mod. Phys. 25, 714
(1953); D. R. Brill and J. A. Wheeler, tbid. 29, 465 (1957).
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resentation of spinors by tensors, for which we have
an unguestionably greater intuitive feeling, may
yield a deeper insight into the significance and
meaning of spin and spinor fields in nature.

II. ALGEBRAIC AND GAUGE PROPERTIES OF THE
REDUNDANT TENSORIAL FORMULATION.
REPRESENTATION OF THE SPECIAL RELATIVISTIC
DIRAC EQUATION

A. Fiducial Tensors Based on the Fiducial Spinor,
and their Algebraic Identities

With the help of the spinor v and its “transpose-
conjugate” § = v By, only two complex tensors
arise, which are

¢ = iy, @
¢ = iy, 3)

all other covariants vanishing identically. Along
with ¢*” we introduce its dual™

— ar
G = %e,,,,,c ’

which is independent of ¢’” since v 7 =+4v. These
three tensors are fundamental for our purposes, and
we shall hereafter refer to them as the fiducial tensors.

The fiducial tensors satisfy a number of algebraic
relations'® all of which are consequences of the basic
identity

b = ¢y — Fe,7".

In particular, the spinor relations

ey = 0, (4a)
Y = 8,40 = 0, (4b)
and
¢ = v = ¥’V = vy (5)
hold. From these, follow the tensor relations
¢t =0, (6a)
C.c” =8, =0, (6b)
and
€.l = &, =0, @
cwe™ = 8,87 = —c,c, (8a)
g, = 0. (8b)

10 J, M. Jauch and F. Rohrlich, Theory of Photons and
Electrons (Addison-Wesley Publishing Company, Inc., Read-
ing, Massachusetts, 1955).

11 We denote the dual tensor by a tilde reserving the more
conventional asterisk to denote the complex conjugate.

13 Properties of biquadratic spinor identities have been
frequently discussed. See, e.g., K. M. Case, Phys. Rev. 97,
810 (1955).
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It may be noted that Eq. (4a) implies that the four
spinors ¥*v never span spin space.

The fiducial tensors are a complete replacement
for the gamma matrices. Indeed, it suffices to begin
with an antisymmetric tensor ¢,, both of whose
invariants vanish as in (6b). These conditions imply
the remaining algebraic constraints and determine
¢, up to an over-all sign from (8a).

We shall have use of the following consequence
of (5): Let b, be any four vector for which b,c® = 0.
It then follows that

v = %E’ga'yﬂav,
Egoe = (csba — cabs)/(buc”).

Thus E;., is a tensor whose image spinor coincides
with the fiducial spinor.

9)

B. Additive c-Gauge in the Mapping of
Antisymmetric Tensors onto Spinors

The nature of the many-one linear mapping of
antisymmetric tensors onto spinors is illuminated
by Eq. (4b). This relation demonstrates that every
tensor of the form

fuw(@) + a(@)c,, + b(x)2,, (10)

with a(z) and b(z) arbitrary is mapped by (1) into
the same spinor y(x). Equation (10) displays the
additive ‘“‘gauge” freedom of Eq. (1), which we
shall call a c-gauge. Specifically we assert that (1)
is invariant under a c-gauge transformation of f,,
defined by

fuv - fl“” = fuv + acy, + béuv' (11)

These transformations clearly form an Abelian gauge
group.

In particular, the various tensors E,, that satisfy
(9) differ from one another by c-gauges.

C. The Inverse Map of Spinors onto Antisymmetric
Tensors; Contragredient Tensors,
and the Effective Metric

In analogy with (1) we can define a linear map
of spinors ¢(xz) onto antisymmetric tensors y"'(x),
¢ — y*’, according to

¥ () = Wy (). (12)

The tensors defined by (12) differ from the f** type
in several respects: Firstly, they are c-gauge in-
variants, and secondly, they fulfill

(13a)
(13b)

ey =0,
Euvyw = 07

JOHN R. KLAUDER

which follow from the transpose adjoint of Eq. (4b).
Equation (12) provides a tensorial expression of any
spinor quantity, and Eq. (13) ensures that the
tensorial expression y** has the proper number of
degrees of freedom.

Tensors of the type ¥*” may be said to be “con-
tragredient” to those of the type f,,. This is a
consequence of the identity

Hoy” = e, (14)

which suggests that the tensors *” lie in a space
9 dual (as a linear vector space) to the space §
of tensors of the type f,,. It is relation (13) that
immunizes each y*” against the effect of any c-gauge
transformation of f,,.

Further insight into these two types of tensors
may be won if we put ¢ = Le.sv*%, e.s € §, in the
manner of (1). Insertion of this relation into (12)
leads to

Y = MY o™, (15)

where

MY 5 = iy v = 5[”[acﬂmy (16)

which is expressed with help of the conventien
A""B" = A°B® — A°B".

Equation (15) gives a linear mapping of § onto §)
with the help of the tensor M*’ 5. Furthermore,

Hot" = oM Peus = i, amn

which enables us to interpret M*'** = —p
as a kind of metric to form invariants from pairs
of tensors in §§, exactly in the sense that By; isa
metric to form invariants from pairs of spinors.

D. The F-Gauge Arising From Changes
of the Fiducial Spinor

It is clear from (1) and (12) that the particular
map f,, — ¢ and the particular map ¢ — y** depend
very strongly on the particular choice made for v.
Different fiducial spinors lead to different corre-
spondences. But a change of v and not of the gamma
matrices is completely analogous to a change of
representation of the gamma matrices without a
corresponding change of ». Since no particular choice
for a representation of the gamma matrices has any
physical significance, it follows that any specific
choice that is made for v* must be treated as an
unobservable “gauge.”” This result suggests that
the choice of the fiducial spinor » likewise corresponds
to a choice of an unobservable gauge—let us say,
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the F-gauge—and we now proceed to investigate
this F-gauge freedom.
Under an F-gauge transformation,

(183)
where v, denotes a new fiducial spinor (for which we

require ysvr ¥ ==1r). An associated F-gauge trans-
formation of §,,,

v —> Up,

fur = fur' s (18Db)
enables us to map f,,” — ¢ according to
¥ = $."7"ve = $u2"0. (19)

Equation (19) is the fundamental condition that
relates (18b) with the basic transformation (18a).

It is noteworthy that linearity of the basic map-
ping is preserved under an F-gauge; for if f,, — ¢
and f,, — ¢/, then £,” + f,,7 and (f, + )"
are mapped onto the same spinor and may be
identified. (We ignore the simple c-gauge trans-
formations here.)

The F-gauge transformation » — v, induces a
transformation in y**, Eq. (12), according to

(20)

As above, linearity of the map ¢ — y*” is preserved
under an F-gauge change.

Since the right side of (14) is composed of F-gauge
invariant quantities, we find the important F-gauge
invariant

woo_ uv
¥ =y = @77,

Py

fuvyw = f;w Y r. (21)

This equation implies that f,, and »*” undergo
contragradient F-gauge transformations.

Finally, we consider the F-gauge transformation
of the fiducial tensors for which

=y = W0y v, (223')
= p = Wy s, (22b)
while we set
- -1 8
Cuv(pry = feuvaﬁca (F) (23)

The distinction between (20) and (22b) should be
carefully noted: the former involves a change of
one spinor, while the latter involves a change of
both spinors, a distinetion for which the parentheses
about F serve as a reminder. Equations (22) and
(23) clearly define new fiducial tensors that fulfill
algebraic conditions similar to those in Egs. (4)—(8).

E. Spin Nature of the F-Gauge Group

The F-gauge transformations introduced above
can clearly be regarded as a group of transformations
with the various quantities, i.e., v, f.,, ¥*, ¢, ¢
transforming under different representations. To
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study this group it suffices to study the basic group
of transformations v — vg, for this will determine
the form of the remaining transformations.

We explicitly define the transformation of » with
the help of a 4 X 4 matrix T,

24

It is actually possible to choose an eight (real)
parameter family of transformations {T'} to describe
(24), since every spinor is determined by eight
real numbers. For example, T may be labeled by
the image fiducial spinor obtained after the trans-
formation of a specific fidueial spinor. However,
the formulation is simplified considerably by con-
sidering a group with additional parameters, all but
eight of which are redundant.

In order to ensure vypr > =iwr whenever
vsv # -kiv, we choose a group of nonsingular trans-
formations {7} all of which commute with v;. The
desired commutation is secured if the infinitesimal
elements of these transformations commute with s,
which requires them to be linear sums of the eight
matrices 1, v,,, and v;. To form such a group of
transformations sufficiently large to carry any spinor
into ahy other spinor, we must necessarily include
as infinitesimal elements all the v,,. Since 1 and ~;
would lead to an Abelian factor group with further
redundant parameters, we include only the six v,,
as infinitesimal elements. And to obtain at least
eight real parameters for {T}, we use six complex
parameters for these infinitesimal elements.

The resultant family of transformations has a
well-known form, and dictates our choice of the
basic F-gauge group as the spinor group 8 of complex
Lorentz transformations. A typical element, T, of
this group has the form

Vp = Tv.

T = exp (ieuv'yw), (25)

where ¢,, is a complex, antisymmetric tensor. This
group, indeed, has redundant parameters for our
purposes as is made clear from the example

exp [i(ac,, + bE " = v.

Nevertheless, § is a convenient choice to define the
F-gauge group of transformations.

F. Detailed Nature of Various F-Gauge
Transformations

Homomorphic F-Gauge Transformations
of the Fiducial Tensors

Since T has a form corresponding to a Lorentz
transformation, it follows' that 9, = 67", and thus
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that
o = WI ' To = L" ", (26a)

where L*, are elements of the appropriate complex
Lorentz transformation for vectors. In similar
fashion, it follows that

¢ = L*. L. (26b)

These relations imply that ¢* and ¢*” transform in
the manner of an independent, complex Lorentz
transformation under an F-gauge transformation.

As a canonical example of such a transformation,
consider the case ¢,; = 8, 8 complex, with all other in-
dependent e,, vanishing. This example corresponds to
a (complex) rotation about the z axis, and (26b)
becomes

M = c?, (27a)
¢ py = cos (6)c”® + sin (6)c*, (27b)
028(1?) = —sin (0)013 -+ cos (9)623; (27¢)

together with the corresponding dual equations.

Since b*, which enters the definition of E*” in (9),
need only fulfill b%, = 0, it follows that we can,
if we choose, adopt a new b* in each gauge, b* ) =
L“b’", such that b“c, actually remains an arbitrary,
nonzero F-gauge invariant. In that case, E*” trans-
forms as in (26b),

Ew(m = L“aL, mﬂ’ (28)

i.e., under an independent but ordinary complex
Lorentz transformation.

Isomorphic F-Gauge Transformations

The transformation of y,, reads ¢y’ = i exp
(—Le.sv*)¥v""¢. To obtain a feel for this trans-
formation let us first consider the canonical example
of (27), where ¢, = 6, all other independent ¢,
vanishing. It follows immediately, for example, that

y’r = wlcos (FO)y* + sin (36)]e,

¥ = 16 exp (=16 exp (16v")e,

¥*r = i exp (—10v'" 0" exp (36v")e,
together with the corresponding dual equations,
The latter two equations again have the form of
an ordinary rotation—but now by a (complex) angle

of 16. If we employ the tensor E,,, we can express
these transformations as

i

y'?e = cos G0y — sin GOGE.LY"),  (29a)
¥y = cos (30)y"° + sin GO)y™, (29b)
¥ = —sin 30)y* + cos GOy, (29¢)

JOHN R. KLAUDER

together with their corresponding duals; specifically,
the dual of the relation (29a) becomes

y'r = cos GOy — sin GOGE.Y").  (30)

Clearly %'* and y* transform as under a Lorentz
transformation with the parameter 34.

Let us further specialize our example to gain
insight into the form of y'*, and s in this F-gauge
transformation. We choose our fiducial tensors such
that ¢® = ¢° = 1, and ¢ = ¢® = 1, all other in-
dependent components vanishing. For this example,
E, = 1, all other independent components vanish-
ing. Thus, Egs. (29a) and (30) become

cos (30)y"* — sin G6)y*,

—sin (38)y"* + cos 3O)y™.

(31a)
(31b)

For our choice of ¢*”, the constraints of (13) read
y? = ¢y’ and 4*° = —¢. In the new gauge, Eq. (27)
and its dual indicate that ¢*r, = 1, ¢, = cos §,
and ¢, = —sin 6, all other independent terms
vanishing. These relations in (13) generate the con-
straints ¥’ = cos 8 ¥ —sin 0 y*°4/*% =
—cos 8 ¥ — sin 6 ', in the new F-gauge. When
these two sets of constraints are inserted into (31),
the resultant equations are seen to be consequences of
(29b) and (29¢) and their duals. In short, the curious
transformations (31) are already contained in and
implied by the simple half-angle rotations (29b) and
(29¢) and their duals. Thus the consistency and
significance of (29a) and (30) are established.

We may extend the above example to a form
appropriate to a general ¢, only one of whose
independent terms is nonvanishing. Let 8 be the
value of the single term in ¢,,, and write ¢,, = 6f,,.
We define ¢ = (4¢,¢*)}, ie., £ = 1 for an ordinary
rotation, while ¢ = ¢ for a pure Lorentz rotation.
Then

¥r = L*. (0L s(G0)y""
+ 3[cos (380) — 11" tapy™ — £ Eusy™)
- %E—] Sin (%20)(IWEa,8yaﬂ - ?’Eaﬁy“ﬁ)y

where L*,(346) denotes the appropriate Lorentz
transformation with the half-angle parameter, 16,
explicitly stated.

The collection of F-gauge transformations deter-
mined by (32) constitute a generating set for all
F-gauge transformations, and they imply that the
tensors y*” undergo an F-gauge transformation iso-
morphic to an independent, spin-} representation
of the complex Lorentz group. The double-valued
property characteristic of this representation is al-

12
Y¥r~

0 _
Yr=

(32)
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ready contained in the canonical example presented
above. To display this property, it suffices to set
6 = 2x; it follows from (29) that ", = —y*,
while (27) leads to ¢*(», = ¢

The F-gauge transformation of f,, is contragredient
to that of y*’, and we first indicate its form for the
canonical example discussed above. The result of
our imposing the identity (21) and adopting a
specific c-gauge leads to

f12F = ¢08 (30)f1z, (33a)
flaF = CO8 (%O)fw + sin (%0)f23 + sin (‘%0) COs (B)fao,
(33b)
for" = —sin (36)f1s + cos (36)f2s — sin (36) sin ()fso,
(33¢)

together with the corresponding dual equations,
For an arbitrary ¢, = 6f,, only one of whose

independent components is nonvanishing and has

magnitude 6, the generalization of (33) reads

177 = L (—3£0)L(— 5£0)f*
+ #cos (36) — L1 Fasf* — £ Caf™)
+ 3#7'(P" + P sin BEO)E” () (P osf™
+ PEasl ™) + B 0y (P agf™ — PEsf™)],

where
P = %(Ep.v + cyv)g““y P = %(Eur + c‘")fl‘".

The set of transformations (34) form a generating
set, and imply that f*" undergoes an F-gauge trans-
formation isomorphic to an independent, complex,
spin-} Lorentz transformation. The double-valued
property is exemplified by (33) when we set 8 = 2,
for then 7,,” = —1,,.

In order to examine the c-gauge freedom in con-
nection with the F-gauge transformation (34), we
turn our attention to a property of the combined
F- and c-gauge groups.

34

G. Connection Between Different F-Gauge
Transformations of ¢*”

In a fixed F-gauge, the tensor ¢*” may be regarded
in three different ways: (i) as the fiducial tensor;
(ii) as a member of ¥, since it fulfills the condition
(13); or (iii)) as a member of §, the space dual
to 9. Whichever interpretation is chosen for c¢*
dictates its F-gauge transformation properties; and
after an F-gauge transformation, these three tensors
will no longer enjoy the numerical equality they
possessed initially in view of their differing laws
of transformation. We now wish to establish that
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Corip) = Acuvp + BZ“,F, (35)

namely, that the transform of the fiducial tensor
¢,, is a linear combination of the transform of c,,
and &, viewed as members of §. Here, A and B
denote gauge-variant, Lorentz scalars,

We prove (35) most simply by assuming it to
be false and showing contradiction. We assume that
the right side of (35) is augmented by a term CK,,”,
linearly independent from c,,” and &,,7, and contract
the modified relation with an arbitrary 3*p. If
follows that

c#r(F’)y“F = (AC“,.F + Bélﬂp + CKan)wa
= (AC,,, + BEM’ + C’K,‘,)y“' = 0;

the last result following from (13), which in turn
depends on (4b) with v replaced by ve. Since the
coefficients of A and B are zero by assumption,
we find that

CK,.yW" =0 (36)

for all ¥ € . We need only investigate four
linearly independent K*”, and it can be shown
without difficulty that E*", defined by Eq. (9),
E*, J*, and J* form such a quartet, where J** =
b ,b*. When K,, = E,, we find a violation
of (36) for y,, = E,, € 9 since 3E,,E” = —1,
unless C = 0. When K,, = E,, a counter example
is y, = E, €9, unless ¢ = 0. For K,, = J*
we find a counter example in y,, = c,, € 9, since
370 = (cb")’ # 0, unless ¢ = 0. Finally, for
K., = Ju, v = &, € I provides a counter example,
unless € = (. Thus no extra term can be consistently
added to Eq. (35), and elementary examples show
the necessity of both terms. The validity of (35)
is therefore established.

Equation (35) sheds light on aspects of the c-gauge
freedom of (34) associated with the nonuniqueness
of E,,, remarked on in See. II C. A different choice
for E,, », augments Eq. (34) by terms proportional
to ¢,,m and &, ). However, according to (35),
these additional terms may, in turn, be expressed
in terms of ¢,,” and &,,”, and thus they correspond
to a harmless, unobservable c-gauge transformation
of £.,°.

We further note that Eq. (35) implies that the
subspace, which is the image under an F-gauge
transformation of the subspace

€ = {ac,, + bE,,:a,b arbitrary complex numbers}

is the same whether c¢,, (and hence &,,) transform
as members of §, or whether they transform as
fiducial tensors. In an obvious notation we can
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state this result as €, = €. This observation
is important in our answer to the question:

H. How Can Tensors Behave as Spinors?

We are now in a position to gain additional
ingight into how, beginning only with tensorial quanti-
ties, it would be possible to introduce tensors that
behave as spinors. Consider the collection & of com-
plex second-rank, skew-symmetric tensors, and
single out of this family a fiducial tensor ¢,, and
its dual &, (& =ic,), both of whose invariants
vanish, We next use these tensors in order to define
a subspace P C £ as follows: Let ) consist of all
those tensors y*” € R that fulfill the two relations

(37a)
(37b)

We now imagine that §) formed the domain of
tensors for some physical problem which itself in
no way singles out any special antisymmetric
tensors. If this is to be true, however, the particular
tensors ¢,, and &, we started with can not have
any intrinsic physical significance, and the choice
of these tensors must correspond to an arbitrary,
unobservable gauge of the physical theory. We can
pass to any other pair of acceptable fiducial tensors,
¢y and &,,ry,, by means of an independent, com-
plex Lorentz transformation, as indicated in Eq.
(26b).

We might be tempted to define the transform
of y¥** by a contragredient (spin-1) ecomplex Lorentz
transformation. That would, in fact, be the only
possiblity if we had imposed condition (37a) or
(37b) alone. However, with the fwo conditions (37)
an alternate choice exists for the transformation of
y*"; we could adopt a transformation for y**—call
it y*z—such that the vanishing of each of the
equations

cl“’y“v = 0!

&y = 0.

(38a)
(38b)

is a consequence of both Eqgs. (37a) and (87b). In
particular, if we employ (35), the validity of (38a)
stems from

Cuv(F)y‘”‘F' = (Acu.vF + Ba‘"F)y‘“’F
= (AC,,,, + Bzw)yw =0,

which depends on both (37a) and (37b).

We may state these two transformation choices
as follows: The tensors y** & ) are each orthogonal
to the subspace €. The elements of the transformed

py o
Cowmy =0,

~ uy _
Cuwmy'r =0,
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9 space must likewise be orthogonal to the trans-
formed subspace €. But since € = €°, we can
transform §) contragrediently to either of these
choice for € and still achieve the desired orthog-
onality in the new gauge; and it is those tensors
which transform as 7", under the independent
Lorentz transformation of ¢,, that behave as spinors.
The existence of such tensors is made possible by
the existence of fwo Lorentz-invariant subsidiary
conditions (37), and arises when we regard these
conditions as gauge-covariant (rather than gauge-
invariant) under an independent, complex Lorentz
transformation of the fidueial tensors.

To complete the present heuristic deduction of
tensors which behave as spinors we need only
introduce the space § of tensors f,, as the space
dual to the space 9. In so doing, we see that the
c-gauge arises in a natural fashion.'* That the
tensors f,, likewise behave as spinors is ensured by
our imposing on f,, a transformation contragredient
to 4" under an F-gauge transformation.

I. Redundant Tensorial Representation
of the Dirac Equation

To convert the special relativistic Dirac spinor
equation

(v + m)y =0 (39)

into a tensor equation, it suffices to carry out two
operations: First, re-express ¢(z) in terms of f,,(z)
according to (1), and second, multiply Eq. (39) on
the left by idy,., so as to express (39) itself in terms
of the elementary “vectors” of the redundant basis.
Since v* and v are independent of space, Eq. (39)
becomes

%i(ﬁ’YVT’Yavuyv)fﬂv,a + %mi(ﬂ')’n')’”v)fuy = 0; (40)

where the comma denotes ordinary partial deriva~
tive. If the products of gamma matrices are expanded
in terms of the 16 basic matrices,'® the two co-
efficients in (40) may be expressed in terms of ¢*, ¢*’,
and the metric; indeed, the coefficient of m has
already been encountered in Eq. (16). It follows
that Eq. (40) becomes

c“(fvu.r + fur.v + fn.u) + C,f”,._‘, - c‘l’f“f.l‘
+ m(cv“f'ru - c-r"fau) = 07 (41)
which is our redundant tensorial representation of

18 The origin of the ¢-gauge discussed here may be com-
pared with a related origin of the electromagnetic gauge in
a standard introduction of the four-vector potential A, as
a linear functional on currents defined by [ j*4, dz, wherein
Jj* satisfies j»,, = 0.
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the Dirac equation.'* The first three terms of (41)
may also be collected into the expression e,,,s¢*f**, a.

Equation (41) is invariant under c-gauge trans-
formations, and transforms covariantly as a member
of 9 under F-gauge transformations. These proper-
ties are self-evident from the form (40) to which
it is algebraically identical.

M assless Dirac Equation and Duality
Rotations

If m = 0 and we employ the indicated alternate
expression for the first three terms in (41), our
tensorial form for the Dirac equation reads

evurﬂc"fﬁa‘a + cu‘f”r,y - c‘rf“d.‘l = 0- (42)

The dual to this equation implies that f,, is also a
solution whenever f,, is one. Linearity of the dif-
ferential equation then leads to the result that the
“duality rotated” tensor

€ "), = cos (B)f,, + sin (B)f,., (43)

is a solution of (42) for all constant g8 if only f,, is
a solution. This is simply our expression of the v;
invariance of the massless Dirac equation.

It is interesting to compare the solution degeneracy
given in (43) with a well-known solution degeneracy
for the source-free electromagnetic field F,,. Speci-
fically, Maxwell’s source free equations admit a
family of “duality rotated” solutions,

(€ 9)F,, = cos (&)F,, +sin @F,,, (44)

for all constant «, provided only that F,, is a
solution.

Our results in Eq. (43) may have bearing on a
question raised by Wheeler,'® whether there may
exist a possible connection between ;s duality
rotations for the massless Dirac equation and the
duality rotations (44) for Maxwell’s equations. The
identity in form shared by (43) and (44) suggests
that there is basically only one type of duality
rotation, which, although we customarily view from
different algebraic standpoints, can be made identical
in form with the aid of the redundant tensorial
formalism.*®

14 The redundant tensorial representation may be ex-
tended most directly to higher spin fields and their associ-
ated first-order equations by using the formalism of V.
Bargmann and E. Wigner, Proc. Nat. Acad. Sci. U. 8. 34,
211 (1948).

15 Reference 4, p. 91.

16 Tt goes without mentioning that the similarity in form
of degenerate solutions carries no implication of any similarity
of the corresponding fields, e.g., between the neutrino and
electromagnetic fields.
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J. Charge-Conjugate and Adjoint Tensors;
Real Fiducial Tensors

Although we have confined our attention to
spinors and tensors formed purely algebraically,
physical applications require that we consider com-
plex-conjugate quantities as well. For example, the
charge-conjugate spinor*’

Pi) = i, (452)
v* = C*v*, can be expressed as
V@) = ™ (45b)
in terms of the “charge-conjugate tensor”
f:t'(x) = %ftﬂ(x)caﬁun (46)
where the tensor C**,, satisfies
v = 30, A", 47

Similarly, the Pauli adjoint of the spinor y(x),"

Px) = —3fh@m", (48a)
# = v* A4, can be expressed as
¥z) = —3f@)y", (48b)

where f;, is given by (46).

It is to be observed that f:, in (45b) and (48b)
undergoes F-gauge transformations as a member of
$, while f% in (45a) and (48a) transforms as a
member of §* ie., according to the complex
conjugate of (34).

Particularly noteworthy in the present connection
are the special cases when the fiducial spinor v is
self-charge-conjugate, v = »°, which lead to tensorial
representations that are analogs of the Majorana
representations of the gamma matrices. For self-
charge-conjugate », (47) is satisfied by C*f,, =
8°%,, = 6%.,6°,,, and therefore

fo@) = fi@),

In addition to this simplification, the fiducial tensors
¢, & and ¢* all become real tensors when » = ¢°,
[which, of course, must also satisfy the algebraic
constraints, Eqs. (4)-(8)]. The F-gauge freedom
that remains among self-charge-conjugate fiducial
spinors corresponds to independent, spin-} Lorentz
transformations with real parameters e,,.

Although self-charge-conjugate fiducial spinors
constitute a subset of all possible fiducial spinors,
they nevertheless form an important subset because
of the simple relation between complex conjugates
and charge conjugates (just as in a Majorana rep-
resentation) and between complex conjugates and

if »=29". (49)
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Pauli adjoints in the redundant tensorial rep-
resentation.’”

K. Ordinary Action Functional Applies to the
Redundant Tensorial Representation of the
Dirac Equation

The tensorial equation (41) can be derived as
the Euler-Lagrange equation of the wusual action
functional®

I=—[ 3675, + myds,  0)
where 43,B = A(8,B) — (3,A)B. We first insert
into (50) the expressions for ¢ and ¢ in Eqgs. (48b)
and (1), respectively. Straightforward algebraic
manipulation leads to the form

I= % [ (080 + £005.0,°

+ 2mf’ e[ ] de,  (51)

in which the invariance of the first two terms under
a duality rotation (ys rotation) is clear. If we now
make a variation of I—not with respect to y—but
with respect to f°’, then the resultant Euler—
Lagrange equation is (41), as desired. Since the
action Eq. (50) and thus Eq. (51) is invariant under
both ¢- and F-gauge transformations, this leads, in
the usual fashion, to equations of motion that
undergo covariant gauge transformation, as we have
already noted. A variety of other quantities can be
deduced from the action, such as the stress energy
tensor, the current, etc. All of these are simple
translations of well-known spinor forms to a re-
dundant tensorial form, as was the action functional
itself,

L. Fermi Nature of Quantum Theory

Although our principal concern here is directed
toward c-number spinors, a few remarks may be
in order regarding the quantum theory lest the
reader take our tensorial description to imply that
Bose quantization is required. This is, of course,
not the case, and the present formalism is completely
consistent with Fermi quantization with a positive-
definite Hilbert-space metric.

For z—y spacelike, the only nonvanishing anti-

17 The author thanks Professor A. H. Taub for suggesting
the use of Lorentz-covariant fiducial tensors based on a gen-
eral spinor v rather than restricting attention to s subset
thereof composed only of real fiducial tensors for which
v = p°. Complex conjugation and reality properties do not
enter the representation properties of Eq. (1) at all, and only
:ﬁis% I;n the discussion of charge-conjugate equations, and

e like.
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commutator is

{lﬁ(x), ‘;(y),yu} = i&"(x, :l,l), (52)

the term —¢(y)vy* being the canonically conjugate
spinor to ¥(y).'° Obviously it is f,,(z) that becomes
the quantized operator in our representation, while
v and of course v*” remain as in the c-number theory.

It would at first appear natural to set the anti-
commutator

{fb(x)9 Haﬂ“(y)} ) (53)
between f,,(z) and its conjugate momentum
Haﬁn — ’i(f”ﬂc“ _|_ fc’lagﬁlucv + fcu[acﬂl)’ (54)

proportional to
8)\ruﬂ = 6).[a81p10

However, the anticommutator (53) cannot rigorously
be proportional to 8,,** because the latter factor
does not vanish on contraction with ¢.s or &,s as
does IT** = —Jv"y*% [see Eq. (4b)].

To overcome this difficulty we may exploit the
c-gauge freedom in defining f,, and adopt the
expression

{fu(@), T**(y)}
= _iau(x! y)[ahaﬁ + d-z(ch']aﬁ - ahjaﬁ)]y (55)

where J** = b'%*.b", d = b%. % 0. The term
in square brackets in (55) vanishes on contraction
with either c.s or &.5, and is an idempotent matrix
with trace four. In any diagonal form, the factor
in square brackets has nonnegative terms, and thus
a representation of the quantum operators in (55)
exists in a Hilbert space with positive-definite
metric. This would not be the case if terms of an
intrinsically opposite sign had occurred on the right
side of (55)."°

It is of course not uncommon for the commutation
relations between nonobservables to depend on gauge
properties of the field. Such a situation occurs in
the quantization of the four-vector potential of the
radiation field, and the expression above provides
yet another example of this phenomenon.

III. GENERALLY COVARIANT GAUGE
TRANSFORMATIONS; REPRESENTATIONS
OF THE GENERAL RELATIVISTIC
DIRAC EQUATION

As soon as general coordinate transformations are
permitted, the metric—and, as a consequence, the
Dirac gamma matrices—become space dependent.
There is no longer any reason to require the fiducial

18 W, Pauli, Progr. Theoret. Phys. (Kyoto) 5, 526 (1950).
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spinor to be constant, and the appropriate general-
ization of (1) reads

¥(z) = @ @)

A. Algebraic and Differential Covariants;
The F-Affine Connection

It is clear that an analysis parallel to the preceding
section can be carried out in which each algebraic
expression verified there continues to hold true at
each point z. Such a generalization extends directly
to space-dependent ¢c- and F-gauge transformations
as well. In this way all algebraic relations of Sec. II
become generally covariant under both coordinate
and gauge transformations. However, an appropriate
definition must be found for generally covariant
differential operators. For the tensorial properties,
it suffices to use the conventional covariant deriva-
tive based on the Christoffel symbols, and which
we denote by a semicolon. To maintain covariance
under space-dependent F-gauge transformations re-
quires us to introduce another affine connection—
say, the F-affine—analogous to the well-known spin
affine.’”® We define the (complete) covariant deriva-
tive of f,z by

Vifas = faﬁ:u - %Fcﬁ" ary (57)

where T'.;°", is a tensor which undergoes an in-
homogeneous F-gauge transformation in order that
(Vifap)® = V.(fas"). Since y** transforms con-
tragrediently to f.s according to (21), it follows that

v“yap = yaﬂ;u + %yarr"aﬁu' (58)

As an analog of the usual “geometrical”’ argument
which leads to the Christoffel connection, we re-
quire that

(56)

T

%fwM"aﬂeap = z‘;ﬂa

remain invariant under a parallel displacement of
the tensors f,s, e.s € §- There follows the relation

V.M =0, (59)
which on contraction leads, according to (16), to
V. = 0; (60)
and which, in turn, with the aid of (8a), implies that
V. = 0. (61)
When we further require invariance of
HECT AM™ (6fP = iy
under parallel displacement of the tensor f.; € §,
" 19W. L. Bade and H. Jehle, Ref. 9.
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we obtain
vM(C”kaV)‘nﬂ) = 0,
which, with (59), leads to
V.07 . = 0. (62)

Equations (59) and (62), which, respectively, state
Muraﬁ” + %Muraﬂr‘”vr‘ + %Mvrnvrwaﬁ‘ = O, (633:)
C"aﬁzx + ’%C“'aﬂr*ur"x - %C‘"uvI‘aﬁ“'x = 09 (63b)

enable us to examine the F-affine in a greater depth.
For example, when the fiducial tensors are real

C* .5 = 8" .5; and (63b) reduces simply to
Ptﬂl": = I‘uﬂarn (64)

Thus (63b) can be viewed as a generalized reality
condition on the F affine. A solution of (63a) may

if »=1v

be found with the aid of a tensor U,p,, = —Ul,rap
that fulfills the relation
M,"™ = M,V M., (65)
such as
U™ = 428 00c"s — e, (66)
= ¢.b® #£ 0. It readily follows that
r,* = —1U,".M.,* — $U,,"M,,**,  (67)

is a particular solution of (63a). Any other solution
differs from (67) by a homogeneous term, H,,” .,
for which

McruvH‘"aﬁ‘ = MaﬂnrH‘"cr”

which expresses a transposition symmetry relative
to M° %%, The general solution is of the form

H“'aﬁ‘ = %Euv”xMﬂ)\aﬁy (68)

where
Envﬂk‘ = E““’,; (69)

there are thus ten such independent “vector” fields
since (69) asks for the symmetric part of an essen-
tially 4 X 4 matrix. In summary, our relation for the
F affine is given by (67) and arbitrary amounts of
(68), all being subjected to the reality conditions
of (63b), or (64) whenever the latter applies.”

The undetermined fields (68) may either be set

20 We emphasize strongly that none of the ten vector
fields of the form (68) corresponds to the electromagnetic
potential. This field has no ‘‘geometrical origin’’ from the
present point of view since #)¢ can not remain invariant in
the presence of the four-vector potential A,. The electro-
magnetic field breaks this invariance (while the invariance
of 4Jy is maintained), and must be added separately with a
suitable strength for each field in question.
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equal to zero, regarded as external fields other than
the gravitational field, or given their own dynamical
status and their own equations of motion as, e.g.,
in the Yang-Mills method. We shall not concern
ourselves with the latter question here since anal-
ogous questions have been discussed in the litera-
ture for the conventional, generally covariant spinor
Dirac equation.” ™

If the additional fields (68) are set equal to zero
then a suitable F-affine connection can be readily
constructed. It suffices to choose an example with
real fiducial tensors and to pick a real b, field in
the formation of U,s’"; then the solution (67)
satisfies both conditions (63).

B. Redundant Tensorial Representation of the
Generally Covariant Dirac Equation

Although Eq. (59) was determined by a straight-
forward “geometrical”’ argument of invariance under
parallel transport, the very fundamental equations
(60) and (61) were direct consequences thereof.
Equation (61) permits us to immediately generalize
the redundant tensorial representation of the Dirac
equation to a generally covariant form simply as

eaufﬁc“v ufﬂa + cavuf“‘r - crvpf“v
+ m(cv”f'ru - c‘r“ a-y.) = 0- (70)

Indeed, Eq. (70) is the Euler-Lagrange equation
obtained from the action functional (51) after the
partial derivative is replaced by the generally co-
variant derivative and after the introduction of the
invariant volume element. It is noteworthy that the
Christoffel symbols do not explicitly appear in the
generally covariant derivatives in (70) because of the

2 Q. Klein, Arkiv. Fysik. 17, 517 (1960).

22 A. M. Brodskii, D. Ivanenko, and G. A. Sckolik, Zh.
Eksperim. i Teor. Fiz. 41, 1307 (1961) [English transl.: Soviet
Physics—JETP 14, 930 (1962)].

2 A, Peres, Nuovo Cimento Suppl. 24, 389 (1962).

2 H. Leutwyler, Nuovo Cimento 26, 1066 (1962).
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simplification that arises for divergences of skew
tensors; the Christoffel symbols do appear implicitly
in the F-affine connection. Equation (60) would be
important in discussing higher derivatives of (70)
[such as the analog of the special relativistic equa-
tion (O — m®y¢ = 0]. We emphasize that the
redundant tensorial representation equations (60)
and (61) play a simplifying role in the Dirac
equation similar to the conventional assumption
V.v° = 0, but which differ from this latter equa-
tion in that they arise from ‘‘geometrical’”’ invariance
arguments.

It would be interesting to trace out further the
dynamies of the undetermined fields in the F affine,
e.g., in the manner of Leutwyler,” and see to what
extent, if any, these boson fields of ‘“‘geometrical
origin” might bear on questions in elementary-
particle physics.
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The free energy obtained from the canonical partition function for a finite spin system possesses
a certain convexity property, of which theorems by Peierls and Bogoliubov are particular apph—
cations. This property is used in proving the following result: Consider a regular lattice of spins in
the form of a parallelepiped (in two dimensions a parallelogram, in one dimension a linear chain).
The free energy of the system divided by the number of spins approaches a definite limit as the linear
dimensions of the system become infinite. The limit is not influenced by certain common types of
boundary conditions. A similar result, but with convergence understood in a weaker sense, holds for
derivatives of the free energy such as entropy, magnetization, and specific heat. In the proof it is
necessary to assume that the Hamiltonian has the translational symmetry of the spin system, and
that long-range interactions decrease sufficiently rapidly with the distance » between spins. (For
example, as r~#"¢ with ¢ > 0 for interactions between pairs of spins in 3 dimensions.)

1. INTRODUCTION

PIN systems, such as the Heisenberg and Ising
models of ferromagnetism, provide some of the
simplest applications of quantum statistical me-
chanics, and a study of them has already led to
insights into the behavior of more complex systems
such as classical gases.

In this paper we prove rigorously a property often
assumed to be “intuitively obvious”: that the free
energy of a spin system in a regular lattice, as defined
by the cononical partition function, is extensive,
that is, proportional to the size of the system for
a large system. We assume the system is in the shape
of a parallelepiped, though other simple shapes
could be handled by the same techniques. The proof
requires that the Hamiltonian have the translation
symmetry of the lattice and the interaction terms
decrease sufficiently rapidly with distance between
the spins. The same extensive property is possessed,
though in a somewhat weaker sense, by quantities,
such as the entropy and magnetization, which are
expressed as derivatives of the free energy with
respect to a parameter. The results are independent
of boundary conditions of the usual kind employed
in calculations.

The proof utilizes a convexity property of the
free energy, of which theorems by Peierls and
Bogoliubov are particular applications. This prop-
erty, of some interest in itself, is discussed in Sec. II.

The actual proof that the free energy is extensive
begins in See. IV where it is carried out in detail
in Sec. IV.A for a linear chain. We feel that to first

* This work was supported in part by the U. 8. Office of
Naval Research.

t National Science Foundation Postdoctoral Fellow. Pres-
ent address: Department of Physics, Carnegie Institute of
Technology, Pittsburgh, Pennsylvania.

state and then prove the most general result for
three dimensions (summarized in Sec. VI) would
conceal the elementary character of the proof within
a thicket of geometrical complications. These com-
plications are introduced gradually in Sec. IV.B-D.
Section V treats the derivatives of the free energy.

The previous work on this subject of which we
are aware treats the partition function of a classical
gas,' and the results also apply to the spin-} Ising
model, which may be regarded as a lattice gas.®
Recently Ruelle’ has extended his work on classical
gases to quantum gases. Van Kampen has indepen-
dently carried out a proof very similar to ours for
the case of a spin system, and we are indebted to
him for helpful correspondence.

II. CONVEXITY OF THE FREE ENERGY

All operators discussed in this section are assumed
to be n X n Hermitian matrices, where = is a fixed
finite integer. The ‘“canonical”’ free energy F asso-
ciated with a Hermitian matrix 3 is defined by

F(se) = ~p7" log tr [e], M

where tr stands for trace, and 8§ = 1/kT > 0 is
the inverse temperature.

Let 3¢, and 3C, be any two Hermitian matrices,
and A a number between 0 and 1. The free energy
defined by (1) has the important convexity property:
FI(1 — N3¢, + Me,] > (1 — NF(3C,) + AF(e). (2
A closely related inequality is Bogoliubov’s theorem:
F(3e + 9) < F(3¢) + tr [3ce™ ) /tr [¢°].  (3)

1 I,. Van Hove, Physica 15, 951 (1949); C. N. Yang and
T. D. Lee, Phys. Rev. 87, 404 (1952); L. Witten, ibid. 93,
1131 (1954); D. Ruelle, Helv. Phys. Acta 36, 183 (1963).

2T, D. Lee and C. N. Yang, Phys. Rev. 87, 410 (1952).
3 D. Ruelle, Helv. Phys. Acta 36, 789 (1963).
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f{x)

F16. 1. A curve which is convex upwards has the properties
(a) a tangent to the curve at some point lies above the curve;
(b) the second derivative (where it exists) is negative; (c) a
chord joining two points on the curve lies beneath the curve.

Algo, if z is a real parameter, the function
flx) = F(3C, + z3¢,)
has the property

@

') < 0. ()

(Note that f has a continuous second derivative
since the matrices are finite-dimensional.) An imme-
diate consequence of (3) is Peierls’ theorem*: Let
JCp be the diagonal part of 3¢ in some representa-
tion; that is, the matrix obtained by setting all
the off-diagonal elements of 3C equal to zero. Then

F(3¢) < F(3¢p). 6)

Several proofs of Peierls’ theorem (6) are found
in the literature.®®* The result (3) is ascribed to
Bogoliubov by Kvasnikov’ and more than one proof
has been published.®®* Ruelle’ has proved (2) and
(6) for a certain class of self-adjoint operators in
infinite-dimensional Hilbert space. We shall not
repeat these proofs, but merely point out the close
connection between the inequalities (2), (3), (5),
and (6).

From the definitions (1) and (4) it follows that

f’(x) = (3@1) = t{r [Gcle—ﬂ(scwz:lcl)]/tr [e—ﬁ(ﬁeo+z501)] (7)

whether or not 3¢, and 3¢, commute, since the trace
of an operator product is invariant under a cyclic
permutation of the operators. If now in (3) we
replace 3¢, by 3¢, + z,3C; and 3¢, by (z — z,)3C,,
the inequality may be written in the notation of (4)

* R. E. Peierls, Phys. Rev. 54, 918 (1938).

5 In addition to Ref. 4 see T. D. Schultz, Nuovo Cimento 8,
943 (1958); D. J. Thouless, The Quantum Mechanics of Many-
Body Systems (Academic Press Inc.,, New York, 1961), p.
108; K. Huang, Statistical Mechanics (John Wiley & Sons,
Inc., New York, 1963), p. 220; D. Ruelle, Ref. 3.

¢ H. Falk, Physica 29, 1114 (1963); B. Miihlschlegel,
Sitzber. Math. Naturw. Kl. Bayer. Akad. Wiss. Miinchen
1960, p. 123.

7J. Kvasnikov, Doklady Akad. Nauk SSSR 110, 755
(1956); see also V. V. Tolmachev, Doklady Akad. Nauk
SSSR 134, 1324 (1960) [English transl.: Soviet Phys.—Doklady
5, 984 (1961)].

8 J. Czerwonko, Bull. Acad. Polon. Sci. CL III 7, 639
(1959); M. Girardeau, J. Math. Phys. 3, 131 (1962).
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and (7) as
flz) < f(xo) + (@ — z0)f'(z0), @®

or, in other words, the curve of the function f(zx)
always lies below the tangent to the curve at f(z,)
(see Fig. 1). This property is one characteristic of
a function which is convex upwards,’ and is equiv-
alent to (5) in the case where the second derivative
is continuous.

Another characteristic property of a convex-up-
wards function is that the chord joining two points
of the curve of the function (see Fig. 1) always
lies below the curve. In particular, the function

g(x) = F[3, + 2(3C, — 3C)] ©

is convex upwards by (3) or (5) and therefore, for
any A between 0 and 1,

g = (1 — Ng(0) + M(D),

which is precisely the inequality (2).

The foregoing discussion shows that the inequal-
ities (2), (3), and (5) are really equivalent, and
closely correspond to the three properties of a real
convex function illustrated in Fig. 1. Peierls’ the-
orem (6) is an immediate consequence of (3) if in
the latter inequality 3C, is replaced by 3¢5, 3¢, by
J¢ — 3Cp, and the traces on the right-hand side
of (3) are evaluated in the representation where
JCp is diagonal.

The entropy defined as —tr [p log p}, where p
is a density matrix, possesses a convexity property
quite analogous to (2).'°

The convexity property of the free energy has
a number of interesting consequences; we shall
point, out two of them.

(a) The free energy is a convex function of the
Hamiltonian and the temperature T'(= 1/k8) to-
gether. Let T, T, be nonnegative numbers, 3¢, and
3C, Hermitian matrices, and A a number between
0 and 1. Define

(10)

The inequality

F@e, T) 2 (1 — NF@e, Ty + M@, To) (12)

% References on convex functions: R. Courant, Differential
and Integral Calculus (Interscience Publishers, Inc., New
York, 1936) Vol. II, p. 325; G. H. Hardy, J. E. Littlewood,
and G. Pélya, Inequalities (Cambridge University Press,
Cambridge, England, 1959), 2nd ed., Chap. III; E. F. Becken-
bach, Bull. Am. Math. Soc. 54, 439 (1948).

10 J. von Neumann, Mathematical Foundations of Quanium
Mechanics (Princeton University Press, Princeton, New
Jersey, 1955), p. 390; E. H. Wichmann, J. Math. Phys. 4,
884 (1963).
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is easily verified by means of the relationship
F@e, T) = TF(3¢/T, 1)

together with the inequality (2).

(b) Let 3¢, and 3¢, be Hermitian matrices, let 3¢
be their sum, and let x4 and » be the maximum and
minimum eigenvalues of 3C;, respectively. The
bounds

F(3) +v < F3e) < F(3,) + & (14)

are a consequence of Bogoliubov’s theorem.'' The
upper bound is obtained by noting that the second
term on the right side of (3) is a weighted average
of the eigenvalues of 3¢, with positive weights, hence
certainly less than u. The lower bound comes from
the same argument upon interchanging the roles
of 3¢ and 3C,.

The inequality (14) is at the heart of our proof
that the free energy is extensive, and hence we shall
give an alternate derivation. Let

NS)\ZS"'S)&

(13)

be the n eigenvalues of 3C,, and
n<p<- <o

the eigenvalues of 3¢. The matrix 3¢, — »I, where
I is the identity, is clearly a positive matrix (i.e.,
none of its eigenvalues are negative). Hence the

mth eigenvalue of
3¢ — oI = 3¢, + (3¢, — »I), (15)

which is p,, — », must exceed \,,, the mth eigenvalue
of 3c,"2:

Pm = N\ v (16)
Similarly, one may show that
Pm < A+ uy a7
and therefore
e”ﬁl‘ Z e—ﬂ)ﬂu S Z e—ﬂFm S e—ﬁ' Z e"‘ﬂ)\m, (18)

mm=1 m=1 m=1

from which (14) follows upon taking logarithms and
utilizing the definition (1).

For our purposes, a less precise form of (14)
will suffice:

|F(3€0 + 5{31) - F(Jco)l S [5(31' (19)

By |3¢;| we denote the matrix norm, equal to the

1 We are indebted to N. G. van Kampen for sending us
another derivation of (14) which is similar to, but not de-
pendent on, the use of Bogoliubov’s theorem.

2 By an elementary application of the maximum modulus
principle. See F. Riesz and B. Sz.-Nagy, Functional Analysis
(Frederick Ungar Publishing Company, New York, 1955), pp.
2381; R. Bellman, Introduction to Matriz Analysis (McGraw-
Hill Book Company, Inc., New York, 1960), p. 115.
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maximum of the absolute values of the eigenvalues
for a Hermitian matrix, and possessing the important
properties

(20)

(21)

3¢, + 30,] < [3Co| + [3¢],
lasc| = la| |3¢[,
where a is a real number.
III. SPIN SYSTEMS: SOME NOTATION

Consider a system of N atoms, each with spin S
(integral or half integral). The vector space of
interest consists of all complex-valued functions of
the N arguments X,, X, - - + Xy where each argument
can take on only the 28 + 1 values —8, —8 +
1, ---, 8§ — 1, 8. The space has dimension n =
(28 + 1)", and operators in the space are n X n
matrices. The statement “A(1, 2) acts only on the
coordinates 1 and 2” means the operator has the
following property: With every function ®(X,, X3)
there is associated a function @'(X,, X,) such that
for any function ¥(X,, X,, - -+ , Xy) the relation

h(1, 2)[®(X;, X)¥(Xs, - -+, Xx)]

= &'(X,, X;)¥(Xs, - - ’ Xv) (22)
is satisfied.

Clearly, h(1, 2) may be regarded as a (25 + 1)>-
dimensional matrix—which we call, for brevity, the
“reduced matrix’—in the space spanned by all
functions $(X,, X,). More generally, one may con-
sider an operator “acting only on the coordinates @”
where G contains m coordinates from the set X,
X,, -+ -, Xx. Weshall also say the operator “involves”
each of the m coordinates in @. The corresponding
reduced matrix is of dimension (28 + 1)™.

Let @ and ® be two disjoint subsets of the N
coordinates, and %, and h, two operators acting only
on the coordinates @ and ®, respectively. By tr [@; A,]
we mean the sum of the diagonal elements of the
reduced matrix &,. The relation'?

tr [@ \J @; hiho] = tr [@; hy] tr [B; hs) (23)
will be of use in Sec. IV. If & denotes the set of

all N coordinates, we shall sometimes write tr[h] in
place of tr [x; &] if no confusion is likely to arise.

IV. PROOF THAT THE FREE ENERGY
IS EXTENSIVE
A. Linear Chain with Nearest-Neighbor
Interactions. Prototype Hamiltonian
and Translational Invariance
We use the term prototype Hamiltonian for an op-
erator formally defined on an infinite lattice. For a

13 Tn the space of all functions on @ \U ®, k;h. is the “direct
product’’ of the two reduced matrices.



1218 ROBERT B.

linear chain of atoms, each with spin 8, a possible
prototype Hamiltonian is

s = 2 h,i+ 1),

i=—w

(24)

where h{Z, 7 + 1) is an operator' acting only on
the coordinates X; and X,,,. The sum (24) may
be understood in a formal sense, since the prototype
Hamiltonian will be employed for conceptual, not
computational, purposes.

Consider s translation of the lattice in which
X, is carried into X,,,. Such a translation may be
thought of as generating a transformation on the
summands in (24) with each A(¢, ¢ + 1) transformed
into an operator A’ (z + 1, ¢ + 2) acting on the
coordinates X;.,, X, ... If

3 = 3 WG i+ 1)

j=—wm

(25)

is formally identical to 3 in the sense that to
every term in the sum (24) there is one and only
one identical term in (25)—or, in other words, if
hit, 7 + 1) = k'(¢, 1 + 1) for all +—then 3¢ will
be called translationally invariant.’®
The operator
N~1
BWN) = > R@G, 1+ 1) (26)

PES Y
is obtained by discarding from the prototype Hamil-
tonian (24) all terms which act on spin coordinates
outside the set X, X, - -+ Xy. The norm'®

e = |h@, i+ 1) @7

is independent of 7 by translational invariance. Note
that € is the same whether one uses the complete
or the reduced matrix for A(Z, 2 + 1).

Let ¢ denote the coordinates X,, X, --- Xy.
The free energy associated with (26) is
F(N) = —g7" log tr [x; e 7™, (28)

For convenience, define the normalized free energy
J(N) = NT'F(N). (29)

We wish to show that f(N) achieves a limiting
value as N becomes infinite, for every value of g8
greater than zero.'” Let the size of the system be

14 All operators are assumed to be Hermitian.

® In most applications, the translational invariance of the
spin Hamiltonian (or lack thereof) is obvious from inspection.

18 The norm exists provided that all the matrix elements
involved are finite; that is, there is no “rigid’’ coupling be-
tween different, spins.

17 At 8 = 0 the free energy of a finite system is undefined.
However, gf(N) is well defined ard continuous in the vicinity
of 8 = 0 and converges to the well-defined function gf as N
becomes infinite.
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doubled to include 2N spins. The new Hamiltonian is

2N ~1

3(2N) = 2; h(G, 1+ 1)
3e(N) + %, (N) + N, N + 1)

i

=3, + AN, N+ 1), (30)
where 3C(N) is defined by (28) and
e®) = T HGi+D. 6D
Let Y denote the coordinates Xy.;, -, X
Define F, by
¢PF = gr [a0 U ;5]
= tr [20; ¢PV] tr [y; e ]
= (tr [5¢; ¢ ") (32)
whence it follows that
F, = 2F(N). (33)
Now since
F@2N) = —g 7" log tr [5¢ \U y; e ™3™} (34)

one may show by means of (30), (27), (19}, and
(33) that

|[F(2N) — 2F(N)| < ¢, (35)
or, dividing both sides by 2N,
[f2N) — f(N)] < ¢/2N. (36)

Next consider a chain of length M N, where M
is an integer.'® The chain may be split into M sec-
tions of length N, and the Hamiltonian written as

J(MN) = mz;:j 3,(N) + "2 k(pN,pN + 1), @37

where
N-1
5,(N) = L AN +i,pN +i+1)  (39)
is the Hamiltonian for the (p -+ 1)th section of
length N. In analogy with (35) and by use of (20),
one obtains the result

|F(IMN) — MF(N)| < (M — 1)e < Me, (39)
or, dividing both sides by MN,
[f(MN) — f(N)| < ¢/N. (40)
One may interchange the roles of M and N:
[{(MN) — f(M)] < ¢/M, (41)

18 T am indebted to Dr. V. Celli for suggesting an important
simplification of the proof at this point.
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and combine (40) and (41) to obtain
If1) — fV)| < N7 + M7Y). 42)

Therefore f(N) is a Cauchy sequence with a limit f,
and

lf = f)] < ¢/N. (43)

This completes the proof that f(N) converges to
a limit in the case of a linear chain with nearest-
neighbor interaction. The proof, in essence, is nothing
but a precise statement of the notion that “surface”
energies may be neglected compared to ‘“‘volume”
energies for a large system. The generalization to
more complex cases is almost obvious.

The Hamiltonian (26) corresponds to ‘periodic
boundary conditions” if we add to it the term
h(N, 1). By means of (19), one may show that
the new normalized free energy differs from (29)
by at most ¢/N, a negligible quantity as N becomes
infinite. Similar arguments may be used for the
boundary conditions where one or both of the end
spins are held ““fixed.”

B. Two-Dimensional Lattice: Interactions
of Finite Range

Consider a regular, two-dimensional crystal ar-
ranged in a lattice with primitive translation vectors
a and b, and a finite number of different spins
(which may have different values of S) in each
unit cell. The prototype Hamiltonian 3¢ shall have
the following properties:

(a) 3Cis translationally invariant;

(b) it consists of a sum of terms, each of which
acts on a group of spins no two of which are separated
by a distance greater than a constant r, where r
does not depend on the term considered;

(c) there are only a finite number of terms acting
on & given spin.

Suppose there are m spins in a particular unit cell
Functions of the m coordinates X,, X,, --- , X,
may be regarded as functions of a single ‘“‘super
spin”’ coordinate Y which takes on

_II @8:+1)
values if the coordinate X, takes on (2S; -+ 1)
values. Hence without loss of generality we may
suppose that there is only one spin per unit cell.
The translational invariance of the Hamiltonian and
also Properties (b) and (c) are preserved if we
suppose the lattice to be distorted into one in which
a and b are orthogonal unit vectors. The constant r
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in (b) may have to be redefined, but still remains
finite. In other words we may, for the purpose of the
proof, assume that the prototype Hamiltonian is
defined for a simple square lattice with one spin
per lattice site.

Consider a rectangle of spins with sides M P and
NQ, where M, N, P, Q are positive integers. The
rectangle containing MPN@ spins may be thought
of as composed of PQ smaller rectangles, each with
sides M and N. We define 3¢(MP, N@Q) as the sum
of all terms in the prototype Hamiltonian which
mvolve only spins located in the large rectangle.
The Hamiltonian for the ¢th smaller rectangle,
3¢,(M, N), is similarly defined. We may write

ROIP,NQ) = 3 (M, N) + 50, (&)

where 3¢’ contains all terms in 3¢(M P, NQ) which
involve spins in two or more of the smaller rectangles.
Let ky, by, - - - b, [there are at most a finite number,
by Property (c)] be all the terms in the prototype
Hamiltonian which act on the first spin. Define'®

€ = ; !hil'

We may find a bound for 3¢’ by noting that each
term in 3’ must involve some spin within a distance
r—1 of the boundary of one of the smaller rectangles.
There are at most 2( 4 N)PQr such spins in all
the PQ smaller rectangles. Hence, using a very
liberal estimate, we find

[3¢’] < 2¢(M + N)PQr, (46)
which combined with (44) and (19) yields the result
[f(MP, NQ) — J(M,N)| < 2¢(M™* + N7%). (47)

By an argument analogous to (40) through (43)
one easily shows that f(M, N) approaches a limiting
value f as both M and N increase to infinity, and

f — (M, N)| < 2e(M™" + N7Y). (48)

Once again it is clear that the boundary conditions
have negligible effect for large rectangles if they
only involve a modification of terms in the Hamil-
tonian near the boundary of the rectangle.

(45)

C. Two-Dimensional Lattice: Interactions
of Unlimited Range

As in part B of this section, we need only consider
a simple square lattice with one spin per lattice
site. The prototype Hamiltonian 3C shall have the
following properties:
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(a) Translational invariance.

(b) 3 consists of a sum of terms. Any given
term k acts on a finite set of spins, and the maximum
distance between two spins in the set is r(h), the
“range’’ of A.

(¢) For any number B < <, there are only a
finite number of terms in 3C with range less than
R involving any given spin coordinate.

(d) Let h; for 2 = 1, 2, 3, --+ be all the terms
in 4 involving the coordinate X,. There is a number
6 > 0 and a constant € < o« such that, given any
positive number R,

> ] < eRr7,

r(h) 2R

(49)

where the sum extends over all A; with range
exceeding K.

Conditions (a)-(d) may also be applied in the
case of 1- or 3-dimensional lattices. Property (d) is
the requirement that terms of long range go to zero
sufficiently rapidly. A case often met in practice is
where h; = h(l, ¢) acts only on the coordinates
X, and X, in which case it is sufficient to require that

[r(1, )| < D/, i1, (50)

where r; is the distance between the first and 7th
spins, D a constant, and d(= 1, 2, or 3) the dimen-
sionality of the lattice.

As in part B of this section, let J¢(MP, NQ)
consist of all terms in the prototype Hamiltonian
which involve only spins located in an MP by NQ
rectangle. The 3¢,(M, N) are similarly defined. The
term 3¢’ in (44) has a bound of the form (see Appen-
dix B):

P~ 3|
C'(MN'™ > + NM'® for 0<8<1,
L€' MlogN 4+ NlogM) for 6=1,
C'(M + N) for 6>1,

(51)

where @' depends on the constant @ appearing in
(49) and also on §, but not on M, N, P, or Q. Using
the bound (51), it is easily shown that f(M, N)
approaches a limiting value as both M and N increase
to infinity.

The use of periodic boundary conditions presents
some difficulties when the range of interaction is
not bounded, due to the terms in the Hamiltonian
in which a spin “interacts with itself.”” Our method
of proof is not directly applicable to this case, and
we have not investigated under what circumstances
the free energy approaches the limiting value ob-
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tained above using ‘‘nonperiodic” boundary con-
ditions.

D. Three-Dimensional Lattices

The techniques of parts A—C of this section may
be applied immediately to three-dimensional lattices
with only a few obvious alterations. Provided the
prototype Hamiltonian satisfies Conditions (a)~(c)
of part B (interactions of finite range) or (a)-(d)
of part C (interactions with unbounded range), the
free energy f(M, N, P) of a parallelepiped M by
N by P unit cells on a side approaches a limiting
value as all three integers approach infinity.

V. DERIVATIVES OF THE FREE ENERGY

Suppose that the prototype Hamiltonian of a spin
system is a function of a real parameter r and
satisfies the conditions of Sec. IV.B or C for all
z in some interval. Or, instead of a parameter in
the Hamiltonian, z could be the temperature. We
have shown that the normalized free energy for a
system of N spins, f(N, z), converges to a definite
limit as N becomes infinite'*:

fe) = lim N, ). 2)

Consider the quantity (we assume the right-hand
side is defined)

g-(N, ) = (d/dz)"f(N, z). (63)
Is it true that
lim g,(N, 2) = (d/dz)"f(2)? (54)

Now

For instance, let x be the magnetic field and
—¢:(x) the magnetization per spin. Equation (54)
(if true) asserts that the magnetization is extensive,
and its limiting value for a large system is the
derivative of the limiting value of the free energy.

We shall show that Eq. (54) holds when certain
restrictions are placed on the Hamiltonian, but it
must be understood in a weaker sense than (52);
that is, the convergence is not necessarily pointwise.
Slightly sharper results are possible for n = 1,
which we discuss first.

Let the prototype Hamiltonian be of the form

%(z) = 3¢, + 23C,, (55)

where both 3¢, and 3¢, are prototype Hamiltonians
satisfying the conditions of Sec. IV.B or C. For a
system of N spins, the Hamiltonian is a linear

1» We assume here and in the following discussion that
the crystal is in the form of a parallelepiped (parallelogram

or line) and that the linear dimensions become infinite as
N — =,
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function of z and f(N, z) a convex (upwards)
function of z by (5). Pointwise convergence (52)
guarantees that f(xr) is also convex, and therefore
(see Appendix A)

lim df(N, z)/dz = df(z)/dx

N—o

(56)

at every point where the right side is continuous.
Since df/dz is monotone decreasing, it is discon-
tinuous at most at a countable number of points.

Note that this argument also applies to the
(normalized) energy and entropy, which may both
be expressed in terms of the free energy and its
first derivative with respect to the temperature.
The free energy is a convex function of the tem-
perature [Sec. II, Remark (a)].

Next consider the case where 3C(N, z) is not
necessarily a linear function of z, but does possess
a continuous first and piecewise continuous second
derivative®™ for z in the interval of interest, [a, b],
which we shall assume includes the origin. Further
assume a bound for the second derivative of the form

|d*3e(N, 2)/dz’| < eN, (57)

where € is independent of # and N. When the range
of interaction is bounded, a bound on the second
derivative of each term in the prototype Hamiltonian
is equivalent to (57).

Under the conditions of the preceding paragraph,
the expansion

(N, z) = 3N, 0) + 3/(N, 0) + 3z”5¢,(N,2) (58)

(we denote the derivative with respect to =z by a
prime) holds for all values of z in [a, b] and the
correction term is bounded by

|3, (N, z)| < eN. (59)

An application of Bogoliubov’s theorem (3) together
with (59) yields the result

fV, 2) < f(N, 0) + zf'(N, 0) + }ea’,  (60)
which implies that the curve of the function
f*(N, 2) = f(N, z) — }€a’ (61)

lies everywhere below a line tangent to the curve
at £ = 0. A similar result holds for f*(¥, z) at all
other points of (a, b). Thus f*(N, z) is a convex
(upwards) funetion to which one can apply the
results of Appendix A with the same conclusion as
before: Eq. (56) is satisfied at every point where
the right side is continuous.

% That is, each matrix element (in some given representa-
tion) has these properties,
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Second and Higher-Order Derivatives

The essential problem, as is clear from (52) to
(54), is to interchange lim (N — =) with d/dz.
Such an interchange is possible, in most cases, if
lim (N — o) is taken in the sense of “ideal func-
tions” or “generalized functions,” characterized by
their inner products with a class of suitably chosen
“test functions” rather than by their values at each
point in an interval.”

For example, if 3¢(N, z) is a continuous function
of z in the interval [a, b] and satisfies the conditions
of Sec. IV C with the constant € in (49) independent
of z, then f(N, z) (which is a continuous function of z)
converges to f(z) uniformly, which implies conver-
gence in the sense of “ideal functions.” If the test
functions have continuous derivatives of arbitrary
order and vanish, together with all their derivatives,
at the end points of [a, b], then the nth derivative
of f(N, z) converges to the nth derivative of f(z)
in the sense of ideal functions.*

The penalty for this freedom in interchanging
limiting processes is, of course, that “convergence”
and “function” must both be understood in a
weaker (or broader) sense than is customary in
elementary calculus. To give an example, the
(normalized) magnetization M as a function of the
magnetic field A is discontinuous at H = 0 for the
two-dimensional Ising ferromagnet®™ in the limit
N — o, provided the temperature is less than the
transition temperature. The susceptibility, dM /dH,
is a continuous function of H for finite N but
“converges”’ to an ideal function with the character
of a Dirac delta function at H=0 in the limit N — .

VI. SUMMARY

Consider a regular lattice of spins in one, two, or
three dimensions with an arbitrary but finite number
of spins per unit cell. If the prototype Hamiltonian
defined (formally) for the infinite lattice has the
translational symmetry of the lattice and also
satisfies the other requirements of Sec. IVB or
IV C, then the normalized free energy (free energy
divided by N) for a crystal in the form of a par-
allelepiped (parallelogram or linear chain) containing
N unit cells converges to a limit as the linear dimen-

2t M. J. Lighthill, An Introduction to Fourier Analysis and
Generalized Functions (Cambridge University Press, Cam-
bridge, England, 1959); R. Courant, Methods of Mathemati-
cal Physics (John Wiley & Sons, Inc., New York, 1962) 2nd
ed., Vol. IT, p. 766; A. Erdélyi in Modern Mathematics for
the Engineer, Second Series, edited by E. F. Beckenbach
(McGraw-Hill Book Company, Inc., New York, 1961), p. 5.

22 The nth derivative of f(N, z) or f(z) may not exist in
the usual sense.

2 G. F. Newell and E. W. Montroll, Rev. Mod. Phys. 25,
353 (1953).
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sions become infinite. The proof was carried out for
the case where the Hamiltonian for the finite system
contains all terms of the prototype Hamiltonian
involving only spins in the N unit cells under con-
sideration. However, other sensible boundary condi-
tions lead to the same result: e.g., if the surface
spins are held ‘“fixed,” or if periodic boundary
conditions are employed when the interactions are
of finite range.*

The convergence of the normalized free energy
guarantees the convergence of its derivatives with
respect to temperature or a parameter appearing in
the Hamiltonian, but (in general) in a weaker sense
than pointwise convergence. (For details and restric-
tions on the Hamiltonian, see Sec. V.)

APPENDIX A. THEOREM ON SEQUENCES
OF CONVEX FUNCTIONS

Let f,(z) be a sequence of functions defined on
la, b] which are all convex upwards, and let g.(x)
be the first derivative of f,(x). If there exists a
function f(z) such that

lim f,(z) = f(z)

n—©

(A1)

for every point z in [a, b], then f(z) is convex up-
wards, and, furthermore,

lim g,(z) = g(x), (A2)

where g(z) is the first derivative of f(z), and (A2)
holds at every point where g(z) is continuous.

The convexity of f(x) follows immediately from
(A1) and the definition of a convex function.? There-
fore g(z), together with each of the g,(x), is a mono-
tone decreasing function with at most a countable
number of jump discontinuities.

Suppose that g(z) is continuous at x = z,, but
that (A2) does not hold at this point; in particular,
assume that there is a number ¢ > 0 such that

g(@0) — gnlwe) > € (A3)

is satisfied for arbitrarily large values of m. We
shall show that this contradicts (Al). Since g(x) is
continuous at z, there exists a number § > 0
such that the points z, &= & are in [a, b], and
l9(xo) — g(@)] < e (A9

provided that
lz — 2| < 6. (A5)
Now since g¢,,(z) as well as g(z) is a monotone de-

% See the remark at the end of Sec. IV.C.
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creasing function, (A3) and (A4) imply, for z be-
tween z, and x, + §,

9(@) — gnl@) 2 Ze. (A6)

Integrate both sides of the inequality from z, to
zo + 6

zo + 8) — ful@e + 8)]

+ [ul@o) — f@o)] > 8. (A7)

But if (A7) holds for arbitrarily large values of m,
then either at x, or at z, + §, f.(z) does not converge
to f(z), in contradiction to (Al). A similar argument
works when, in place of (A3), we have

gn(@o) — g(x0) > € (A8)

for arbitrarily large values of m.

The step from (A6) to (A7) uses the fact that
a convex function is absolutely continuous® and
hence equal to the indefinite integral of its de-~
rivative.*

APPENDIX B. DERIVATION OF THE BOUND (51)
FROM THE INEQUALITY (49)

Consider a particular spin r located in the jth
M X N rectangle a distance m (the lattice constant
is unity) from the nearest edge. Any term in 3¢’
which involves the spin r must also (by definition)
involve at least one spin outside the jth rectangle;
therefore its range is at least m 4+ 1. Thus the sum
of the norms of all terms in 3¢’ involving the spin r
is less than €(m + 1)~° by (49).

Now in all PQ of the smaller rectangles there
are not more than 2(M + N)PQ spins at a distance
m from the nearest edge of the rectangle to which
each spin belongs. Hence a very liberal upper bound
on the norm of 3¢’ is provided by

M
20 + NPQ 2 e(m + 1) (B1)
if we assume (without loss of generality) that
M < N. For the case 0 < & < 1, the corresponding
integral provides for the sum in (B1) the bound

el — )T'GM + )" < te'M (B2)

for a suitably defined @’. From this the inequality
(51) follows. (Note that M*™® < MN'"’, since we
assumed M < N.) The cases 6§ = 1 and § > 1
may be worked out in similar fashion.

% As the reader may easily verify for himself; or see I. P.
Natanson, Theory of Functions of a Real Variable (Frederick

Ungar Publishing Company, New York, 1960), Vol. I1, p. 230.
2¢ F. Riesz and B. Sz.-Nagy, Ref. 12, p. 50.
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For a Fredholm equation with Green’s-function-type kernel, a new proof is given of a known theorem
relating the Fredholm determinant with the behavior of the solution at the origin. The utility of this
theorem in practical calculations is pointed out, as are some of its implications for potential scattering
in quantum mechanics. The scattering phase shift is shown to have the property (9/9N)6(E, \) =

-7 (Y| V |ye).

I. INTRODUCTION
CONSIDER the Fredholm equation

W@ = [+ \Ky = {@) + \ f K(z, )¥(s) ds. (1)

Following Brysk,' we shall say that the kernel
K is of the Green’s function type if it has the form

K, s) = V(s)frdglrs), @

where r. and 7. are, respectively, the lesser and
greater of z and s. The main content of this paper
is a new proof of a known theorem relating, for a
kernel of this type, the Fredholm determinant and
the quantity {¢}, where we have introduced the
notation

(¥} = lim ¥@)/1@).

The theorem is stated and discussed in Sec. II.
A kernel of the Green’s function type arises in the
partial-wave analysis of quantum scattering, and
in Seec. IIT the theorem is further discussed within
that context. We conclude with the proof of the
theorem, Sec. IV. The remainder of this section
presents notation.

The solution of Eq. (1) is

¥ =7+ AT @)

The determinantal method® expresses the resolvent
in the form

I(z, s; \) = D(z, s; N)/d(N), ®)
where
D, ;N = 32 XDy, ), )
and
dQ\) = f} 'd,,. )

1 H. Brysk, J. Math. Phys. 4, 1536 (1963).

In the above, d, = 1, D, = K, and for n # 0,
D,(z,s) = (=)"()™"

b b
Xf f A,,(."II,S; tl} ,tn)dtl"'dtn; (8)
and
b
d,=—n"'TrD,., = —n™* f D, (s,s)ds, (9
where
An(x; §;5 tl: Tty tn)
K(:I), 8) K(x) tl) K(x: tn)
= K(th S) K(tly tl) K(tI) tn) . (10)
K(tm 8) K(tm tl) K(tnr tﬂ)

The functions D(z, s; A) and d(\) can be shown
to be entire functions of X if tr (K'K) is finite.?
The particular expansions (8), (9), and (10) further
require that tr K exist.?

II. THEOREM ON THE FREDHOLM
DETERMINANT

The main result referred to is the theorem
If K 1s of the Grreen’s function type, then
d, = —{D,_f}. @11

The proof presented in Sec. IV utilizes only the
definitions (8), (9), and (10); the theorem is there-
fore valid whenever the right-hand side of (11)
exists.

2 See, for example, S. G. Mikhlin, Infegral Equations
(Pergamon Press, Inc.,, New York, 1957), or the book of the
same title by F. Smithies (Cambridge University Press, New
York, 1958).

#In quantum scattering, S. Weinberg, Phys. Rev. 131,
443 (1963), has shown that tr (K'K) is finite if and only if
the potential satisfies

JolV(n)|2dr < » and [®|V(r)2dr < .
We also note that tr K = J(f) so, by Eq. (13), will exist if
and only if {¢y®} is finite, where ¥ ®)(z) 1s the first Born
approximation.
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This theorem is essentially contained in (or at
least very strongly implied by) Eq. (22) of Ref. (1).*
One easily extracts the theorem from that equation
upon noticing that

(K¢ = JW) = [ s@Vav@ s, (2)

so that Eq. (1) gives
{¢} =1+ N(). (13)

When tr (K'K) is finite the relevant power series
are everywhere convergent, and on applying (11)
we find

D} = — 3 Ny = —d() + 1. (14)

Equations (4) and (5) then yield the corollary

If K is of the Green’s function type, and tr K
and tr (K1K) are finite, then

dy) = {¢}7". (15
Upon taking the trace of Eq. (6) one finds’
tr I = —(d/d\) Ind(»), (16)

s0 that the corollary provides a connection between
{¢} and the trace of the resolvent:

(d/d\) In {y} = tr T. 7)

Theorem (11) can be of considerable utility in
practical calculations. Equivalent to the relation

I' = K 4+ \KT, (18)
the Fredholm coefficients obey the recursion relation®
D,=dXK + KD,_,. 19)

One therefore has the expansion®

> x"dn] ., @)

n=0

W) = 1) + x[ Z Nun(z)

With do = 1, Uy = Kf, dl = - {uo} = _J(f); the
other terms are obtained by the convenient recursion
procedure

dn+l =

—{ua} = —[Jue-) +dJ(R], @D

and
= Ku,. + dn+1uo. (22)

4 On account of an incorrect application of proof by in-
duction made in the last paragraph of that work, Ref. 1 fails
to show that the equations there—(22), (23), and (24)—
are in fact the determinantal solution. When augmented by
the demonstration of the present work, the proof of Ref. 1
can be easily completed.

8 This expansion is closely related to (and is essentially
implied by) Eq. (22) of Ref. 1. The comments associated
with our Eqs. (12) and (13) apply here as well.
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III. QUANTUM SCATTERING

In the case of potential scattering, the theorem
(11) has long been known, or at least very strongly
implied. The Jost function $(—k) has the properties®

F(—k) = d), (23)
and

F(—k)" = |{¥}] ", (24)

where 4 is the scattering phase shift. One need only
add to this a demonstration that § is also the phase
of {¢} to obtain the corollary (15), and from it
(by expanding a power series) the relation (11).
We claim for the present proof the advantages of
simplicity and generality. Indeed, as the above
indicates, the corollary (15) would be of considerable
heuristic utility in the presentation of the theory
of Jost functions,

The corollary (15) may be of significant theoretical
value as well. For example, for potential scattering
at energy E with the system Hamiltonian H = H, 4+
AV, the resolvent is’

I =[1/(E — H+ 1]V, (25)
and Eq. (17) becomes
3 1
oy o s} = aZ(lhlm V ¥
1
= ;E—_—m(%l Viva).  (26)
The imaginary part of this equation is
@/0NE, N) = —m{¥s| V |¥a). @7

In this result, there is implied a sum (partial trace)
over all quantum numbers other than energy (Z)
and angular momentum magnitude (I)%,

IV. PROOF OF THEOREM (11)
We first show the lemma:
Dn(x) S) = (—)”

e ff Az, 85 b, -

t1StgSeee<t

y Ly dty - dt., (28)

¢ For ! = 0, see R. Jost and A. Pais, Phys. Rev. 82, 840
(1951). For general I, see R. G. Newton, J. Math. Phys. 1,
319 (1960).

7 See, for example, M. Gell-Mann and M. L. Goldberger,
Phys. Rev. 01, 398 (1953).

8 This result could also have been derived from the re-
lation connecting, for a system with closely-spaced but dis-
crete energy levels, the phase shift with the energy shift
[J. Schwinger, Phys. Rev. 93, 615 (1954); B. 8. DeWitt,
tbid. 103, 1565 (1956); M. Baker, Ann. Phys. (N. Y.) 4, 271
(1958).]:

AE = —713(E) dE.
One differentiates with respect to A.
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and
du+1 = ('__)Ml

X f...f A”(tmtﬂ;th...

LT SAde 11

s Ly dby dty -+ di,,

(29)
where

[ -
£35Sty K St
b tn ta iy
Ef dtﬂf dt-uL “'f dtzf dtl-

From the definition (10} of A,, we note that inter-
changing any two of the variables

) bn

dt.

(30)

results in simultaneously interchanging two rows
and two columns, leaving the determinant un-
changed. So A.(z, s; &, +-- , {,) is invariant under
any permutation of the variables (30). Utilizing this
invariance, one can easily prove (28) by induction,
or we can proceed as follows: Let 8 be the integral
of A, over the n-dimensional volume contained in
the cube a < ¢, £ b,t =1, +--, n, and §, be the
integral over the subvolume of this cube that
satisfies the further restriction

b, <4, < o Lk, 8L
where (31) is 2 permutation of {, < §, £ -+« < 1§,

Clearly
$= 28,

where the sum is over all n! permutations (31).
Equation (28) follows from the definition (8) upon
noting the invariance fo the integral to permutations
(31), so that each of the terms 8, are equal. The

86,

(32)
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demonstration of Eq. (29) follows from the defini-
tion (9) in an entirely similar manner.

Using the Green’s function property (2), Eq. (28)
yields (s = 1,),

(D) = - [ auw) [ - [ ot an
[FR-SAAF41Y

Vit)g(t) V(tet)
X | K(t, t)  K(t, t)

V(t)g(t)
K(tly tn) * (33)

K(tm t()) K(;m tl) K(tn) tn)

Now, when ¢, 2> ¢, the first two lines in the deter-
minant become

V(to)g(to) V(t)g(t) V(t)g(t)
V(tg(ta)f(t)  V(t)g(t)f(t) V(tng(t)f(t),

and, because of this proportionality, the determinant
vanishes., Bringing f({,) into the determinant as a
common factor of each of the elements in the first
line, (33) thus becomes

(ot = =y [ [ doan - an

toSt1L oSt
K (o, to) K(to, 8)
X K(tly tﬂ) K(tlz tl)

K(tﬂx tn)
K(tly tn) H (34)

K(tm tﬂ) K(;:m tl) K(tm tn)

which, being just the negative of Eq. (29), completes
the proof.
ACKNOWLEDGMENT

I should like to thank S. Teitler for a helpful
discussion.



JOURNAL OF MATHEMATICAL PHYSICS

VOLUME 5, NUMBER 9 SEPTEMBER 1964

Characters of Irreducible Representations of the Simple Groups. I. General Theory

J.-P. ANTOINE AND D. SPEISER

Université de Louvain, Centre de Physique Nucléaire, H éverlé, Belgium
(Received 20 September 1963; final manuscript received 19 May 1964 )

New formulag for the characters of irreducible representations of simple groups are presented.
They yield the character directly as a sum instead of a quotient as does Weyl’s formula. The pro-
cedure is purely geometrical and is based on the properties of the regular lattice associated with
every simple group in the “global” theory of Lie groups due to Hopf and Stiefel.

I. INTRODUCTION

HE conjectured global symmetries brought Lie

groups again into the center of interest of
theoretical physics. Nevertheless, to many physicists
the mathematical questions associated with this
seem still somewhat esoteric. This is partly due to
the fact that the mathematical literature on Lie
groups is focused on fundamental theorems rather
than on detailed properties which the physicist
needs. For instance, it is not easy to get a general
view over the different representations of a particular
group.

What makes the theory of representations richer
and more complicated in the general than in the
special case SU, = 0, with which every physicist is
so well acquainted, is the appearance of “multiple
weights.” Whereas within a particular representation
of SU, all eigenvalues of L, are simple, the analogous
statements for groups of rank > 2 are not true.
Thus the determination of the “multiplicities” of
the weights is a central problem to which this
investigation is devoted.

An irreducible representation of a Lie group is
completely determined, apart from equivalence, by
its character, and the latter is given by the well-
known formula obtained by Weyl' for (simple)
classical groups:

x(D) = X(D)/A, 1)

x(D) is the character of the representation D; the
two expressions X and A are homogeneous alternating
sums of exponentials and may be obtained without
great difficulty by using the prescriptions stated
below. From this formula one easily derives the
character of any particular element of the group.
But if one wants to know the character in an explicit
form, in particular if one wants to obtain the mul-
tiplicity of every weight, it is indispensable to carry
out the division explicitly. The division of a poly-

1 H, Weyl, Math. 23, 271 (1925); 24, 328, 377, 789
(1926). [In Selecta, (Blrkhauser, Basel, 1956)]

nomial of several variables by another one, however,
is an extremely tedious affair and, if the dimension
of the representation is sufficiently large, virtually
impossible.

Another method is based on a theorem due to
Cartan,” which says that every irreducible rep-
resentation is completely characterized by its highest
weight which is simple, and that it may be obtained
as the highest weight of a direct product of two
representations, provided the [ “fundamental” rep-
resentations of the group are known (I denotes the
rank of the group, cf. below). This method is very
simple indeed, if used in a purely geometric way,
but it offers the disadvantage that in order to obtain
the character of a certain representation, one pre-
viously has to compute a good many representations
of a lower dimension.

For this reason, it seems useful to have a formula
which presents the character of any representation
in such a way that the multiplicities could be
directly accessible.

Weyl’s formula (1) and all the work derived from
it are based on the infinitesimal method explained,
e.g., in Racah’s Princeton Lectures.® There one
considers the Lie algebra of the group and constructs
its representations using the well-known theorems
of Weyl' and Cartan.? The “weights” appear as the
solutions of eigenvalue equations.

But there exists another method, the so-called
“global method” due to Hopf,* and extended by
Stiefel® to the theory of representations. There the
weights are the terms of the character of the rep-
resentation; the latter is given yet by formula (1),
but in & completely different approach: it is now
derived from the properties of the regular lattice

2 E. Cartan, These, Paris, 1894; Bull. Soc. Math. 41, 53
(1913); Ann. Math. 4, 209 (1929) [In Oeuvres Complétes
(Gauthler—Vlllars, Parls, 1952), Vol. 1.}

? G. Racah, “Group Theory and Spectroscopy,” in Prince-
ton Lecture N otes, CERN reprint, 61-8.

+ H. Hopf, Comm. Math. Helv. 13, 119 (1940-1941); 15,
59 (1942-1943).

® E. Stiefel, Comm. Math. Helv. 14, 350 (1941-1942);
17, 165 (1944-1945).
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associated with every semisimple Lie group (cf.
below, Sec. IITB). This permits the use of an
elementary geometrical calculus through which the
theory becomes much more accessible and trans-
parent. The two methods are in fact complementary
and their comparison throws much light into the
structure of Lie groups.

Moreover, the use of the Hopf—Stiefel method
enables us to solve the problem stated before with
elementary, ie., essentially geometrical tools; we
obtain a new formula, valid for any representation
of any semisimple Lie group, which yields the
character as a multiple sum rather than a quotient.
The procedure described by the formula is entirely
geometrical and deeply reflects the structure of the
group; in that frame the multiplicities of the weights
acquire a natural and simple significance and are
readily obtained with the whole weight diagram.

In order to make the article reasonably self-
contained, an outline of Hopf’s and Stiefel’s theory
is given in Sec. II. (cf. also Ref. 6).

After having defined the notation in Sec. IITA
and having explained the geometric tools in Sec.
IIIB, we shall compute the fundamental expression
1/A in Sec. III C. This computation is done in
the form of a geometric construction in the Cartan—
Stiefel diagram T, which provides a logarithmic
calculus. But at this point we shall transgress the
frame of Cartan’s and Stiefel’s theory for a short
while and work in a m-~ rather than an [-dimensional
space. (2m is the number of roots # 0, [ the rank
of the group, m > [, ef. Sec. II). It is the step
from E, back to E, which essentially yields the
multiplicities of the weights. In Sec. IIID we show
how through multiplication with the ‘‘charac-
teristic”, 1/A is cut back such that only a finite
expression, namely the character, remains. In Sec.
ITIE finally we shall justify the use of the divergent
series 1/A.

In a fortheoming paper, the procedure proved here
for all semisimple groups will be carried through
in detail for the classical groups 4,, B, C:, D,,
and G,.

II. SURVEY OF HOPF'S THEORY OF
COMPACT LIE GROUPS

In the following, we work always within the frame
of the global theory of compact (connected) groups
as developed by Hopf.* This form of the theory is

¢ D. Speiser, Lecture notes, Istanbul Summer School in
Theoretical Physics (Gordon and Breach, New York, to be
published).
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particularly well suited for the study of representa-
tions as was shown by Stiefel.®*®

An Abelian, connected, compact group is called
a torovd (denoted by T). One proves that every
toroid is the direct product of several groups O,
(rotations in a 2-dimensional Euclidean plane E,).
A toroid therefore is completely characterized by
its dimension.

A toroid which is a subgroup of a Lie group G,
but is not a subgroup of a toroid of a higher dimen-
sion, is called maximal toroid of G. The fundamental
theorem of Hopf says, that every element of a
compact group is contained in (at least) one maximal
toroid.

Let T and 7" be two maximal toroids of a group
@G, then an element g € @ exists such that g7 ' Tg=T".
In other words, two maximal toroids are conjugated.
This theorem justifies the selection of one particular
maximal toroid as a tool for studying the group
and shows that its dimension is an invariant, called
the rank of the group. From this theorem follows
that every representative of a compact group can
be diagonalized.

If an element of a maximal toroid does not belong
to any other maximal toroid, it is called regular,
otherwise singular.

There exists a homeomorphism of a neighborhood
of the identity V(e) into a neighborhood V of a
point O of a n-dimensional Euclidean space E,.
By choosing O as the origin of a Cartesian coordinate
system, one introduces canonical coordinates into the
neighborhood V(e). In particular, the interseetion
Vy of the neighborhood V(e) and the maximal
toroid T is mapped into an open set V, C V of
dimension .

First ¥, may be continued into the image of T';
then, furthermore, into the image of the universal
covering group of 7, isomorphic to an I-dimensional
Euclidean space E,. Thus every element of T will
be represented by an infinite point lattice in E,; in
particular, the image of the unit element is a lattice g°.

The image of the singular elements of T consists
of m families of (! — 1)-dimensional hyperplanes.
Here m = i(n — I), n is the order of the group,
[ its rank. One proves that no two singular hyper-
planes may coincide. The set of all singular hyper-
planes, i.e., the union of all singular points, is called
the diagram T of Cartan and Stiefel. The points
of maximal intersection, i.e., the points which belong
to one hyperplane of every set, represent the center
of G.

The essential property of I' is the following:
T remains invariant under a reflection in any of
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the hyperplanes of which it is composed. Thus I' 8U,, whose center C is the cyclic group Z,. The

possesses very special symmetry properties.

If G is semisimple, its center is a discrete group.
Therefore, its image in E, is a point lattice ¢°
generated by [ basis vectors. This lattice g° contains
g° as a sublattice.

Consider the origin of ¢° and ¢° and all points
into which it can be transformed through a series
of successive reflections in hyperplanes of I'. The
set of these points is a sublattice v of ¢°. Thus
one has:

yCS gy

The finite discrete group, generated by the reflec-
tions in the hyperplanes passing through the origin
of g%, was called by Weyl the group 8. S is the crystal-
class of ¢°. The fundamental domains D; of S are
infinite pyramids whose corners are at the origin
of g°. D, has [ edges.

The 2m vectors, orthogonal to the m hyperplanes
passing through the origin of ¢° and twice as long
as the distance to the next parallel hyperplane, are
the roots of Cartan. Thus the set of roots, the root
diagram also is invariant under the transformations
of 8. Whence follows immediately

20\, w/(\, \) = n = integer,

where A, u are two roots and (A, g) their scalar
product. This relation is the source of van der
Waerden’s’ classification of all simple groups, which
was greatly simplified by Coxeter and Dynkin
(cf. Ref. 8). (In the framework of the infinitesimal
theory, the roots are the nonzero eigenvectors of
the characteristic equation of the group. This equa~
tion is constructed in terms of the infinitesimal
generators of the group (cf. Refs. 2 and 3).

The diagram T' of Cartan and Stiefel does not
characterize a group completely, but rather the
family of all groups which are locally isomorphic.
Global properties are determined by the lattice g¢°,
or better by the way ¢° contains ¥ and is itself
contained in ¢°.

For instance g° = ¢° means that e is the only
element of the center of the group. This charac-
terizes the adjoint group G,. On the other hand,
g° = v characterizes the universal covering group.
(For a proof of this statement cf. Ref. 8). In between
these two extreme cases there may be room for
intermediate possibilities.

As an example, take the unimodular unitary group

7 B. L. van der Waerden, Math. Zeit. 37, 446 (1933).
8 L. 8. Pontrjagin, Topologische Gruppen (Teubner, Leip-
zig, 1957), 2nd ed.

same diagram is obtained for the following groups:
—8U,, itself (universal covering group):
g¢=v, C=2;

—8U,/Z, where Z, is a proper subgroup of Z,:
(ie., p divides n)

Y C ge C gox C = Zn/Zp = Zn/v;
—-8U,/Z, (adjoint group):
=g, C=e

For n = 3, one has only the two extreme cases
SU, and SU,;/Z,, but for n = 4, there is one more
possibility, namely SU,/Z, (which is locally iso-
morphic to SO, the proper orthogonal group in
6 dimensions).

Note. A consequence of this situation is the
classification of irreducible representations into
classes which form a group isomorphic to the center.
This will be studied in a forthcoming paper.

III. THE CONSTRUCTION OF THE CHARACTERS
OF IRREDUCIBLE REPRESENTATIONS

A. Notations

Consider the space E; and the lattice g° contained
in it. Both are divided into the fundamental domains
D, of the group 8. These are infinite pyramids
limited by singular hyperplanes of T. By the opera-
tions of the group S they are permuted among
themselves. S acts transitively on the D, i.e., for
every pair D,, D, there exists a s & S such that
D; = sD,. Moreover, no D, remains invariant under
anys € 8, s = e.*

1. Definitions
Introducing an orthonormal system {e;} into
E, :V=2%,i=12 ---1 wesay*:
A vector V is positive if its first nonvanishing
component is positive;
The vector V is greater than W if V — W is
positive;

The vectors s,V which are obtained by apply-
ing the operations s; of the group S to a vector
V are called egquivalent to V;

A vector greater than all its equivalents, is
called dominant.

The 2m roots in particular fall into either of two
classes: m roots are positive (denoted «;), m roots
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are negative (denoted 8;, 8; = —a;). The two sets
are separated by an (I — 1)-dimensional hyperplane.

2. The Vector R,
Let R, be half the sum of all positive roots,

m

RO'—“%ZO‘»‘;

i=1
and call D, the fundamental domain to which R,
belongs.
Let us now introduce an affine coordinate system
with basic vectors P, --- P; & ¢°, such that every
V & g¢° has the form

V = X2 p.P; with integers p, ,

and such that D, is defined by the inequalities
p; 20 forevery ¢ =1---1,
and for every V € D,. @)
For such a system Weyl has proved':
Ry=%>ai=P,+P,+---P. (3

This shows that R, lies inside D, and not on its
boundary.

3. Outermost or Elementary Roots

Let I, be the hyperplane orthogonal to R,, passing
through the origin. I, separates positive and negative
roots, and none of either set lies on it. For if a
root would lie on II, the hyperplane orthogonal
to it would contain R,, and this is excluded by (3).
In other words, the bundle of positive roots is
convex, and so is the bundle of negative roots.

The [ surfaces of D, are the singular hyperplanes
J; closest to R, The corresponding positive roots
are therefore the roots closest to II,, i.e., the outer-
most roots of the bundle of positive roots. Since
the outermost positive roots cannot be expressed
as a sum of (2 or several) positive roots, they are
also called elementary.

One easily shows (Ref. 8, Satz 113), that elemen-
tary roots are linearly independent whence there
can be no elementary root besides the ! outermost
ones.

Denoting the outermost roots «, - -- «;, one may
write
al+i=ai+ak: lﬁzﬁm—-l, (43.)
1<jk<m,
and likewise for the negative roots:
Bl+i=ﬁi+ﬁh 1Si5m-l, (4b)

1<, k< m.
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4. Construction of the Coordinate System p;

One may proceed along the following line: the
singular hyperplanes passing through the origin obey
equations #:(z;) = 0, ¢ = 1 --. m, which follows
from the expressions for the roots a;(e;). They are
well-known for all simple groups.’*” The I hyper-
planes closest to R, are the surfaces of D,: p; = 0,
by construction. Thus,

@ = 0) = @Wilz;) = 0),

whence
P = Ndi(z;).

The arbitrary constants A\; must be determined by
(3) in both coordinate systems. One then gets
p; = p;(x;) whence by inversion,

z; = z,(p.). %)

B. Formulation of the Problem and
Geometrical Interpretation

1. Weyl's Formula

Weyl' showed that the character of an irreducible
representation of a semisimple group may be written
in the following form:

x = X/A (6)
where
X = XK, = E de' Ko
aES
K, € ¢° N\ D,. 7

The summation in this formula runs over all elements
of § and 6, = =+1, according to whether s is a
proper (41) or improper (—1) rotation. The *
are the group parameters introduced as coordinates
into the toroid (0 < ¢" < 2, o' = 0 or 2r represents
the unit element of 7). X is called the characteristic®
of the representation.

As a function of the ¢, |A|® is the Jacobian in
the group integral, if the domain of integration is
transformed from G to T with the help of the con-
jugation theorem of Sec. 2. This leads to the follow-
ing form'® for A:

ﬁ {e)-‘(a«.tp)

=1
= ei(Ro.qv) ﬁ {1 -

t=1

A = _ e"'ii(m.qw)}

ei(ﬁi-v)}
b

®

where the product is extended to the positive roots.

* The nomenclature is not uniform in the literature. Here
we follow Stiefel, who derived formula (6) in the frame of
Hopf’s global theory,® whereas Weyl had used the infinitesi-
mal method.

v We are indebted to Professor R. Brout and Professor
Englert (University of Brussels) for having suggested to use
this expression for A.
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On the other hand, A must be also the characteristic
of the unit representation; indeed one has
A=XRy) =D 85, )
sES

This expression contains only ¢ terms (¢ = order
of 8), whereas the expression (8) contains 2™ terms
and 2" > ¢ for all simple groups: the additional
terms cancel two by two, due to relations (4)
between the roots.

With respect to S, X and A are clearly alternating
functions, x an automorphic function:

sX = 48,X,
SA = §,A, s € 8. (10)
X = Xy

The fundamental theorem concerning irreducible
representations then says:

There is a one-to-one correspondence between the
irreducible representations of ¢ and the vectors
K, & D, (strictly inside D,, not on its boundary)
with integer p components, i.e., lying on g°. Every
such lattice vector K, defines the characteristic
X(K,) of an irreducible representation of ¢, and
every characteristic can be obtained in this way.

The character has the following form:
X = Z 'YMei(le))
M

where v, is a positive integer and M are vectors
from ¢°, such that the relation (10) is satisfied;
these are the weights of the representation, vy, is
the multiplicity of M. These weights, unlike the
K’s, associated with X, do not all have the same
length, since x is not homogeneous. From (6), (7),
and (9), one sees that the highest weight of the
representation is the vector L, = K, — R,. Already
Cartan had proved that the highest weight of every
irreducible representation is simple, i.e., y., = 1,
and completely determines the representation.

We extend the notion of multiplicity in two direc-
tions: the multiplicity is simply a function defined
on ¢° (i.e., on all lattice points or, equivalently,
lattice vectors), whose range is the set of all integers,
positive and negative.

an

2. Geometrical Interpretation

The term e'*’*’ is geometrically represented in
T by the point (or vector) P & g°. Thus the character
is represented by the set of points M &€ ¢° of (8),
with multiplicities v ». They form the weight diagram

J.-P. ANTOINE AND D. SPEISER

(WD); the WD is now & polyhedron invariant under
the operations of S.

The characteristic X(K,) is represented by the
points sK,, with multiplicities §,, which form a
convex polyhedron, since all the vectors sK, have
the same length. Two adjacent corners are symmetric
with respect to a hyperplane ¢,, therefore the edge
joining them is parallel to the corresponding root «;.

For A, this can be made somewhat more precise:
every edge has the same length as the root parallel
to it.

Proof: One obtains s,R, from Ry(s, € R,) by
substituting for some of the «;’s the corresponding

B; = —a,; while the other «,s permute among
themselves:
By =%+t -+ o0+ oaw),
shlo = 3y + o -+ — iy — @)
Thus,
quO _'Ro = —Qpy " — = B+ 0+ Ba

If D, = s,D, is a fundamental domain adjacent
to D,, then by definition, s;B, — R, = ng;, where
B: is an elementary negative root; thus » = 1. This
proves the assertion.

Our problem is the following one: given X (D)
and A, compute the explicit form of x(D), specially
the ya’s; in other words, find the weight diagrams
from the polyhedrons X and A,

The method used here consists first in multiplying
X by 1/A instead of dividing X by A, and second
in carrying out all the operations geometrically.
In order to do so, 1/A must be computed as an
infinite sum.

C. Construction of 1/A
1. Iterative Procedure
Formula (9) reads
A — 6, i(2Ro, 9)
ZS: e

— ei(Ro.w)[l _ ZS:; (__ 6a)ei(aR¢—Ro.p)]’

(2" represents summation over all s different from
the identity). This can be written

A =g R (1 — Z)
with

7 = ZB:, (__ 6‘)ei(aR°—Ro,¢)’ (12)

whence, formally,
/A = ¢ ®1/(1 — Z)
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— e—i(Ro.tp)(Z Zk) (13)
0

Clearly, this potential series converges only if
|Z| < 1, which in general is not the case; therefore
we shall consider it formally and justify our proced-
ure afterwards. In fact, expression (13) should not
be looked upon as a series to be summed up, but
rather as a function defined on g¢°, by interpreting
it in the same way as the character (11): in a term
v, €xp (P, ¢), the multiplicity v, at the point P
is the value of the function 1/A at the point P.
Divergence of the sum means only that v increases
indefinitely when one departs further and further
from the origin. But this, as we shall show, is of no
importance since for computing the character; in
fact only values of 1/A lying in a bounded domain
of ¢° are used. A detailed rigorous justification of
the procedure will be given at the end (Sec. III E).

Remark: In (13), 1/A no longer displays the S
symmetry explicitly. This is due to the distinction
of the particular term exp (R, ¢). Clearly, any
other of the o terms could have been taken in front
of the bracket as well: there are in fact o different,
but equivalent ways to construct 1/A, and the
operations of S simply exchange them pairwise.

It remains to express (13) in geometric language:
(1 — Z) is the same polyhedron as 4, shifted by the
vector —R,. This translation shifts the corner R,
into the origin. Z is obtained from (1 — Z) by
discarding the origin and reversing the signs at all
other corners. Figure 1 shows the three polygonals
A, (1 — Z), and Z for the case of A,. Thus, we
may consider Z as given by Z-1, ie. the result
of the application of the polyhedron Z to the origin.
In the same way, Z° is defined as Z-Z, i.e., the
superposition of the figures obtained when one
applies the Z polyhedron to every one of its own
corners; and in general Z” is defined as Z-Z°7'.
Figure 2 shows the construction of Z° in the case A.,.

The computation of the series (13) can be carried
out step by step. Indeed consider in ¢° the hyper-
plane o,, containing the [ corners adjacent to the

7RI
i o
{

+ - 4 = \ 1
- /’/ \\\ .i
- o + = (‘ o)+ ) + !
\ /o
\ / {
+ - +
[

(1-z) Tz

-

<~

+!

F1a. 1. The three polygonals A, 1 — Z, and Z in the case
As (I = 2). The third one shows the family of hyperplanes
{os} (straight lines in this case).

-2 z

Fre. 2. Explicit construction of Z2 = Z.Z in the case As.

origin. It defines a family {¢*} of equidistant parallel
hyperplanes. Let o, be the neighbor of #, passing
through the origin, ¢, the neighbor on the opposite
side, o5 the neighbor of o, -+ . One sees then
immediately that Z has corners only on the o/'s,
with ¢ > 1, Z% on the ¢,’s with ¢ > 2, and in general,
Z* on the o,’s with ¢ > k. Thus the partial sum

2i=1+Z24+2+ - + 27

already yields the final multiplicities of all the
relevant points of oy, ¢y, - - - , ¢;. This is illustrated
in Figs. 1 and 2 for the case 4,.

In this way, one can calculate the series (13) as
far as one wants for every group separately; for
groups of rank < 2, this can be done graphically,
for groups of rank > 2, one must use the coordinates
of the different corners.

This method is simple, as the multiplication of
the Z* is reduced to vector addition, i.e., geometric
superposition in ¢°. (This provides so to speak a
logarithmic calculus!) But for bigger groups, the
computation must be pushed rather far in order
that one may be able to discover (empirically) the
law which governs 1/A. It is therefore necessary
to have a more direct method, valid for all simple
groups, relying only on the structure of A.

2. Direct Procedure, Solution in the Space E,,

From now on we use a shorter notation. We
introduce the symbol

[P] = ei(P,:p)‘
It has the obvious properties
(PIQl =[P +Ql, [P]" = [aP].

We start then from formula (8), which can be written

a =& IT (1 - 8y

i=1

(14)

Let us forget for a while the relations (4), and
consider the m negative roots 8; as independent:
they span an m-dimensional Euclidean space E,;



1232
- +
» -
Frc. 3. The cube A/[Ry] in the
A case A,.
gt
-l

in this space, A/[R,] is now the hypercube defined
by the m vectors g8;: one corner is at the origin,
with multiplicity +1, the other ones have alterna-
tively multiplicity —1 and +1, starting from the
origin. Figure 3 shows this figure in the case A,
(m = 3).

We will now repeat on the expression (14) the
manipulation performed in C1 of this Section on
(12); one has formally

=5
— -] I { > [ﬂe]"‘}

im1 \ki=0

= [—R)] ItIl {kio [’“‘ﬁ‘]}
—[-R] X > {ﬁ [kiﬁ‘]}

ki=0 km=0 i=]1

-r) 5o S Ere] o

k1i=0 km=0 t=]
In the final result (15), the bracket [>.7., k.8.]
clearly represents an arbitrary point of the lattice
constructed on 8, --- B,, with positive, integer
coefficients. The sum of this expression with respect
to ki, koy -+, k,, from O to » represents all points
of one of the 2" “octants” of this lattice in E,,.
Each of them has multiplicity 4-1. 1/A is the same
figure translated by the vector —R,.

This result may be expressed in a simpler way
if we define the operation “summation along a
vector”. Consider a lattice with basic vectors
V, -+ V,, a point P of this lattice and a figure
F(P) attached to this point P: we shall call “sum
of F(P) along V"’ the figure obtained by super-
position of all figures congruent to ¥ modulo (+V,).
In a formula,

1 -1
Z = [Ro]

Fig. 4.

}V_“, F(P) = ZoF(ka + P).
. The figure
2v, F(0), where F(0)

v‘! I I 1 I is the segment [(0,0)-

v (1,01
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The summation sign on the rhs denotes the super-
position just explained.

For instance, let F(P) be the origin and V, the
vector with coordinates (1,0, 0, ---), then D_y, [0]
is the set of all the points (m, 0,0, - -), m=0, 1,2,-- .

As another example (Fig. 4), take p = 2, let
P be the origin and F(0) the segment {(0, 0)—(1, 0)];
>-v. F(0) then represents the set of all the segments
[0, m) — (1, m)], m = 0,1,2---.

With the help of this notation, (15) may be
written in compact form,

% =[—R] X -+ X [0]. (16)
- Bm

3. Solution tn the Space E,

This gives the solution in E,,, where the problem
of the multiplicities is trivial. But it remains to
step back into ;! As we have seen, this amounts
to take into account relations (4) between the roots;
the effect thereof is that in (14) some terms will
cancel pairwise. This means that the corresponding
corners of the hypercube with opposite multiplicities
coincide. In other words, this operation defines an
affine (singular) correspondence between E, and
E; which preserves coincidence relations: K, is
projected onto E;, the hypercube in E, onto the
A polyhedron in E, (see Fig. 5 for an example)
and the 1/A of E,, as defined by (15) or (16),
onto the 1/A of E,. Since these two formulas
express only coincidence properties which still hold
after this projection, they will thus remain valid
in E;. But since the projection is singular (from a
m-dimensional onto an l-dimensional space), there
will be new coincidences; they will cause some
multiplicities becoming greater than 1. We can now
write our result in E; under the following form,
if we use the very definition of R,:

©

Les o S Sw+mm], a

km=0 i=1

or

(18)

. F1a. 5. In the case 4( = 2,
P1*P3 m = 3), the cube of E; is pro-
62 jected onto the hexagon A of

E, when one takes into ac-
M count the relation 8; = 814 82.




CHARACTERS OF IRREDUCIBLE REPRESENTATIONS

From these formulas, one sees immediately:

1/A is an infinite pyramid with ! surfaces and
its corner is at —R,;

Its surfaces are parallel to the surfaces of A
which intersect at Ro;

At all points of g° on or inside the pyramid the
multiplicity of 1/A is greater or equal to 1,
since it is equal to the number of points of
the 1/A of E,, which coincide after the projec-
tion on E,, i.e., the number of different com-
binations k, --- k, which correspond to this
point;

In particular, the multiplicity is equal to 1
at all points on the edges of the pyramid; they
correspond to the set of values

k; = m, positive integer, 8, = clementary root,
1

k; =0, T, G=12---1D;
On each surface of 1/A [(I — 1)-dimensional
hyperplane], the multiplicity depends only

upon the angles between the elementary roots
which span it.

D. Construction of the Characters

1. General Formulas

Now that the expression for 1/A is under control,
we may eagsily construct the characters of all irredu-
cible representations.

Let a characteristic be given,

X(Ko) = 2 8.6'% = 3 4,[sK).
5 8

The corresponding character then is

G+ D8}

(k: + D6 + SKo]}

X = X(Ko)lz
D> {X(K»[

£ 2zl
(53

El
]
=]

I
Ma

ky=0

L
1
o

: EM’ lMa

]
M
Ms

6- Z kiﬁ + sI(O - RO]} ’
' " (19)
X = 2: ; {X(KJ)[—R.]}- (20)

The expression between curly brackets in (20) is the
character translated by the vector (—R,).

2. Geomelric Interpretation

From this form, one recognizes immediately that
x contains only a finite number of terms, or better,
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Fig. 6. Construction of Yz, [—R,] as explained in the text.

only a finite number of terms of 1/A contribute to
x- Indeed,

X=X; ﬂ;[“Ro]
=2 X D [-Rll = 2 - 20 e}
61 Bm—1 Bm 81 Bm—1

> sm [—Ry) is a “ray” of the lattice g° parallel to
8., which begins at the point (—R,). All lattice
points which it carries, have multiplicity +1. But
to every corner [T] of X corresponds a second one
[s..T:] symmetric to T, with respect to ¢,,, therefore
bearing the opposite sign. These two corners there-
fore yield identical rays in the product » but with
opposite signs. One of them is translated with respect
to the other by a finite amount. Thus their super-
position yields a finite segment parallel to g8, all
points of which have multiplicity +1. (Fig. 6).
Thus w consists of 1o finite similar segments (¢ =
order of S). If the (m — 1) other summations along
B, -++ Bn.-. are carried out, these segments are
shifted such that they remain parallel to their
original position. But they are never shifted in the
direction 8,, and therefore the diameter of the set
of points of g° in the direction of 8, is finite. To put
it exactly: every line parallel to 8, contains only
a finite number of points. However, the order of
summation in (20) is just as arbitrary as in (18).
Therefore what was said with respect to 8, is also
valid for the other 8,s, whence follows that the
diameter of x is finite in the direction of all 38.’s.
Thus it contains only a finite number of points,
ie., only a finite number of points of 1/A really
contribute to x.

3. Simplification of the Formulas

Let us first note the following. Formulas (19) and
(20) yield the entire character. But much less is
needed; it is quite enough to know the part x, of x
which is contained in D, (inside and on the bound-
ary); the other parts then will be obtained through
the operations of S,

o= 3o - i{za[ikiﬂﬁsKO—Ro]},

ky=0 km=0 i=1
@n



1234
with the condition

Z kiﬁ.‘ + sK, — Ro = Do;

i=]
X = Zs $Xo-

In the form (20), x, is obtained if one restricts
oneself to the points of Dy; these may be obtained
by starting from X (K,)[— R,] and summing up along
every one of the 8,’s, as usual.

Note also: The same remark which was made
for 1/A is valid also for x. Formulas (19) and (20)
are not manifestly symmetrical with respect to S.
This results from having designated m arbitrary
(adjacent) roots as negative ones, ie., from the
particular orientation of the orthogonal coordinate
system with respect to ¢°, implied by this choice.

The symmetry of the root diagram would have
permitted to choose any other set of adjacent roots,
i.e., roots which are all on the same side of an

and

arbitrary (I — 1)-dimensional hyperplane passing
through the origin,
If
{Bi{} = si{ﬂi}y 8 € S7

one obtains
Xi =

;~-;umm¢m,
with h "

R(I) _% ZB:’;
=8&X = X.

E. Justification of the Procedure

In our direct procedure, we used the relation

‘[Rdn{ wﬁ

We consider now the jth factor and expand it
formally:

1 1 _ - i(kiBi, @)
I—[8] 1-—¢% kiz=:oe '
If we put Z; = [8,] = ¢'*"?, we have |Z,| = 1
and the series obviously diverges.

But if we substitute for ¢, ¢’ = ¢ + @ (e,
¢ =" + Wk =1---1), with the condition
(61’, IP) > O, we have IZ” — lei(ﬂi.v)e—(ﬁi-wl —
e ¥ < 1 and the series Y 5o Z’*' converges
absolutely.

We choose now a ¢ such that forevery j =1 .. m,
one has

(‘81‘7 \b) > 0. (22)

J.-P. ANTOINE AND D. SPEISER

This is always possible, since all vectors 8; are on
the same side of a hyperplane II, passing through
the origin: every vector ¥ on the same side of II,
as the 8;’s will satisfy the requirement. We have
then, for every j = 1 - - - m, an absolutely convergent
expansion:
r%z=é¥%”

As a consequence, we may now take the product
of these m expansions and arbitrarily change the
order of the summations, as we did above:

ﬁ{iww}

i=1 \k;j=0

m

=

H

lI

© ©

Z szh

ki=0 km=0

Z/km
m .

This will give us formulas (15)-(18), but expressed
in ¢’ instead of ¢.

We may write 1/A = A; + R, where A; contains
only the finite number of terms which contribute
to x and R is the rest of the series.

Thus:

= X(1/A) = XA; + XR
=x"+ Q.
The function £ is analytic since it contains only
exponentials. For every x belonging to the domain

of E; defined by (22), @ vanishes identically. There-
fore, if analytically continued, it vanishes identically

everywhere, in particular also for ¢y = 0, ¢’ = ¢
(which is a limit point of the domain in question).
Thus, we have always and everywhere x' = x;

this justifies the use of the diverging series (15)—(18)
for computing the character.

This shows that the procedure which we called
“direct” is in fact valid and so are the resulting
formulas for x. The other procedure (the ‘“iterative”
one), is completely equivalent to the first one, so
that no independent proof is needed.
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The nonrelativistic Coulomb Green’s function in momentum space is obtained in closed form by
Fourier transforming the known expression for the coordinate-space Green’s function. Also, an inte~
gral representation for the momentum-space Green’s function is obtained which looks rather at-

tractive from the point of view of applications.

I. INTRODUCTION

N a previous paper' the author has given an
expression in closed form for the nonrelativistic
Coulomb Green’s function in coordinate space. The
coordinate-space Green’s function was defined there
as the solution G(r,, 1,, @) of the differential equation®

(V2 4+ Qlw)/ry + E*)G,, 11, 0) = 8°(r, — 1), W
k = Qmw/R)}, Im (k) > 0; v = Zém/4xki’

subject to certain regularity conditions at the origin
and at infinity. The quantity Aw is any complex
number not in the (discrete or continuous) eigen-
value spectrum of the Coulomb Hamiltonian. The
Green’s function G(r., r,, ») is analytic in the
complex Aw plane except for a branch cut along
the positive real axis, 0 < %w < -, and except
for simple poles at the Bohr energy levels,

ho = —mZ%"/2(4n)°W'n®, n=1,2,3,---.

For applications, it would be desirable to know
the Green’s function in momentum space. This
function is the Fourier transform in r, and r, of
the coordinate-space Green’s function:

Gk, ki, )
d3 d3 —ikgeratik,ery
= | Gl e G0, @
It satisfies the integral equation
8k, — k
Gk, ky, w) = —%"’_—kg—l)
2k d’k, 4
- kZ . k§ (27I')3 |k2 _ k3l2 G(ksy kl; w): (3)
which is just the momentum-space counterpart of
Eq. ().

We here derive an expression in closed form

* This research was supported in part by the U. 8. Atomic
Energy Commission.

1 Levere Hostler, J. Math. Phys. 5, 591 (1964).

’dHeaviside—Lorentz (= rationalized Gaussian) units are
used.

[Eq. (17) in conjunction with Egs. (22), (23), (27),
and (29)] for G(k;, k,, »). In the course of this
derivation, we obtain an integral representation
[Eq. (24)] for G(k,, k,, «) which looks rather attrac-
tive from the point of view of applications.

Note added in proof: Essentially the same integral
representation has been obtained independently by
8. Okubo and D. Feldman, Phys. Rev. 117, 292
(1960).

These results are derived from the integral repre-
sentation

G(ry, 11, w)
ik e f(”) (s“ + 1>” kel
= d sy T4 el ri+rg
87 sinh 7 +ware(f+1) =0 § §' -1

X Io(_2ik(7'17'2)% co8 %o(fz - 1)%):
0 < are (k) <, 4

for the coordinate-space Green’s function given in
Ref. 1 [Eq. (1.13)]. Here 6 is the angle between
the vectors r, and r,, and I, denotes the Bessel
function of imaginary argument, as defined in
Watson.® The integration contour begins at { = +
on the positive real axis, runs down the positive
real axis to a point on the right of { = +1, circles
the point ¢ = 41 in the positive (counterclockwise)
sense, and then returns along the positive real axis
to { = + «. The phases of ({ &= 1) are determined
along the contour by continuity, their initial values
at { = 4+ o being are ({ = 1) = 0.

The integral representation (4) has the merit of
isolating the Z dependence of the integrand in the
simple factor [(¢ + 1)/(¢ — 1)]”. As regards the
r. and r, dependence of the integrand, this is the same
as we would have in the free-particle limit. Hence
the integrand of (4) should be fairly easy to Fourier-
transform in r, and r;, and upon taking this Fourier
transform, we will obtain directly an integral rep-
resentation for the momentum-space Green’s func-

3G. N. Watson, Theory of Bessel Functions (Cambridge
University Press, Cambridge, England, 1962), 2nd ed., p. 77.
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tion G(k,, k,, v). The latter integral representation
will clearly inherit from (4) the property of isolating
the Z dependence of the integrand in the single
factor [(¢ 4+ 1)/(¢ — 1)]””. Our program is, then,
to first Fourier-transform the integrand of (4). This
will give the integral representation of the momen-
tum-space Green’s function that we are looking for.
This is done in Sec. II. We then find (Sec. III)
that the parameter ({) integral can be performed
in terms of hypergeometric functions, giving the
desired closed-form expression for the momentum-
space Green’s function.

II. INTEGRAL REPRESENTATION FOR THE
MOMENTUM-SPACE GREEN’S FUNCTION

Proceeding with our program as outlined above,
we write G(k,, k,, w) in the form

_ 1 (1+) (g_ + l)ir
Glln ks, ) = [ P

-_— 1 w;arc({+1) =0
X D(k2) kl) w)’ (5)
where
tk d’r @ry iy ik ers
Dk, &y, @) = (2”—)32/2 @;)—5756 Karatik

X eu(n-rn)rIo[_21:]9(7'21-!)} cos %0(&'2 - l)i]- (6)

In order to achieve convergence of the integral (6)
for D(k,, k;, w), we choose the { integration contour
such that, for all { values on the contour, both
inequalities

ImEE £ @ —DH >0 @)

hold. Using the method of the appendix, it can be
shown that the two inequalities (7) restrict the ¢
integration contour to the interior of the region on
the right of the right-hand branch of the hyperbola

ti/cos® 8 — ¢3/sin® 6 =1,
O = Re (K); 2 = Im (f‘), 0 = arc (k)°

The real part of the contour, as previously described,
already lies in this region. In order to satisfy (7),
it is only necessary to take the loop about the point
¢ = <1 sufficiently small as to also lie in this
region. (The integration contour could still be
continuously deformed in any way, so long as the
process of deformation does not involve going out-
side the permitted region and does not involve
passing over the point ¢ = +1.)

The integral (6) can be evaluated by using the
integral representation*

4 This may be obtained from Eq. (8), p. 177 of Watson?
by using the relation (p. 77) I(z) = Jo(i2).

®
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—_— _L sHie -1 _(t+s2/4¢t)
Le) = 5= f e ©)
of the Bessel function. If we choose
¢ > 1, |kf* |&* — 1]/Im (k¢), (10)

then the r, integration can be performed before
the ¢ integration. [Here we require the condition
Im (k¢) > 0, which follows from (7).] The r, integra-
tion can be worked out with the help of the following
integral (assumed convergent):

[ @ = gra - BB, Q)
and we find
Dk, ky, w) = fd3r2e“k""+‘kr-:
.i- ctiw . ’I:k _2ik§_t + kzrz(g_z _ 1)
" oxi f»—«m U oy T = B — o 0 12

- ikz(gj — D& 1, — k"'zf)
%*c* — k)

L

The ¢ integration contour in (12) can be closed
on the left by an arc at infinity, and the ¢ integral
evaluated by the residue theorem. The only pole
of the integrand of (12) is a second-order pole at
t{ = t,. As a consequence of the inequality (10),
this pole is found to lie inside the (now closed)
integration contour. On evaluating the residue at
the pole, (12) leads to

D(k2, kl) w) = fdsrze_A"—B.“

ik 1 o .
X (21)3 (k2§‘2 — k?)a [—2iks(k fﬂ — k)
+ 26 kB (P — 1) — nk'( — DEE + KD,
K — i3 et —1)

T A PR
(13)

The r, integration in (13) can be performed using
(11) and the two formulas

= 7:kz - ikl

f & re 4" = 8x(34° + B-B)(4? — B-B)™
and
f drre~"®" — _327rAB(A® — B-B)™, (14)

obtained from (11) by differentiating with respect
to the parameters A and B, respectively. We then
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obtain the following expression for D(k,, k,, w):

Dl k) = B
% * = )& — k2)<3§“‘ — D+ [k -k [P -1
[* — B — k3) — [k, — K, [P B°(¢° — 1)]3( 5
1

Equation (15), when used in conjunction with
Eq. (5), would give an integral representation for
the momentum-space Green’s function. Although
this integral representation might be convenient for
some applications, we prefer not to leave it in this
form for the following reason. In the free-particle
case the momentum-space Green’s function is known
to have the form &*(k, — k)% — %2)™" and is a
distribution rather than an ordinary function, Now
we will find that the momentum-space Green's
funetion contains a distribution also in the Coulomb
case, and we prefer to rewrite the integral representa-
tion for the Coulomb case so as to exhibit this
distribution, To this end, we observe that D(k,, k,, w)
can be rewritten in the form

D(kz, kl} (ﬂ)
_ @x) 1 KA N P
“w WoRE-—Bmal V¢ -D
X 1 :
F—)F —-K—-Fk k-1

(16)

This identity “explaing” the rather complicated
structure of (15) and suggests that when we sub-
stitute into (5) for G(k;, k,, w) we should integrate
by parts two times. Doing this, we obtain for

Gk, k;, w)
G(km kn w) = Go + Gz + Gas (17)
where
I E - BANCON
Go = ({‘ - 1) s
% (=1
[~ E)E — &) — K |k — k[ ¢ — D ls-e
(18)
¢+ 1\ Gk)?
G = (i‘ - 1) =
% (ol )
[ —-E)E -k — F k- k| ¢ — Dl
19
and
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92 = (‘Zv) 2 ( k2)(k2 _ k)
2 1+) (g. + 1)-’:
" -1 '/;w;arc(!’il)-ﬂ dg- g' -1
X : (20)

-1 —E) - F -k -1

The first two terms of (17) are the “surface terms”
from the two integrations by parts. The factor
[(¢ + 1)/(t — DI” oceurring in these terms [see
Egs. (18) and (19)] can be replaced by unity in
the limit ag § — . The remaining expression in
(18) can be evaluated by appealing to the free-
particle limit. In this limit, @, = g, = 0, so that
G(ky, ki, @) = Gy |iy=o. Inserting the known ex-
pression for the momentum-space Green’s function
on the left-hand side of this equation, and using (18)
we find

¥k, — ki) _ (k)
[
% ‘ (-1
[*° = ED)E" — k) — & [ke — K[ (¢ — DPsme”

1)

We can apply this result to evaluate G, for general Z,
By writing the limit of the product in (I8) as the
product of the limits, using (21) and the fact that
the limit of the first factor, [( + 1)/(¢ — 1)]°,
equals unity (as pointed out above), we find

= 53(k2 el kl)/ (kﬁ - g); (22)

i.e., the limit (18) equals the free-particle Green’s
function also for finite Z. The limit (19) is more
straightforward, and we find simply

o 1 .
Y7 ke — K6 — B — k)
Putting these results together, we finally obtain the

momentum-space Green’s function in the form

G1=

@3)

G(k21 ky, w) = 63(1{2 ‘—kkl)
, 1
TR BE T
2 (’5]9) 1
T T RE =

2 {1+) (g. + 1)5‘1
VTR L
821. — 1 +oiarel{lsllng g- §- -1

1
& — k)& — k) — F k- k[ ¢ =1
Im [k(¢ = * — DH] > 0.

X
(24)
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This is the integral representation for the momen-
tum-space Coulomb Green’s function in its final
form. In this form the Green’s function is exhibited
as a distribution plus ordinary functions. The con-
ditions Im [k(¢ = (¢* — 1)})] > 0 here [carried
over from (7)] exclude the points { at which the
integrand has a pole from the interior of the ¢{
integration contour.’

It can be verified by direct substitution that the
expression on the right-hand side of (24) actually
satisfies the integral equation (3). We have already
pointed out that the first term of (24) (which we
have called G,) is the free particle Green’s function.
The second term (called G,) is found to be precisely
the first Born approximation. In the Feynman
language, the first term corresponds to no action
of the potential, the second term corresponds to
the potential acting exactly once, and the last
term (G,) contains the effects of the potential acting
two or more times. The momentum-space Coulomb
Green’s function thus appears to have a natural
decomposition into a no-potential term plus a one-
potential term plus a many-potential term. Also,
the k, and k, dependence of the expressions occurring
in the integral representation (24) is quite simple.
It was for both of these reasons that it was suggested
earlier that the integral representation (24) may
be convenient for applications.

III. MOMENTUM-SPACE COULOMB GREEN’S
FUNCTION IN CLOSED FORM

The parameter integral for the many-potential
term, G,, can be evaluated explicitly in terms of
hypergeometric functions, giving a closed form ex-
pression for the momentum-space Green’s function.
We first make the change of variables

= [ — D/ + D], (25)
obtaining
2 (zk) 1
G = () & T — kg)z(kz _ Icf)z (26)

0+) i
X f di ¢
e’™" — 1 J+riarc(tr=0

1 —ql, L 1+q]
AEET IR

where

) _ k2 |kz _ lﬂz )
7 = ¥ 2k, 'k, + Kok

On making a partial fraction expansion of the

§ This is verified directly in the Appendix.

LEVERE HOSTLER

denominator of (26), we obtain

2 'tk 'l — o)
— k)& — k) k. — k,|?

Al 3],

- (0+) . 1
dat "’ .
‘/:Fl.arc(t)=0 1 — Iz

The integral (28) gives a hypergeometric function,

= @) >

where

F.@) =

(28)

F.(2 = A, 1 — iv; 2 — v, 2). (29)

—z
T2 — )
Equations (27) and (29) in conjunction with (17),
(22), and (23) give the desired closed-form expression
for the momentum-space Green’s function. The
notation F,(1, 1 — iv; 2 — 4y; 2) in (29) denotes
that function of z which is analytic in the whole
z plane, cut along the segment +1 < 2z < +=
of the positive real axis and which reduces to the
usual hypergeometric series inside the unit circle
|zl < 1. The function F,,(z) has the simple dif-
ferentiation property

dF.,() i B 1
s e e v ey

(30)

and reduces to just a logarithm in the free-particle
case, v = 0:

Fo2) =In (1 — 2). (31)

The function F,,(z) is an analytic function of Aw
in the whole cut plane. Consequently, the only
poles of G(k,, k,, ) on the cut Aw plane are the
poles of the gamma function factor 'l — )
of (27). But these are simple poles at the Bohr
energy levels, as we know they must be.
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APPENDIX

Of course, the fact that the conditions Im [k({ +
(¢ — 1)Y] > 0 exclude the points ¢ at which the
integrand of (24) has a pole from the interior of
the ¢ integration contour, follows from the fact that
these inequalities guarantee the convergence (finite-
ness) of the integral (6) for D(k,, k,, w). However,
it may be of interest to check this by direct calcula-
tion, and that is the object of this appendix.
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We make the transformation ¢ = cosh 6. The
branch of the (many-valued) function 8 = cosh™ ¢
i8 determined by the conditions that 8 shall vary
continuously with ¢ and shall start out real and
positive when ¢ is on the initial part (near { = +
on the positive real axis) of the { integration contour.
The ¢ integration contour is traced out by letting
8 run down the positive real axis from 8 = -+
to a point on the right of the origin § = 0, describing
an arc above the origin which comes down on the
negative real axis at a point on the left of the origin,
and then going off to § = — « along the negative
real axis. Thus only 8 values for which Im (6) > 0
are involved. On the first part of the 8 integration
path, the quantities ¢, 6, and (¢* — 1)} are real
and positive, so ({* — 1)} = sinh 6. This relation
is preserved along the whole contour by continuity.
Thus the conditions Im [k(¢ &+ (> — 1DH] > 0
become Im [ke*?] > 0. Writing § = 6, 4+ 6, and

= |k| e®, 0 < & < =, the conditions read

sin (8 &£ 6,) > 0. (A1)

Since we start out with 0 < 6 + 6, < 7# (8, = 0
along the first part of the contour), the two angles
§ & 6, must remain between 0 and = in order not
to violate (Al). This leads to the condition

0 < 6, < min [8, 7 — 4] (A2)

on the contour in the ¢ plane. (As explained above,
negative values of 8, may be excluded.)

The conditions (A2) describe the region in the
6 plane in which the 6 integration contour must
lie in order to satisfy the inequalities Im [k(f =+
(#* — 1)H] > 0 at all points on the contour. Let
us next map this region onto the ¢* plane. Write

¢ =w=w, + 9w, = cosh® § = cosh® (6, 4 16,).
We find
w, — 3 = L(cosh 20, cos 26,), (A3)
w, = %(sinh 26, sin 24,).
We now distinguish two cases:
Case 1:
. _ .
0 < min [, = 8] < 4m; (A4)
Case 2:

ir < min [§, 7 — §] < %=

In Case 1 we find that the integration contour in
the ¢* plane must fall in the interior of the region
to the right of the right-hand branch of the hyperbola

(w, — 1)%/cos® 26 — wi/sin® 26 =1 (A5)
(the shaded area, U, of Fig. 1). As min [5, 7 — §]
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Fre. 1. The shaded area, U,
is the image in the {2 plane of
the permitted region for the
integration contour of (24).
The dotted curve is the locus
of possible values, V, of {2 at
which the denominator of the
integrand of (24) vanishes. The
drawing is for Case 1. For o,
U, Vy, and V,, see Egs. (A9)-
(A12).

approaches 17 the boundary of U approaches coin-
cidence with the vertical line w = . When min
[8, # — 9] increases over the value }r—i.e., as we
go over into Case 2—cos 2§ becomes negative and
it is seen from Eq. (A3) that the boundary of U
goes over (continuously) into the left-hand branch
of the hyperbola (A5). Thus in Case 2 the permitted
region in the ¢* plane for the integration contour
is the interior of the region to the right of the
left-hand branch of the hyperbola (A5).

Now the denominator of the integrand of (24)
will vanish only if

¢ = K — 2Kk, -k, + kikf'
Kk, — k,|°
We write \
2:
V= Vv, - BRI
and plot the locus of possible V values on the ¢*
plane. We have

(A6)

Pyl _ [ + KR/RP
T -kF T R -k “n
kPP — k2 |k
v, = B BR/RE G o
*T e - k[

In Case 1 we have cos 26 > 0 and the possible V
values lie on the right-hand branch of the hyperbola

( V., + |k2k2 2 ™ > (cos® 28)7"
LV 4kl
2 kP 48

(the dotted curve in Figure 1). In the limit as &
increases toward 1w, this locus goes over into the
vertical straight line V = —2k,-k,/|k, — k,|°. As §
increases beyond ir—i.e., as we go into Case 2—cos
28 becomes negative and the locus of possible V
values goes (continuously) over into the left-hand
branch of the hyperbola (A8).

We will show that the locus of possible V values
always lies outside (or at worst, coincides with the
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boundary of) the permitted region in the ¢* plane
for the integration contour. When we take the
square root, forming { = cosh 6, the region U will
go into the permitted region for the integration
contour in the ¢ plane. This region (as noted in
the text) is the interior of the region to the right
of the right-hand branch of the hyperbola (8). The
locus of possible values of V* will split up into two
disjoint pieces, corresponding to the two roots of
V, but these pieces will still lie outside (or at worst
coincide with the boundary of) the permitted region
for the integration contour. Now these V? values
are just the possible ¢ values at which the de-
nominator of (24) has a pole. Thus all ¢ values
at which the denominator of (24) has a pole will
lie outside the permitted region for the ¢ integration
contour and hence will lie outside the contour
itself.

We will establish this result here only for Case 1.
Case 2 can be argued in the same way. We first
note that the asymptotes of the two hyperbola
(A5) and (A8) are parallel. In both cases the asymp-
totes are inclined to the real axis at angles o, where

= min [25, 2r — 24]. (A9)

Hence to show that the right-hand branch of the
hyperbola (A8) lies outside the region U it suffices
to show that (a) the intercept on the real axis of
the right-hand branch of the hyperbola (A8) does
not lie to the right of the intercept on the real
axis of the right-hand branch of the hyperbola
(A5), and (b) the “center” of the hyperbola (AS)
does not lie to the right of the “center” of the
hyperbola (A5) (see Fig. 1). The intercept on the
real axis of the right-hand branch of the hyperbola

LEVERE HOSTLER

(A5) oceurs at
U = cos’ 8, (A10)

and the center occurs at w = 1. Now the intercept
of the right-hand branch of the hyperbola (AS8)
oceurs at

'—2k2 'kl + 2k2k1 CcOo8 26

Vo m T gk £ 2
-1 k3 — 2k, k, cos 256 + kI
kg - 2k2 'kl + kf
< 1 _ k: - 2k2'k1 COos 26 + k?
- (ks + k1)2
4k,k, 2 2 . _
< o + k) cos” § < cos” 6 = U, (AlD)

i.e., this intercept does not lie to the right of the
intercept of the boundary of 0. This establishes (a).
The center of the hyperbola (A8) is located on the
real axis at

V. = — 2k2'k1 — kg - 2k2’k1 + ki - (kg + k?)
¢ Ikz - kll2 k; - 2k2’k1 + k?
_L__ B4R B4R

k: - 2k2 'k1 + kf - (kZ + kl)2
2koky
S (k2 + kl)z S 2y (A12)

and so does not lie to the right of the center of the
hyperbola (A5). This establishes (b). The conclusion
that the conditions Im [k(f & (> — Y] > 0
exclude the points { at which the denominator of
the integrand of (24) has a pole from the interior
of the { integration contour now follows.
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We investigate the long-time behavior of a model consisting of N two-level atoms in a lossless
cavity. The Hamiltonian of our system contains the radiation oscillators in addition to the matter
Hamiltonian and the usual [ j-Adp interaction term. In order to treat the system perturbatively, it
would be necessary to remove the tremendous degeneracy of the system. Since this is prohibitively
difficult, and since we are interested in the long-time behavior of the system, we solve the quantum
mechanical Liouville equation directly for a wide class of physically important initial distribution
functions. We show the effective expansion parameter is ¥N5 where ¥ is a dimensionless atomic dipole
moment and N is the number of atoms. In the lowest order we find the self-consistent field approxi-
mation. In the next order, particle-field correlations appear. We explicitly solve the equations of
motion for the particle-field correlations in terms of the average quantities that appear in the self-
consistent field approximation. We show the self-consistent field approximation consists of five first-
order differential equations. Next we show the equations of motion for the density matrix of the
system correct to order (yN5) are equivalent to eight first-order differential equations. The three
additional equations are needed to describe the three second moments of the density matrix of the
electromagnetic field that appear in second order. Our lowest-order microscopic equations are equiv-
alent to semiphenomenological theories and our higher-order equations contain only the measurable
second-order moments of the electromagnetie field in addition to the variables that appear in semi-
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phenomenological theories.

I. INTRODUCTION

N this paper we derive the equations of motion

satisfied by the quantum mechanical density
matrix of a model of interacting atoms and radia-
tion. We explicitly solve for the particle-field cor-
relations in terms of the one-particle density matrix
and first and second moments of the electromagnetic
field. We thus obtain for the one-particle density
matrix a nonlinear equation which to lowest order
satisfies the self-consistent field approximation.

Our model of interacting radiation and matter
congists of N distinguishable two-level atoms inter-
acting with the cavity modes in a lossless cavity.
The model of the matter system and the inter-
action Hamiltonian is essentially the same as the
model introduced by Dicke." Qur model differs in
one essential respect from Dicke’s model in that
we include the Hamiltonian of the radiation field
in our system Hamiltonian. We do this because we
wish to find the long-time behavior of the system
including saturation effects corresponding to re-
peated absorptions and subsequent re-emissions.
Dicke asked questions about driven systems and
spontaneous emission which he answered by the help
of the introduction of a constant of the motion
whose eigenvalues he called the ‘‘cooperation

* The research reported in this paper was sponsored in
part by the Air Force Cambridge Research Laboratories,
Office of Aerospace Research.

1 R. H. Dicke, Phys. Rev. 93, 99 (1954).

number.” Although we do not make explicit use
of this conservation law our final results are con-
sistent with it.

For a careful discussion of the matter system
alone we refer the reader to Dicke’s paper. However,
because the degeneracy is the single most important
property of the system we will present here a brief
account of the effect that inclusion of the radiation
field in the Hamiltonian has on the order of the
degeneracy. Assume we have N two-level atoms
with the same two-level energy difference, hw,, which
is essentially equivalent to the energy of a quantum
of one of the cavity modes, #Q2. The lowest eigen-
state of the total system is nondegenerate and the
radiation oscillator and all the atoms are in their
ground states. The unperturbed energy, hw,, is
(N + 1)-fold degenerate. The degenerate states are
one state with the radiation oscillator in its first
excited state and all N atoms in their ground state,
and N states with the radiation oscillator in its
ground state and one atom at a time in its excited
state. The distinguishability which leads to the
degeneracy arises from the fact that wavefunctions
of the separate atoms do not overlap. The un-
perturbed energy 27w, is {1+N-+3iN(N —1)/2}-fold
degenerate. The degenerate states are one state with
the radiation oscillator in its second excited state
and the atoms all in their ground state, N states
with the radiation oscillator in its first excited state
and one atom at a time in its excited state, and
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N(N — 1)/2 states corresponding to the number of
ways that two atoms can be singly excited while
the radiation oscillator is in its ground state.

The degeneracy of the unperturbed energy eigen-
value, mhw,, is

,Z':’) J! (N —

In order to apply perturbation theory to the
system we would first have to remove the degeneracy
by diagonalizing a matrix for each integer, m < N,
whose dimension is given by Eq. (1.1).

The degeneracy arises physically because “each
atom sees all the (N — 1) other atoms through the
electromagnetic field.” To anticipate our resolution
of the problem we replace the preceding statement
by the statement “each atom sees all the (N — 1)
other atoms to the lowest order through the average
electromagnetic field.” The self-consistent field
approximation which we shall refer to as SCFA
is nonperturbative and leads to equations that are
meaningful for all time. Our treatment of the
problem is purely quantum mechanical and it is
valid for systems containing a single quantum. The
condition required for the validity of the SCFA is
that there be an upper limit to the particle—field
correlations present initially. However, if the par-
ticle~field correlations are initially zero they will
grow to nonzero values by higher-order corrections
to the SCFA which we shall explicitly caleulate.
Our lowest-order equations are essentially equivalent
to the semiphenomenological theories derived by
Jaynes and Cummings® and Tang.?

In Sec. II we introduce the Hamiltonian of our
model and we discuss further the degeneracy of the
system. We show in Sec. III that the solution to
lowest order of the quantum mechanical Liouville
equation is the SCFA,

In Secs. IV and V we find the equations of motion
satisfied by the quantum mechanical Liouville equa-
tion to second order and we solve these equations
in terms of the variables which appear in the lowest
order which is the SCFA.

We show in Seec. VI the relationship between the
lowest-order equations of our theory and the semi-
phenomenological theories,”® and we express the
higher order corrections to the SCFA in terms of
phenomenological variables.

In the Appendix we find the equations of motion
satisfied by the electromagnetic field fluctuations.

(1.1)

(1923]:3) T. Jaynes and F. W. Cummings, Proc. IEEE 51, 89
3 C. L. Tang, J. Appl. Phys. 34, 2935 (1964).
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II. HAMILTONIAN OF THE MODEL

We consider N two-level atoms with energy levels
E, = i(hw,) and E, = —%(hw,). The Hamiltonian
for the atoms is

N ' N P2
h(N) = MO{E (a-aa-u - %)} ) Hcm = Z y (2 1)
where
[o'a) 0'1]4. = 1) [o'ay o'a:|+ = [‘71:;7 0'1]+ = 07

and

[on, 051 = [on, 05] = [0w, 05] =0 for as=B.

The plus subscript indicates an anticommutator.
The vanishing of the commutators for different
molecules represents the fact that we are treating
the atoms as distinguishable. We are assuming the
density of atoms is sufficiently low that the overlap
of the wavefunctions is negligible and thus the
effects of symmetry may be neglected. The momen-
tum of the center of mass of the ath particle is P,.

A convenient representation of the matter system
is a Kronecker product of single-particle spaces. In
the single-atom space we may represent the algebra
of the operators in the following form

' {0 1J 00
g = ; g = s
00 10
oo = [1 O] , o’ = [_1 0 , 2.2)
0 0 01

where

=[o,0] and ¢, = <(1)> N e (?)

The Hamiltonian for the electromagnetic field is
=% 2l + Qg 2.3)
where

= [pe, px] = 0.

The vector potential and the electromagnetic field
in the cavity are given by

A(zt) = 6(47")% ; 2.0 (DE (),
E(zt) = —(4n)} ; s (OE(x),

B(zt) = —6(47r)% kz (2 x V)@ (DE(2).

[gx, Pir] = thé and  [gs, gi]

2.49)

The E,(x) are the eigenfunctions of the cavity and
€, 1S a unit vector in the plane of polarization.
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Hamilton’s equations of motion for H, give the free
field Maxwell’s equations. It is often convenient to
represent the electromagnetic fields in terms of
creation and annihilation operators,

H, = ; (uaa, + 1), 2.5)

where
(@, a;'] = O,
a = @h) Moy — 1),
a = 2h0) Hp + 1Qugs).

The interaction Hamiltonian, H;, is
1{. Y .
Ho=2[idd =2 3 (b il 0

+ oalo (X2 D}aE(X),  (2.6)

where X, is the center of mass of the ath particle and

(@ 11X B) = C/2mBX I [ vie)

X {eepE X, +1) + E. X, + e, Pl (r) dr

where p = (7/1) V..

Equation (2.6) is the exact expression for the
off-diagonal components of the particle current
vector. The usual A® term is diagonal in the particle
operators and constitutes a perturbation of the free
field which is quadratic in annihilation and creation
operators and can be removed to any order by a
suitable canonical transformation. Since the 4* term
is usually small we neglect it. Combining Egs. (2.1),
(2.3), and (2.6), we obtain

H=h(N)+Hf+Hcm+Hi = H, + H;. (2-7)

Since the effect of the electromagnetic inter-
actions on the center-of-mass motion is usually
negligible we might consider dropping H ... However,
H; depends on the center of mass through X, which
means the center-of-mass motion can and does have
an appreciable effect on the internal degrees of
freedom.*

In this paper we study the effect of correlations
on the collective behavior of the system. In order
to temporarily avoid the complications of the center-
of-mass motion, we consider waves that are large
compared to the dimensions of the cavity. Then
E.(X.) ~ Vtisindependent of X, and H; becomes

N
H, = kz Z (Ik{rklfk + th:}, (2-8)

¢W. E. Lamb, Jr., Phys. Rev. 134, A 1429 (1964).
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where

T, = V¥e/m)a |e-p| b).

To avoid an excess of subscripts we will consider
a single mode. When the calculations are complete,
the subscript & can be reinserted by inspection. In
order to compare our results with semiphenom-
enological theories we replace the matrix elements
of the current operator by the matrix elements of
the dipole operator and we obtain

Hi=vp X (0o +00) =70 2 tey (2.9

where v = eV ¥ a| e-r |b), and where we have used
(a lep| b) = imwla [e-r| b) and iw,g = p for w, = Q.

The reduction of the rigorous interaction Eq. (2.6)
to Eq. (2.8) involves only one essential assumption,
namely the neglect of the motion of the center of
mass. Thus we neglect the effects of the Doppler
broadening in the present paper. Note that this
assumption is valid in any case when the wave-
length of the radiation is greater than the dimensions
of the container.

When we express p in terms of annihilation and
creation operators using Eq. (2.5), we observe that
H; consists of two types of terms,

H; = v(3h9)a + a) f (0 + 0u)

= Hd + Hndy (2'10)
where
N
H, = 7332 X (d'o. + acv),
ud t
Hnd = 'Y(%hﬂ)* E (afa'a + aam)’

a

Since H,4 creates (destroys) excited atomic states
at the same time as it creates (destroys) photons,
it has no matrix elements that conserve the un-
perturbed energy. Consequently, it can be diag-
onalized to order v* with ease. Actually semiphenom-
enological theories implicitly neglect H,, when they
discard terms whose frequency dependence is propor-
tional to +2w, compared to w,. We retain H,.,
because it is inconsistent to neglect it when we go
beyond the SCFA as we do in Secs, IV and V.

To see how the problem of degeneracy discussed
in the Introduction arises we investigate the equa-
tion of motion satisfied by H,,
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H, = [Hy, H ~ [H,, H,)
= v(3hQ)} ZIZ: ﬂi [afaa + aa:,, hwoa;aﬁ + hQa?a]
= Y3 X {hoalos, ouoa] + hoot [oa; 0u0.]
+ hﬂal[a, afa] + hﬂaa[aT, afa]}
= Y3HD) 2 (huula'eio, — arle)
+ hQao, — o.a)}

N

= Y3 (hwo — £Q) Y (@'o. — aol).  (2.11)
We neglected the effect of H,4 on H, because it
is of order v* and can not mitigate in any way
the problem of removing the lowest-order degen-
eracy. Thus for w, = @, H, is a constant of motion
to order v*. This means the lowest-order perturbation
theory is completely degenerate and removing the
degeneracy is equivalent to diagonalizing for each
unperturbed energy eigenvalue, mhw, a matrix
whose dimension is given by Eq. (1.1).

Since the lowest-order perturbation theory re-
quires the diagonalization of so many extremely
large dimensional matrices, we should investigate
why we want the eigenvalues and eigenfunctions
and what we would do with them if we had them.
First we want to diseuss the long-time behavior of a
system with absorptions and repeated re-emissions.
Ordinary perturbation theory is not valid for these
times. The second reason we would like both eigen-
functions and eigenvalues is to construct the unitary
transformation that diagonalizes the quantum me-
chanical Liouville equation for the density matrix
of the system.

We conclude this section with another aspect of
the degeneracy of the system. Consider once again
the Hamiltonian, H = H, 4 yH,, where we have
neglected the unimportant H.4. The unperturbed
energy, E° = huwo, is (N 4+ 1)-fold degenerate and
the perturbation, Hy, has constant matrix elements,
v and 0, between the degenerate states. With the
use of Wigner—Brillouin perturbation theory we can
show one of the energy eigenvalues is —yN where
N is the number of atoms. This phenomenon arises
because each atom sees all the other atoms through
the electric field. If we change this statement to
read “each atom sees all the other atoms to the
lowest order through their average behavior” we
are able to solve the problem as we shall show in
the next section.

CHARLES R. WILLIS

III. SELF-CONSISTENT FIELD APPROXIMATION

We are led to consider the density matrix for two
reasons; first, we expect the fact that each atom
sees the averaged behavior only can be represented
statistically, and second, many of the interesting
cases are problems of statistical mechanics which
require ensembles rather than single quantum states.

The density matrix Fx(1,2, --- N, ¢) for N atoms
plus the radiation oscillator satisfies the quantum
mechanical Liouville equation

th(0F y/0t) + [Fy, Hy] = 0, 3.1

where
HN=h(N)+Hf+H, =H0+H1;
tl‘l'z...y,qFN = 1.

Our notation indicates Fy is an operator in the
Hilbert space of the first, second, --- , Nth particle
and in the Hilbert space denoted by ¢ of the radiation
oscillator. We do not need an explicit representation
of a matrix element of Fy; however, a typical one
has the form

(+—++ ter )Q|FN| g, +——-+ "')) 3.2)

where a + or (—) in the jth position indicates the
jth atom is in its excited (unexcited) state. For
given ¢ and § there are (2")® matrix elements
corresponding to all the ways of writing +’s and
—’8. In the Hilbert space of the radiation oscillator
the matrix is infinite. It is denumerably infinite if
we choose the number representation or continuously
infinite if we use the ¢ representation. We are able
to express all our results as operators or as traces,
both of which are independent of representation.
Thus the argument of an operator denotes not
matrix elements but operator functional dependence.

When we take the trace of Eq. (3.1) over the
coordinates of the Nth atom we obtain

'ih(aFN_l/at) + [FN—ly HN—I] = ’YtrN {pl-"Ny FN], (3.3)
and after (N — s) similar operations we obtain
h(0F,/0t) + [F., H,]

= (N — )y tro+n [Prern, Foenl- (3.4)

In deriving Eq. (3.4) we used the fact that F is a
symmetric function of its arguments.

We obtain the equation for the density matrix
of s atoms by taking the trace of Eq. (3.4) over
the oscillator coordinates

ih(8p./0t) + [psy M(S)] + 7 tr, [F'., P Z n«]

i=1

= (N - 3)’)’ trq.(a+1) [pu(n+])y F(t+1)] = 0) (3'5)
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where p, = tr, F,. The trace vanishes since pu+n
depends only on the coordinates of the (s + 1)th
atom and the radiation oscillator, and the trace
is over both variables.

We add the term

7@)[”-) Z “i]
to both sides of Eq. (3.5) and we obtain

17(3p./8t) + [p., (s)] + 'Y<p>|:Pn E ue:!

= ’YI:Z i IL(1, 2, -+ ) — p.(p)}, 3.6)

where
(p) = tr, pR(Q) = tr,,. PF.(1, 9).
The expression

Hi(lr 2: e S) = tra pti(I; 2) R P q)

is an operator in the space of s atoms and is a
measure of particlefield correlations.

To solve Eq. (3.6) we assume a solution of the
form®

F, = p(1)p:(2) - -+ pi(9)R(g)
+ (vNv) Z x(, @) ’I#I p(f) + Ny - . (3.7)

In this section we are concerned with only the
zeroth-order term which represents a lack of
particle-particle and particlefield correlations. In
the next section we derive the equation satisfied
by x(%, ¢) and explain the choice of the expansion
parameter yNv.

When the first term of Eq. (3.7) is substituted
in Eq. (3.6), we obtain

Zh(ap,/at) + [Pu h(S)] + 7<P>[P:; jz I‘a‘] =0,

or equivalently,

1h(3p1/81) + [p1, h(1)] + v(p)lp1, w:] = O. 3.8)

We need the operator equation of motion for
R(g) to obtain an equation of motion for {(p).
Since R(g) is defined as tr, F,(1, ¢), we take the
trace of Eq. (3.4) for (s = 1) over the particle
coordinate and we obtain

th(dR/ot) + [R, H,]

=N — Itr L’pl‘u Fy1, q)] (3'9)

§ N. N. Bogoliubov, “Problems of a Dynamical Theory in
Statistical Physics’’ (translated by E. K. Gora), in Studies in
Statistical Mechanics, edited by J. De Boer and G. E. Uhlen-
beck (North-Holland Publishing Company, Amsterdam,
1962), pp. 5-118.
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Eq. (3.9) is completely rigorous. To find the equation
of motion satisfied by R(q) to lowest order, we
replace F,(1, q) by p.(1)R(q),

ih(3R/0t) + [R, H] = (N — D{w)p, R],

where

(3.10)

w@®) = tr; e, 9.

The quantity {(u(f)) is the dimensionless dipole
moment per atom. The total dipole moment of
the system is NyV*(u). For convenience in keeping
track of the powers of v and N we use dimensionless
atomic quantities. In Sec. VI we express all of our
equations in terms of macroscopic quantities.

To find the equation of motion to lowest order
satisfied by (p) we multiply Eq. (3.10) by the
operator p and take the trace over the oscillator
variables. We obtain

ih(3(p)/at) + tr. p[R, 3(¢’2)] = 0.  (3.11)
We may simplify Eq. (3.11) to read
op)/at + Q(g) = 0, 3.12)

where we have used
tr, p[R, 5(¢" Q"] = — Q" tr, glg, IR
= 7'h92(q>) (q> = {r, qR

We obtain the equation for (¢) by multiplying
Eq. (3.10) by ¢ and taking the trace over the
oscillator variable. The equation is

ih(8(g)/dt) + tr, q[R, $p°] = N¥{u) tr, ¢[p, R,

which may be written

¥q)/9t — (p) = Nv(u).

We obtain an equation of motion for (p) alone
by substituting Eq. (3.13) in Eq. (3.12),

*p)/ot + 0p) = —NyQu).

Equations (3.8) and (3.14) together constitute a
complete theory which is the SCFA.

The SCFA must fulfill two essential requirements
to be a good solution of a physical problem. The
first requirement is dynamical and states that a
degree of freedom is more influenced by a large
number of degrees of freedom than it is by a few
nearest neighbors. In a plasma this requirement is
met by the long-range nature of the Coulomb force.
In the present problem the N dependence of the
right-hand side of Eq. (3.14) indicates that all
atoms contribute equally to the electric field (p),
and each atom sees all the other atoms through

3.13)

(3.14)
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{p). The second requirement is statistical and states
that initially there can be no zeroth-order particle—
particle or particle—field correlations. If these two
requirements are met then the SCFA is a good
approximation. These two conditions are indepen-
dent of the classical or quantal nature of the problem.
Our treatment of all degrees of freedom throughout
the paper is purely quantum mechanical. To em-
phasize this we point out that, even if the total
energy of the system were a single quantum, the
SCFA would be a good solution as long as the initial
density matrix had no particle—particle or particle-
field correlations. The N that appears in Eq. (3.14)
and throughout the paper is the constant total
number of atoms not the number of excited atoms.
In other words, the SCFA is a particular solution
of our quantum mechanical problem. This discussion
has been necessary because the SCFA represented
by Eqgs. (3.8) and (3.14) has often been referred
to erroneously as a ‘‘semiclassical” theory. This
has happened because of the semiphenological nature
of some derivations of the SCFA.

The SCFA has replaced the unmanageable de-
generacy of the exact problem by a nonlinear equa-
tion for the density matrix of a single atom. Although
this equation is difficult to solve in general, it rep-
resents a great advance in the tractability of our
problem. Originally we found that the lowest-order
perturbation theory required almost an exact solu-
tion of the full problem. The SCFA has the important
property that it makes qualitative sense (remains
bounded, etc.) for long times even if we neglect
the higher-order terms. We now show that even if
particle—field correlations are initially zero they grow
to nonzero values.

IV. PARTICLE-FIELD CORRELATIONS

It is not necessary to solve for x(1, ¢) in detail
to go beyond the SCFA, since we need to know
only the first conditional moment II,(1, ¢). In this
section we find the equation of motion satisfied by
II,(1, ¢) and we solve the equation in terms of
variables that appear in the SCFA. First, however,
we will justify the use of yNvy as the expansion
parameter. From Eq. (3.14) we observe that (p) is
proportional to Nv; therefore, the expansion param-
eter in Eq. (3.8) is proportional to yNvy. We show
in this section that the corrections to the SCFA
are proportional to (yNv)®.

We rewrite Eq. (2.9) to obtain an expression for
the dimensionless coupling constant,

H.

i

hQ

y2h)Ha + @) 3 (0n + on)
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= 5(a + a) f‘, (00 + ob).

The condition for the validity of our expansion
procedure is

INy7 = (N/V)é [(a le-x| B)|° @r/AQ) K 1,

where we have used the dimensionless parameter
¥ = y(2hQ)"% Since YNy is just 262(N7), it is not
necessary to go over to dimensionless variables. Thus,
yNv “small” means small compared with 2AQ.

We obtain the equation of motion for II,(1, ?)
by multiplying Eq. (3.4) for (s = 1) by p and taking
the trace over the oscillator variable

AL (1, t)

1h oL

+ [(1), A(1)]
+ tro p[Fy, Hi] + 7[ILAL, 1), pi]
= (N — Ly tr,z plpus, Fs]
= (N — Dy tr; [u., (2, )] = 0.
We can simplify the third term of Eq. (4.1),
tr, p[Fy, Hi] = —tr, [p, HF, = —1Q tr, [p, ¢°I1F:
= thQ’ tr, ¢F, = thQ°I'(1, §), 4.2)

4.1)

where we have used the definition
Hi(l} 2; o S) = tru tin(l’ 2; TS, Q)-

When Eq. (4.2) is substituted in Eq. (4.1), we
obtain

., oI1,(1, 1)
h TR

+ [IL(Q1, 9), K(1)] + RQI(Q, 9)
+ 7[112(1; t): I-"l] = 0.
We introduce our expansion

F, = p(HR(g) + (*Nv)x + (oNv)* - -+,

where p without a subseript is p,, into Eq. (4.3)
and we obtain

th(8/3)(p(p) + YNym) + (P)lp, R(1)]
+ yNy[m, k(1)) + 72 (p(g) + YNy
+ v@*)e, 1] + YNy, 1] = 0,
where we have used the definitions
(1, & = (p)e(l) + ¥Nym(1, 1),
(1, ) = tr.p'x(, @),
I'(1, §) = {@pQl) + ¥Nyr'(, 1),
(1, 1) = tr, ¢'x(1, ¢).

4.3)

4.4)
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The equation for the one-particle density matrix
to order (yN«v)® in the new variables now takes
the form

1h(3p/3t) + [, V)] + ¥(D)lp, &l
= 'Y('YN'Y)[”y 7l'1(1, t)]

Since we will show that «,(1, ¢) is of order Ny,
the right-hand side of Eq. (4.5) is proportional to
(YNv)™.

When we regroup the terms in Eq. (4.4), we obtain

4.5)

@n 22 + (o, 10) + 022 + 09

61rl(1 am (1, 1)

a0 B0 ), )

+ R Q%'(, o) +¥ @) [P, M]) (4.6)
where we have dropped the last term of Eq. (4.4)
since it is of order (vNv)°.

The second bracket of Eq. (4.6) vanishes because
of Eq. (3.12). When Eq. (4.5) is substituted in
Eq. (4.6) ,we obtain

371'1(1 t)

ih —S 4 [y, R(D)] + hQ%1(1)

+ W)@ — @ )e, ul = “.7)

We need to know (p°) and #'(1) to solve this
equation for m,;(1). We derive the equation satisfied
by (p*), Eq. (A3), in the Appendix. The quantity
({p*) — (p)*) is positive and proportional to (Nv)®.
Consequently, the right-hand side of Eq. (4.5) is
proportional to (yNv)®.

We derive the equation of motion #'(1) in the
same manner as we used to obtain Eq. (4.7). We
multiply Eq. (3.4) for (s = 1) by ¢ and take the
trace over the oscillator variable

in L0 4 aray, )
— thIL(1) + v tr, o[F1, pu]
= (N — 1) tr2, qlpu,, F,]
= (N — Dvitdwp(1) + YNvI(f), (4.8)
where

I(t) = yN tra., qlpuz, p(Dx(2, @) + 2(@)x(1, @)].
We used
tr, ¢{F,, H{] = —tr, [q, H{]F,

—4tr, [q, p°IF, = —ihtr, pF, = —iAI, Q).
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The expression I(t) is complicated and we analyze
it in the next section. When we introduce our expan-
sion for F, and regroup terms, we obtain

ino 2 — ) — 284) + (a)in 2 + Lo, 1)

4.9)
+ va(th-— + [, K(1)] — dhm,

T O @) ) = N @9)

The first bracket vanishes because of Eq. (3.13).
When we substitute Eq. (4.5) in the second bracket,
we obtain

h(@x'/8t) + [, hQ)] + hm,

+ ()7 'Uep) — (@Nlp, w] = I().  (4.10)

Eqgs. (4.7) and (4.10) constitute two first-order
equations for r, and #' which we now solve for =,.
We multiply Eq. (4.10) by i@ and add it to Eq. (4.7),

i3/8t)m (1) + iQr' 1)] + [m (1) + Q' (1), A(1)]
+ hQ[m, (1) + Q' (D] + [p, w]B(t) = iQI(t), (4.11)
where
B(t) = Bx(t) + iB:(})
= (Nn7T" — @) + 192gp) — {D®N].

We define two new variables 4™ and 4 in the following
manner:

n' =m0 + o),
When we substitute 4" and 4 in Eq. (4.11) we obtain
th(on'/01) + [n'(D), k(D] + A’

+ [o, u]B(®) = 1QI().  (4.12)

If we now multiply Eq. (4.10) by —iQ and add
it to Eq. (4.7) we obtain

th(dn/88) + [n, (1)] — hQy
+ [p, ulB*(t) = —sQI(Y).  (4.13)
Eqs. (4.12) and (4.13) are inhomogeneous first-
order equations which we can solve for any initial
conditions. For definiteness we assume 7 and 5f

vanish in the infinite past. For these initial condi-
tions we obtain

7 = m(l) — Q' (1).

By = f ¢ %O ot — DBl — 1) dr
0

+ 40 f ¢V — e dr,  (4.14)
0
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ha(t) = fo T e ot — 1] BH(E — 1) dr

— 0 f e — e dr,  (4.15)
0

where %w(1) = h(1) is the one-atom Hamiltonian
operator. When we add Eqgs. (4.14) and (4.15) and
divide by two we obtain

h7r1 (1 3 t)

= f cos Qre " [p(t — 1), ule* Bt — 7) dr
(1]
— f sin Qre " [p(t — 7), ule’ "Bt — 1) dr
V]

-9 f sin Qre " It — D) dr. (4.16)
(4]

If we set I = 0, then Eqs. (4.16) and (4.5) con-
stitute a complete theory correct to order (yNy)*
for p where the moments of the electromagnetic
field satisfy Eqgs. (3.12), (3.13), and Eqs. (A3), (A4),
and (A5). We analyze these equations in Sec. VI.
We show in the next section that I(¢{) vanishes
except for special initial conditions.

V. SOLUTION FOR I(?)

The definition of I(f) given in Eq. (4.8) may be
written

I = Nvtr., qlpm, P(Ix2, @) + p@)x(1, 9)]
Ny{p(1) tr, glp, trs (ux(2, 9))]

+ () tr, glp, x(1, @1}
ANy {p(D)E() + {(wm(l, 9},

where

5.1)

ﬁ(t) =1, l"lX(ly Q): 7r0(1’ t) = tr, X(]-: Q)-

We now show the equations of motion satisfied
by the new moments of x are

th[amo(l, t)/0f] + [mo(l, t), K(1)] = O (5.2)

and
3’m/ot* + wap = 0. (5.3

If no(1) and @ are zero initially, they will remain
zero; thus, as we stated earlier, w,(1, ¢) and &(t)
are important for only a few special sets of initial
conditions.

We find the operator equation of motion satisfied
by mo(1, t) by taking the trace of Eq. (3.4) for F,
over ¢ after the substitution

F, = R(9p(1) + vNvx(1, @),

R. WILLIS

and we obtain, after some regrouping of terms,
i(90/01) + [p, K(1)] + (1) tr, [R, H{]
+ v tr, [PR) #JJ] + 7N7(i(a7r0/at) + [7"0(1); h(l)]

+ tr, [x, He] + 7 tr, [x, mp]) = Nyitrz,, [ppe, Fa,

where we have used tr, R(q) = 1. We may simplify
the above equation to

YNv(@h(07o/3t) + [mo(1), R(1)])
= yN tre,, [p/‘Z: Fﬂ(li 2, Q)]) (5'4)

where we have used Eq. (4.5) and the following
relations:

Y tra [p(l)R) ll'lp] = 'Y(P)[P(l)y ”1])
tr, [Xy Flp] = [7!'1(1, t)y I‘l]) tr, [R; Hf] = 0.

We now see Eq. (5.2) follows from Eq. (5.4). The
trace vanishes identically because the operator pu,
does not depend on atom-one operators. The general

solution for Eq. (5.2) is
7"0(1, t) = e—“‘”'ll'o(l, O)e“”. (5-5)

In the process of finding the equation of motion
for z we will find the equation of motion for (u).
We multiply Eq. (3.4) for F, by u and take the
trace over atom one and the oscillator coordinate,

ih(a/at)(trl.a F'Fl) + trl.c I»‘[Fl) h(l)] + trl.c ”'[Fl; H{]
+ ytry,, I‘[Flypl“l] = Nvytr,m tra, [p"ﬁ) Fﬂ]' (5'6)

The third, fourth, and fifth terms of Eq. (5.6) vanish
since

trl,a I‘[Fly Hf] = —trl.a [“7 HI]FI = 0)
try,q u{F1, pu] = —tri, [u, pu]F, = 0,

tr1.2.q #1[1)#2; Fi] = —tr1,2,, [pﬂz; wlF; = 0.

We evaluate the second term of Eq. (5.6) with the
help of the anticommutation relations in Eq. (2.1),

[”'; h(l)] = hwo[a' + O'T, 0’10']
= hw(o — o) = —hwd.  (5.7)

When we substitute our expansion for F, and Eq.
(5.7) in Eq. (5.6), we obtain

h(@/08)(k) + YNvE) + heo((8) + vNv8) = 0, (5.8)
where
(8 = tr, (o' — o)(1),
d=1tr, (0 — ox(l, @ = tr, (¢ — oIme(D).

In order to find the equations of motion satisfied



A MODEL OF INTERACTING RADIATION AND MATTER

by (8) and § we multiply Eq. (3.4) for F, by the
operator & and take the trace over atom one and
the oscillator coordinate,

1h(3/98)(try o OF,) + try,o 8[Fy, R(1)] + tr, o 8[Fy, H,]
+ v try,o 8[Fy, pp] = tri.a2.c 6:[ppe, F). (5.9)
The third and fifth terms vanish because
try,, 8[F:, H) = —tr, . [8, H]F, = 0,
try 2o Silpus, Fo] = —try 2. [P, 8,JFs = 0.

We need the following commutator relations to
evaluate the remaining terms:

(8, h(1)] = haolo’ = o, o'd]
= ha(o'[o', 6] — [0, o'Jo)
= Tix.v.»o(—(rf(rc — ¢°0) = —hwon, (5.10)
Bl =06 —0), (" + )] =1[ 0] - [o,0"
= —2[,0'] = =20, (5.11)
where we used
t e t P
go =0, go =o.
When Eqgs. (5.10) and (5.11) are substituted in
Eq. (5.9), we obtain

ih(0/3t)(try., OF.)

= —hwy try, , uF; — 2y tr,, . o°pF,. (5.12)
We expand F, to first order in YNy and we obtain
h3/8t)(8) + YNv8) = —hao((u) + vNvE)

= 2¢({pXc*) + YNy tr; o'm(1, ). (5.13)

We find a single second-order equation for u by
eliminating § from Egs. (5.8) and (5.13),

3*(u)/0t* + wiu) + YNv(9°5/08" + wiy)
= —2vh7w((p) o) + YN tr; o°m,(1)).  (5.14)

When we multiply Eq. (4.5) by u and repeat the
same steps that led to Eq. (5.13) we obtain

0™ (u)/at” + walu)
= =271 w((pXe°) + YNy tr1 o°m(1, 1)), (5.15)

We finally obtain the equation of motion for g by
substracting Eq. (5.15) from Eq. (5.14),

°z/ot* + wilg = 0. (5.3

We have now determined I(¢) in terms of p and
{u). We calculate the contribution of I(¢) to w,(1, t)
by substituting Eqgs. (5.2) and (5.3) in the last
term of Eq. (4.16),
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Q f sin Qre O I(t — )6 dr
0

If

HQNy f sin Qr[a(t — )¢ p(t — 7)€"
0

+ (ult — ) w1, ¢ — 1)’ dr

I

’ihQN'y[f sin Qra(t — 7)e " p(t — 1)’ dr
o

+ mo(1, t) j:o sin Qr(u(t — 7)) d‘r:I- (5.16)

Since z(t) and my(1, £) satisfy homogeneous equa-
tions, the only time I(¢) is nonzero is when there
are nonzero values of & and m, present initially.
Practically, in most cases I(¢) is of little consequence
and we will usually neglect its contribution to (1, ¢).
We conclude this section with a diseussion of perhaps
the only important case where it is not permissible
to ignore I(f). An examination of the SCFA shows
that if p is initially diagonal it remains diagonal
and there is no interaction. When Eq. (4.16) with
I(t) = 0 is substituted in Eq. (4.5), we see that
if p is diagonal initially it remains diagonal and
there is still no interaction. For instance, if we start
the system with a population inversion but with
the off-diagonal matrix elements zero, nothing
happens. However, if initially there is a small
particle-field correlation present, we can get the
interaction started. We then have

13
m(l, 1) = —h7'Q f sin Qre " I(t — 7)e'" dr,
[}
1) = iNvE®Da(),
and thus
tr, o'm (1, £)

= —iNyQ fo sin Q7a(t — 7){o"(t — 7)) dr

~ —iNyQo(t)) f‘ sin QrE(t — 1) dr. (56.17)

The last line of Eq. (5.17) results from the fact
that (¢°(t)) is slowly varying compared with w,.
When Eq. (5.17) is substituted in Eq. (5.15) with
{p) = 0, we obtain

*(wy/ot* + wolw) = +2i(yN7v)* Quo(h) " {a"(t))
X f Csin Qra(t — D dr. (5.18)

In Eq. (5.18) we showed how an initial correlation
Z(0) gives rise to off-diagonal matrix elements of
p; i.e., {u). It is important to observe that the right-
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hand side of Eq. (5.18) depends on only diagonal
elements of p. Once (u) starts to grow, the SCFA
becomes the valid description of the process.

VI. REPRESENTATION BY MOMENTS

We derived the equations of motion satisfied by
our model correct to order (YNv)®, and we explicitly
solved the equations for particle-field correlations
which appear in second-order in terms of the one-
particle density matrix p and the first and second
moments of the electromagnetic field. For con-
venience we collect the equations representing the
complete theory with I(f) = 0,

th(dp/3t) + [p, H(D)] + ¥(p)lo, 1]

= y(yN7)le, m(1, )], (4.5)

7"1(1’ t)
=k’ f cos Qre” " [p(t — 1), ule* " Be(t — 1) dr
0
— f sin Qre~ " (ot — 1), wle By(t — 7) dr,
[1]

By = (N'Y)_I«P2> - <p>2) — hwo/2,

NyB; = Qx(pg + gp) — (pXg),  (4.16)
ap)/at + @*(g) = 0, (3.12)
¥g)/9t — (p) = Nv{w), (3.13)
ap*)/at + 2gp + pg) = 0, (A3)
&g*/ot — {gp + pg) = 2Nv(uXe),  (A4)

&gp + pg)/ot — 2((p°) — Q*(¢")) = 2N~v(u)p). (A5)

Since the tr, p = 1, and p = p!, Eq. (4.5) represents
three first-order differential equations for the three
functions needed to specify p. The SCFA consists
of five first-order differential equations, three for p,
one for (p), and one for {g). The correct second-order
theory represented by the above equations consists
of eight first-order equations, three for p, two for
the first moments (p) and (g), and three for the
second moments (p°), (¢°), and {(gp). The non-
linearity has increased from the quadratic (p)p of
the SCFA to cubic terms such as (p)’p in Eq. (4.16).

We find it useful to represent the operator equa-
tion, Eq. (4.5), as three first-order differential equa-
tions for three c-number functions. The most natural
choices are the traces of the operators, u, 8, and ¢°,

tr, up = Pab(t) + Pbu(t);

tr, o’p = _(paa et Pbb)-

trl 6P = Pav — Poay

6.1)

The equations of motion for {u) and {8) are given
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by Egs. (5.8) and (5.13) with @ = 0,

h(3{w)/3t) + hwe(8) = 0, (5.8")
1h(3(8)/81) + heolu)
= 4(fuso) " (X)) + ¥N7y tr h(D)mi (1, 1), (5.137)

where (hwo)o’ = —h(1). The two first-order equa-~
tions are equivalent to a single second-order equation
for <I">:

%)/ 0t + wolw)
= (4v/E) (PR 4 vNy tr, R(1)r (1, 1),  (6.2)

We obtain the first-order equation for (h(t)) when
we multiply Eq. (4.5) by the operator k(1) and take
the trace over atom one,

h(@(D)/0t) + tr, R(1)[p, A(1)]
= —(p) tr; K(1)[p, 1]
— y(yN7y) try R(D)[ps, mi(1, 9],
ih(3Ch(2))/81) = v(p) tr; ((M(1), w]p)
— y(¥Nv) try ((h(1), ulm(1, 1)),
ih(Ch(1)/81) = vhuolp)8) — Y(YNy)hwo try &mi(1, 8),

where [h, p] = hw,d.

The SCFA can be written as five first-order
differential equations or two second and one first-
order differential equation,

3%(u)/9t* + wilu) = (4y/B)p)h(E)),
ap)/at + Qp) = —NyQ(u),
a(hy/3t = —(p)(u)/dt),

where we used Eq. (5.8). Since the time variation
of (h(®)) is slow compared t0 w, we can regard the
SCFA intuitively as two coupled oscillators, one
of which has a slowly varying coupling constant.

To complete our representation of the theory
correct to order (yNy)® in terms of moments, we
must evaluate tr; A(1)w,(1, ¢) in terms of moments.
We multiply Eq. (4.16) by the operator A(1) and
take the trace over atom one,

tr, R(D)mi (1, 1)

6.3)

(6.4)

= p! fw cos Qritr, hlp(t — 7), w]}Br(t — 7) dr
— K f” sin Qritr, hlp(t — 7), u]}B(t — 7) dr

= —h7! fm cos Qr(hw,) tr, (8p(t — 7))Be(t — 7) d7
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+u " sin Qr(hr) tr, (5p(t — )Bi(t — 7) dr
=q f‘” cos QrBR(t — 7') (u(t — 7)) dr

—1 fm sin Q7B;(t — 1) = (p,(t — 7)) dr. 6.5)

We finally obtain the following equation for (u(f))
correct to order (yNv)*:

) | o\
a; + wolw) =

% I:@)(h) + yNvi
X <j: cos Q7Bg(t — 7‘) (,u(t — 7)) dr

_ f sin QrB,(t — 1) & (u(t — ) df)]

We evaluate hw, triém (1, £) in a similar fashion
and we obtain

a(h)

(6.6)

+ 1) 28 < gy (s

X [f‘” cos Q7 coswor(h(t — THBR(t — 1) d7

- f"" sin Q7 cos wer{h(t — ))B;(t — 7) d‘r:l - (6.7)

The second-order differential equation, Eq. (6.6),
and the first-order differential equation, Eq. (6.7),
are completely equivalent to the three first-order
equations represented by the operator Eq. (4.5),
and are frequently easier to treat.

We obtain the equations of motion for macroscopic
quantities from our microscopic variables with the
following table:

Electric field intensity E(f) ~ — V" {p(t)
Electric dipole moment M (f) ~ Ny V¥u(t))
W(&) ~ N(®)).

The equations of motion of the SCFA in macroscopice
variables are identical to those studied by Jaynes
and Cummings.? If we express Egs. (6.6) and (6.7)
in macroscopic variables we see the only variables
that appear in addition to E(t), M(¢), and W (¢) are
the second moments of the electromagnetic field,
(p*), (¢*), and (pq), which are also proportional to N.

Energy of the atoms

VII. DISCUSSION

We have shown that the problem of N two-level
atoms interacting through the electromagnetic field
in a lossless cavity requires the diagonalization of
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matrices of tremendous dimensionality even in the
lowest order of perturbation theory. If the initial
particle-field correlations are of order YNy or less,
we find the solution of the problem to order (yNy)?
is the SCFA plus higher terms. The SCFA consists
of five first-order differential equations. The equation
of motion for p correct to order (yNv)® is given by
eight first-order differential equations. The three
additional equations are required because of the
occurrence of the three second moments of the
electromagnetic field. The maximum nonlinearity
in the SCFA is quadratic, while the higher order
theory is cubic.

Both the SCFA and the present theory are in-
variant under time reversal; ie., no assumptions
are made that wipe out any dynamical information.
Our only assumption is that there is an initial lack
of correlation. In a future publication we will show
that some of the terms of order (yNv)* display an
irreversible behavior that corresponds to a fre-
quency-dependent damping correction to the SCFA.
This term might be larger than the small phenom-
enological damping constants that are frequently
introduced ad hoc to represent losses. This is why
we avoided introducing any damping constants and
used a lossless cavity. In addition, the SCFA is
bounded and perfectly meaningful in a lossless cavity.

We are now carrying out the Doppler broadening
case which corresponds to considering wavelengths
that are of the dimension of the cavity and smaller.
A generalized SCFA which includes the center-of-
mass motion is still valid.

APPENDIX

We now derive the equations of motion for (p®),
{¢*), and (pg) which appear in the second-order
equation of motion for p.

To find the equation of motion for {p*) we multiply
Eq. (3.10) by p® and take the trace over the reservoir
variable,

h(3/0t)(p*) + 3Q* tr, P°[R, ¢°] = 0. (A1)
The trace is
trp’[R, ¢"] = —tr, [°, ¢'IR
= —2tr, {pglp, ¢} + [p, dlep}
= 2k tr, (ng + gp)R. (A2)

When Eq. (A2) is substituted in Eq. (A1) we obtain
©/0t)p’) + @gp + pg) = 0. (A3)

We proceed in the same manner to find the equa-



1252 CHARLES

tion of motion for {(¢°) and we obtain
ih(3/91)(q") + § tr, ¢’[R, p’] = Nv(w) tr. ¢'lp, R,
H3/91(g") — ihgp + pg) = Nv{w) tr. ¢’lp, R,
which becomes
©/90{g") — (ap + pa) = 2Nv(uXg).  (A9)

In Sec. IV we need the equation of motion for
(pq) which can be obtained from {gp + pq) since

(gp + pg) = ih + 2qp).

We find the equation of motion for (pqg + pq) by
multiplying Eq. (3.10) by (pg + ¢p) and taking
the trace. The result is

(9/38)gp + pg) — 21" — Q%)

= 2Nv{uXp).  (A5)

R. WILLIS

Equations (A3), (A4), and (A5) constitute three
first-order, linear inhomogeneous equations for the
three second moments of the electromagnetic field,
(»*), {¢*), and (pg). In general, if we go to nth
order in yNy we find a set of first-order inhomo-
geneous linear equations for the nth moments. The
inhomogeneities depend on moments of lower order
than the nth.

It is important to note that even if all the second
moments are zero initially they will grow to nonzero
values because the inhomogeneous terms depend on
(p), (@), and {u).

The eigenfrequencies of the homogeneous equa-
tions for (¢*), (p*), and (pq) are 0, +2iQ. Since
these frequencies are prominent in the inhomo-
geneous terms, the second moments are strongly
coupled to the SCFA quantities (p), {¢), and {u).
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It is shown that for a wide class of nonlinear wave equations there exist no stable time-independent
solutions of finite energy. The possibility is considered whether elementary particles might be oscil-
lating solutions of some nonlinear wave equation, in which the wavefunction is periodic in the time

though the energy remains localized.

1. INTRODUCTION

N an attempt to find a model for extended elemen-

tary particles, as opposed to singular point
particles, Enz' has recently considered the non-
linear equation

V0 — (1/c)(9°0/8t%) = 1 sin 29,

which is derived from the variation principle

E) f [cl—z (—%—3)2 — (V) — sin’ o] drdt =0. (2

6(r, t) is a c-number wavefunction which is required
to be free of singularities for all r and ¢ In the
one-dimensional case (V* replaced by 9°/0z%) Enz
showed that (1) has time-independent solutions

ey

1 U. Enz, Phys. Rev. 131, 1392 (1963). We have taken
Enz’s constants K and A both equal to 1, which amounts to
a suitable choice of units of length and energy.

where the energy is localized about a point on the
z axis; if we further require that the solution be
stable with respect to small deformations then only
certain discrete energy values are permitted. In
addition these one-dimensional solutions possess
certain symmetry and topological properties which
Enz suggests might correspond in the three-dimen-
sional case to such discrete quantum numbers as
charge or parity.

These suggestive results of Enz for the one-dimen-~
sional case then lead us to consider the following
problem: Can (1) or some similar nonlinear equation
have stable, time-independent, localized solutions in
three dimensions? If such solutions exist then it
would be an attractive hypothesis that the allowed
energies correspond to the rest energies of elementary
particles.

The answer given to the above question by this
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;paper is no. The equation
V0 — (1/c°)(6°6/81") = $f'(6),

derived from the variation principle

5[[ ( ) - (V8)? — f(o)] drdt =0,

will be proved to have no stable, time-independent,
localized solutions for any f(6). In particular, Enz’s
equation (1) with f(§) = sin® 8 has no such solutions.
By “localized” solution we shall mean one where
f (V0)® d’ and [ f(8) d’r converge when the in-
tegrals are taken over all space.

3

@

2. PROOF

If 6 is a function of r only, we can replace (4)
by 8E = 0 with the energy E given by

E= [ (vor + o) d.

A necessary condition for the solution to be stable

is that the second-order variation §°E > 0. Suppose

0(r) is a localized solution of 6E = 0. Define 6,(r) =

6(\r) where A is an arbitrary constant, and write
= [ (V8 d’, I, = [ {(0) d°r.

Then

= [ (vey + fo dx

= I,/N + I,/

on changing the variable of integration from r to
Ar; whence

(dEx/d)\)x-l =—I - 312;
(dzE)\/dkz))‘-l = 211 + 12I2.

Since 6, is a solution of 6€ = 0 for A = 1, we must
have

(dEh/d)‘)x-l = 0, I, = _%‘Iu
(dzE)‘/d)\z))‘-l = "—'211 < 0.

That is, 8°E < 0 for a variation corresponding to
a uniform stretching of the ‘“particle.’”” Hence the
solution 4(r) is unstable, proving the theorem.

In the above proof no restriction was placed on
the sign of f(6). In Enz’s equation (1) we have
f(8 = sin® 8 > 0, which means that the energy
density has the desirable feature of being everywhere
positive. However it is interesting to note that if
f(6) > 0 then E = 0 has no nontrivial localized
solutions at all, either stable or unstable. For in
this case both 7, and I, are necessarily nonnegative
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so that I, + 3I, = 0 has only the trivial solution
I, = I, = 0, giving # = 0. (Our result here is not
applicable to the one-dimensional case where Enz
does obtain stable solutions. In one dimension we
obtain Ey, = A, 4+ I,/A yielding I, = I, on dif-
ferentiation, which gives no contradiction.)

We can easily extend the above proof to certain
cases where we have a complex, multicomponent
wavefunction y* rather than the real scalar func-
tion @; the superscript A denotes some tensor or
spinor index. For example we can carry through
the above proof for wave equations derived from
the variation principle

8 [ 1 cang ™00/ )04" 02"

— *, ¥l d'z = 0,

where ¢4 i an arbitrary positive definite Hermitian
matrix, and ¢** the usual metric tensor (4, « = 0, 1,
2, 3). If c4p is not definite, or if the coefficients of
(8¢ **/3z*)(8¢”/8z") are not of the simple product
form c,zg'*, then the condition for stability is no
longer 8°E > 0 and the proof fails.

3. DISCUSSION

We are thus faced with the disconcerting fact
that no equation of type (4) has any time-indepen-
dent solutions which could reasonably be interpreted
as elementary particles. Some possible ways out of
this difficulty are:

(a) We could take a Lagragian in which the
derivatives occur in higher powers than the second.
For example, with the form [(V6)* — (1/¢%)(36/3t)°]"
the nonexistence proof of Sec. 2 fails for n > 3.
Such a Lagrangian, however, leads to a very com-
plicated differential equation.

(b) We could consider first-order spinor equations,
such as

s v ov/ot + e ) ~ 0", W) di =0, 5)

where ¢ is a Dirac 4-component spinor and ¢! its
Hermitian conjugate, « is the usual Dirac matrix,
and f(y', ¢¥) is an arbitrary Lorentz-invariant func-
tion. With a first-order equation of this type, the
condition for stability is no longer 8°E > 0, but
is now very complicated, and the author has been
unable to prove or disprove the existence of stable
time-independent solutions of (5) for general func-

tions f(¥', ¥).
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(c) Quantization of the field equations by replac-
ing the wavefunction by an operator satisfying some
postulated commutation relations. Quantized equa-
tions of type (5) have been investigated extensively
by Heisenberg et al.’ who find particle-like solu-
tions.

(d) Elementary particles might correspond to
stable, localized solutions which are periodic in time,
rather than time-independent.

We shall confine ourselves here to a consideration
of Possibility (d), that elementary particles are
oscillating localized concentrations of energy. We
know experimentally® that a particle of momentum
p has an associated de Broglie* wavevector k = p/A;
relativistic invariance then suggests that a particle
of mass m at rest should have a de Broglie frequency
w = mc’/h. If elementary particles correspond to
stable periodic solutions of some nonlinear wave
equation, then we could possibly identify the fre-

2 H. P. Duerr, W. Heisenberg, H. Mitter, S. Schlieder,
and K. Yamazaki, Z. Naturforsch. 14, 441 (1959); W. Heisen-
berg, Proceedings of the 1960 Annual International Conference
on High-Energy Physics at Rochester (Interscience Publishers,
Inc., New York, 1960), p. 851.

3 C. Davisson and L. H. Germer, Phys. Rev. 30, 705 (1927).

4 L. de Broglie, Phil. Mag. 47, 446 (1926); Ann. Phys.
(Paris) 3, 22 (1925).

G. H. DERRICK

quency of this oscillation with the de Broglie
frequency.

A particularly simple form of periodic solution
is one where the structure rotates at a constant
angular velocity w about a fixed direction, say the
Z axis; i.e., the wavefunction is a function of z’,
y', 2, where

2" = x cos wt + ¥y sin wt,
Yy = —zsinwt + y cos wt,
2 =z

Then the variation principle (4) is equivalent to

s [ [(v'e)“’ - ‘;’—2 ILop® + f(a)] & =0, )

where
L = —i[z’(8/3y") — y'(3/8x")].

However the condition for stability of solutions
is now very complicated, and the author has been
unable to demonstrate either the existence or non-
existence of stable solutions of Eq. (6).
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The purpose of this note is to demonstrate the usefulness of the topological concept of the tree sets
introduced into any Feynman graph. We demonstrate here a relationship between certain functions
appearing in two different forms of parametrized Feynman amplitudes by using the properties of the
tree sets and some purely determinantal manipulations. As another exposition, we also present an
alternative proof of a theorem due to Nakanishi by using only the concept of tree sets with almost no
algebraic manipulation involved; the proof in this case is seen to be particularly simple and lucid.

I. INTRODUCTION

Y considering an arbitrary Feynman graph con-
sisting of some external lines, internal lines,
and the vertices, one can write down the corre-
sponding Feynman amplitude in the form of a
multiple integral with respect to the basic mo-
menta. That the integral is, in fact, independent
of the particular choice of the basic momenta is
well known. These sets of possible basic momenta
correspond to topological choices of different sets
of independent loops (or closed paths) each con-
ducting a circular flow of momentum. The integral,
for mathematical convenience, is usually parame-
trized by the well-known Feynman formula of inte-
gration; the parametrized form is very useful, par-
ticularly for the study of analyticity properties of
Feynman amplitudes. The functions that appear
in the integral, as a consequence of parametrization,
have some interesting topological properties. This
is, of course, what one should expect since a Feyn-
man graph determines uniquely a Feynman inte-
gral, and such a one-one correspondence would
naturally appear in the algebraic forms even after
some integral transformations. If the integral trans-
formation is an appropriate one—Feynman parame-
trization certainly is—then the topological properties
may appear in a very transparent manner in the
functions involved in the expression. Thus, in hand}-
ing a Feynman amplitude, and especially in the
parametrized form, one should be able to take ad-
vantage of the topological properties imbedded in
the graph. This does not mean that the topological
concepts are, in general, more concise or transparent
than the ordinary algebraic manipulations or trans-
* Research supported by ONR wunder the grant No.
R167703.

t Present address: Department of Physics, University of
Wisconsin at Milwaukee, Milwaukee, Wisconsin.

formations. However, a proper, combined use of
these techniques is sometimes very profitable.
Among the topological properties of Feynman
graphs, the concept of tree sets, which are to be de-
fined is a very useful one. The purpose of this paper
is to show how the topological properties of the
tree sets can be used to establish relationships be-
tween functions of the differently parametrized
Feynman amplitudes; we note that although, in
the past, the free sets have sometime been used to
write down certain functions in the parametrized
Feynman amplitude' the topological properties of
tree sets have never been explicitly used as a tool
to establish or to show any relationships between
different functions. In this note, the terminologies
used follow closely those of Nakanishi,® though our
notations are somewhat different from his.

II. SOME DEFINITIONS FOR FEYNMAN GRAPHS

A Feynman graph is by topological definition an
ortented linear graph. For any given oriented linear

graph, T, an incidence matriz®* ¢, was introduced
by Poincare as follows:

€. = 0, if the internal line j does not initiate
or terminate at the vertex n,
¢;» = 1, if the internal line j initiates from the
vertex n,
and
¢;» = —1, if the internal line j terminates at the

vertex n.

A one-one correspondence therefore exists be-

1 K. Symansik, Progr. Theoret. Phys. (Kyoto) 20, 690

(1958); we note here that ‘“tree’” was called “skeleton’ by
Symanzik.

2Y. Nambu, Nuovo Cimento 6, 1064 (1957).

3 A. Logunov, I. T. Todorov, and N. A. Chernikov, Zh.
Eksperim. 1 Teor. Fiz. 42, 1285 (1962) [English transl.: Soviet
Phys.—JETP 15, 891 (1962)].

+1. T. Todorov, Doctoral Dissertation, Joint Institute
of Nuclear Research Report P-1205, Dubna, 1963.
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tween the incidence matrix € and the given graph T.
In dealing with a Feynman graph, a set of basic
momenta {k;} is introduced®; each basic momentum
flows along a closed path (or loop) due to conserva-
tion. The set {k;} will be referred to hereafter as
the base set. Now, if we denote the jth internal mo-
mentum (i.e.,, the momentum of the jth internal
line) by ¢; and the set of external momenta by {p,}
then we can write ¢; as a linear combination of
{k:} and {p, }

Zeilkl + anp. = K +P”

i=1

or simply, in a compact notation,
a = gl_‘; + XI-;’

where
tn2 = 0, if the line j does not belong to the
loop ! along which a k; flows,
$2 = 1, if the line j belongs to and is parallel
to the loop I,
and

= —1, if line j belongs to and is antiparallel

to the loop [,

while \;; can take any arbitrary value provided
momentum conservation at every vertex is satisfied
(thus X is not unique). It is clear that, unlike &,
the matrix ¢ introduced here is not uniquely defined
for a given T, since the choice of the base set {k;}
is not unique while the incidence matrix 8 is base-
independent. However, once {k;} is chosen, then ¢
is uniquely fixed. The different choices of a base
set {k;} correspond to the possible ways of putting
(two sets differed only by a permutation are con-
sidered as equivalent):

{kly ;kL} = {qvn to :qu}: (1)
where {7, ---, »,} is a subset of {1, ---, J} when
topologically allowed and L is the total number of
independent loops in a given graph I'. Conservation
of momenta imposes the following condition:

=J—-N+1,
where J is the total number of internal lines and
N the total number of vertices involved in the
graph.
The tree set, T, is now defined as the complement
of the corresponding base sef. That is,

Tr = c{kl}r,
where the presubscript ¢ is the usual notation for
the complement of a set. »v denotes the particular
choice of a base set.

8 N. Nakanishi, Suppl. Progr. Theoret. Phys. (Kyoto),
No. 18, 1 (1961).
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III. THE PARAMETRIZED FEYNMAN AMPLITUDES

There are different parametrized forms of Feyn-
man amplitudes due to different ways of parametriza-
tion. We shall first consider the form used by
Logunov et al.* and Todorov® (originally derived
by Nambu and Symanzik''? )but written here in
a different notation:

F=cC f f (1 — &) _
i= h*(@)(@(a, p) + 017" ]
@)

where C is a constant and {;} is the set of Feynman
parameters, and

-t

The function k() is defined by

J
IT %.

-1 &

Vj:a,- 20-

hea) = det ﬁ,
with
hu ‘ hl.N—l
hao
B = .
hN—l.l hN-'l.N—-l
and
J
= E a;leinein'- (3)
i=1
The function Q is defined by
- —Fam-107,
=1 p E
where
p=1{p, ", Pr-}.

That the definition (3) used by Logunov et al.*
is precisely the one given by Symanzik' can be seen
easily as follows:

Let 8, be the set of all the internal lines attached
to the vertex n, thus for n & »n’ we have

j € 8, M 8, implies €€ =0 4)
and

j E Sn m 8»’ (5)

since if j is an incoming line with respect to n, then
j must be an outgoing line with respect to »’, and
vice versa. Therefore, (3) becomes simply

implies € €ar = —1,

Baw = — 2, ai', n #n’' 6)

FESaMN8n’
and

Bon = o, @
FESa

which is the form used by Symanzik.
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However, a more popular form of the parametrized
Feynman integral is the one derived first by Chis-
holm.® In the form used by Nakanishi, we have

F=Cf:"'fol’11da (1 — &)

i W’ )]
with

U= V%; Haru (9)

i=1

where {»} = {», - - -, .} has the meaning of choos-
ing the set {q,., ¢,., - * , ¢,.} as the basic momenta
(or simply the base). The summation in (9) runs
over all the possible choices of the basic momenta
for a given Feynman graph. The V function may
be expressed in several different ways,®>”’ however,
since it is not of our present concern we give only
the one due to Nakanishi:

J J 2
V= Z O‘im? - Z [Uce(z aieiePi> ],
§m1 Veer i=1

where @ denotes an arbitrary, closed loop not neces-
sary belonging to a single basic momentum. The
U.e denotes the U-function, as defined by (9), for
the graph with @ reduced (i.e., a; = 0 for Vj € @).

IV. THE DERIVATION

Originally, (2) was derived by Symanzik by means
of Fourier transformation, while (8) was obtained
by integrating out the basic momentum variables
of the parametrized Feynman integral. They have
been shown to be equivalent, e.g., by Nakanishi.”
Here we attempt to show that such an equivalence
can be also demonstrated by using the topological
concept of iree sets. In the following proof only some
determinantal manipulations are used together with
the properties of tree sets:

Proposition:

J
U=h]]e

i=1

(10)

Proof: Let us label the set of internal lines of the
graph T by

{Vi} = {v1, 0L, Voer, oo v}
such that the subset {»} = {#, ---, v.} is a base
and therefore the subset {v;} = {vp.1, -+, vs}

is a tree (with respect to this base).
From (9), we have immediately,

L
II ay,
1=1

7
TG

H Ay

i=1

¢ R. Chisholm, Proc. Cambridge Phil. Soc. 48, 300 (1952).
(19;}\} Nakanishi, Progr. Theoret. Phys. (Kyoto), 26, 337

U(fI a,-)—l -

i=1
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J
= 2 I e
Vi{ri}ET i=L+1
But, J/ — L = N — 1, thus one obtains:
J -1 N-1
U(Ha,-) = 2 I« an
i=1 all trees n=1

On the other hand, determinant theory gives:

N-1
h=deth = > &y II 2yums
V7 a1

where {y} = {vi, -, vy} = P{1, -+, N — 1},

P = Permutation, &,, = (—)""’, where P is the

number of transpositions involved in P,
Substituting (2) into (12) gives:

N-1 J
vg) 8in1 II 20 o eipatin

nm=]l j=l

N-1
= 2 8 2 I aienyabuum

Yir} Yip) n=1

(12)

h

(13)

where {u} = {m, -+, uy1} withp, =1, --. | J.
We note that, in principle, any kind of repetition
of elements is allowed for {u}, e.g., one might have

{I"} = {4’; 10, 6, 3, 6, 3, 3}

for J/ = 11 and N = 8, say. However, it will be
shown that there is actually no repetition of ele-
ments in {u}.

Let us rewrite (13) into the form,

N-1 N—-1 N-1
pe S (M) T 2 (e T o)
Viu) n=1 n=1 Yiy} n=1
= Z ﬁ(ul; (14)
Vin)
therefore we conclude:
ﬁm{;&o, if Vn:ip, € S, (15)
=0, if 3Jn:p, & 8,

This means that the part of the graph I' which has
a nonzero contribution to h is the totality of trees
provided if we can show that there is no repetition
of elements in {x} and further that & is independent
of our choice of the N — 1 vertices. First, since the
product:

N-1
I]:eﬂn
n=1
implies topologically a pairing of
p for n =1,
p for n =2,

for n =N —1,

HN—1
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any repetition of elements in {u} is impossible.
Because, if there is a repetition, say,

Hnr = fne’,

then in the summation

N—1
Z (glvl I_Il eun-yn)

Viv}
there are two terms:
N-1
H €pnyn’’
oyl

1

N-1
Eivn H €unyn’ and Sy
n=1
which cancel each other exactly because

'} = Pum v},

where P,.,.. is the transposition operator for vertices
»n’ and n'’. Further, repetitions more than twice are
definitely impossible since an internal line is at-
tached to two vertices only. This proves that there
is no repetition of elements in {u}.

Rewrite (14):

N-1 N-1
ZI: A a;ul Z (Sl'ﬂ I=Il euneun'y»):l-

Vinl Vir)
By introducing a matrix

h = (16)

€u11€u1 €ui1€py2 "7 €4,1€4, N1
o _ €u22€u,1 €ua2€uz " 7T
Tluy =
€uN— 1 N—1€uy 11 €uy— N—1€un - N-1
)]
his Ry x—s
h =
hN—l.l hN—l N~-1
!
h1 By vt { 0
1 0
I
= . -
. -
. -
i
hN—l 1 hN—l N-1 1' 0
e e - -
1 s 1 01
hiy + 8 hiz
ha hay + 6
=L lim :
N 50 *
hy-11
1 1

- : 5

|

|

|
L
: s
Py—yw—r+ 818
—_—— e e 5 — —
1 | N

CHOW

we have from (16)

N-1

h = Z <H a;:)-(det T
Yig} ‘a=1

Since (15) shows already that only “iree sets”

give nonzero contributions to det 7,,, thus by con-

sidering now only the ‘“tree” graphs, we have

H (eunn)z =1

N-1
n=1

for the diagonal product of (17) while the off-
diagonal products are all zero since we are dealing
with only tree sets. This leads to

det 7., = 1, for a treeset, {u}.
Therefore, for each different tree set we have a dif-
ferent set of elements involved, yet (18) will hold

just the same. Thus, we have

N-1
> Ile
a‘l‘n’
Y tree, n=1
(k}€T

(18)

h = 19)

then (11) and (19) lead directly to the proposition.

However, we note here that since the produect
sign in (19) runs from » = 1 to N — 1 only, the
proof is not quite complete without showing A is,
indeed, independent of the choice of the N — 1
vertices out of the total N vertices in the graph.
This can be shown® as follows:
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| N
h11 + 8 h12 hl.N—l 1: - Z hli
i=1
|
h21 h22 + 6 E
1. : |
=y lim L
By-1.1 byt + 8 — D By
i=1
__________________________
1 1 1 | 1
hll + 6 hlz th
1 h2l h22 + 6 hZN
R :
hN_1 1 hN—l,N
1 1 1
hll + 6 h12 th
1 1 h2l h22 + 6
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where in the last three steps we have used the
properties:

N N
v’l::Zh.',' =0 and Zh,’" =0.
i=1 i=1
Therefore, the function A(a) is seen to be independent
of the choice of the N — 1 vertices involved in (19).
This completes the proof. Q.E.D.

V. AN ALTERNATIVE PROOF OF A THEOREM
OF NAKANISHI®

As another example of exposition of the tree sets,
we present here an alternative proof of a theorem
due to Nakanishi (the notation used below is the
same as that of Ref. 3, except we use @ to denote
a path).

Proposition: For three arbitrary external lines A4,
B, C, in a Feynman graph T, the following re-
lation holds:

A4ac) (BC)
249 + 9

- "7(“3) = 2 ; nc((Pk(nAnB)) (20)

[and two other equations obtained by cyclic permu-
tation of the indices of (20)], where n, and ny are the
vertices of the external lines A and B, respectively.
The 5 functions are defined by

n(AB) = W(AB)/U,

where W is the U-function of the modified graph
obtained from I' by identifying the two external
vertices n, and np of T, but leaving other things
unchanged.

Proof: To make the proof more transparent, we
introduce here a notation | to denote the operation
“to shrink ...” which means to reduce a line to a
point (or more generally, to delefe a set of lines and
identify their end vertices, respectively). Thus, the
right-hand side of (20) can be written as

2

V posaible k&

2

1°(| Celnans)). @n

Further, by definition, we have
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Wum(l (pk(nsnc» = WA(l« (Pk(anC'»
= [W(AB)]G’E("EHO)"¢)

which is very convenient for the following purpose.
Now, in terms of iree graphs (i.e., subgraphs of T
that correspond to the different tree sets) we will
show that the function W'“® can be written as

W(AB) = ; [W(AB)]G’b(ang)-n#

SaD Y] Ui PRE

(22)

(23)

The proof proceeds as follows. Since W'4® is
just the U function® of I'(n, = n;) obtained from
T' by merely identifying the two external vertices
na and ny, W*? contains a term formed by the
product of all the elements of a tree obtained from
I'(ny = n3z). The summation over all the tree sets
yields precisely the function W 4%,

For a given tree (any tree), T, there are two pos-
sibilities:
either

() @u(nsne) N T # ¢, (c: complement)
or
(i) (pk(ns'nc) CT,

In Case (i), the contribution to W'4® is zero. In
Case (ii), the condition ®(nzn¢) = ¢ does not
effect the terms contributed to W*“® . Further, here,
a ‘‘tree’’guarantees

Aemme) CT

because we are presently dealing with ®,(nzn¢) and
I'(ny = mnz). Thus,

[T: a tree of T'(n, = nz)].

J®(nmc) = 3 aclosed path inside T (24)

CHOW

which obviously contradicts the definition of a tree.
Similarly, we have

3 (P(nAnc) C T = (P(anc) C T.

This means the two summations on the right-hand
side of (23) give exactly W'*® provided we can
establish

VI = 30nsme) CT or 3@mme) CT. (25)

But (25) is a self-evident property of a tree set,
thus Q.E.D.
Finally, rewrite (23) into the form:

242 = L Gutosno)) + X 7°(L Bulrinc)
(26)

and two other similar equations (obtained by cyeclic
permutation of the indices). That (26) leads directly
to (20) is obvious. Q.ED.

Note added in proof: Using Eq. (23) one can
immediately obtain the following interesting the-
orem;

Vo, #n, U = D U(] ®ulnmy),

which will be discussed with some other theorems
in a preprint jointly with Dr. D. J. Kleitman.
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As for any multichannel scattering problem, variational techniques can be utilized in the determi-
nation of the elements of the scattering matrix or of the equivalent network elements for a gyromag-
netic obstacle in a waveguide. As always, however, it can be quite difficult to interpret numerical
results which in general are neither upper nor lower bounds. A variational bound originally developed
for the determination of the phase shift for a given angular momentum in a quantum mechanical
central potential scattering problem is here adapted to the solution of a transversally magnetized,
lossless ferrite slab in a rectangular waveguide propagating only one mode, the TE;, mode. With a
simple trial function and with the aid of a comparison scattering problem which need not be tensor
in character (8o that the determination of upper and lower bounds is not really difficult), close bounds
are obtained on cot #. and cot 5o, the cotangent of the real uncoupled phase shifts associated with the
even and odd standing waves, respectively., The bounds obtained on cot 5. and cot 7, determine
bounds on the equivalent = network. A second variational bound, which ean be simpler to apply and
which can be applied to a wider class of problems, is also developed. This too is an adaption of a
formalism originally introduced in quantum mechanical scattering problems, and depends upon a
consideration of the spectrum of the fundamental operator of the theory, the Hamiltonian in the
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quantum mechanical case and an analogue thereof in the electromagnetic case.

1. INTRODUCTION

ARIATIONAL techniques for scattering prob-
lems were first developed by Schwinger® in con-
nection with the scattering of electromagnetic waves
by isotropic obstacles in waveguides. These tech-
niques have subsequently been extended in a variety
of ways; they have been applied in other fields of
physies, and in particular to quantum mechanical
scattering problems, and the domain of waveguide
problems to which the variational approach is ap-
plicable has been broadened. With regard to wave-
guide problems, the extensions include the develop-
ment by Hauser’ of a variational expression for the
elements of the scattering matrix for lossy aniso-
tropic obstacles characterized by non-Hermitian
electric permittivity and magnetic permeability
tensors. Independently, Nikolskii® found extreme
* Present address: Fundamental Methods Associates, Inc.,

31 Union Square West, New York, N. Y.

t National Science Foundation Senior Post-Doctoral Fel-
low; permanent address, New York University.

1 Jointly supported by the Geophysics Research Direc-
torate of the Air Force Cambridge Research Center, Air
Research and Development Command, under Contract No.
AF 19 (604) 4555, Project No. 7635, Task No. 76361, and
the Office of Ordnance Research under Contract No. DA-
30-69-ORD-2581, Project No. 2360, and the Office of Naval
Research and the Advanced Research Projects Agency under
Contract Nonr-285 (49), NR 012-109.

1D. S. Saxon, “Notes on Lectures by J. Schwinger: Dis-
continuities in Waveguides,” 1945 (unpublished).

2 W. Hauser, Mech. Appl. Math. 9, 427 (1958).

#V. V. Nikolskii, Radio Engineering and Electronics
(USSR) 3, 146 (1958).

functionals for the determination of the reflection
and transmission coefficients for a nonabsorptive
anisotropic medium. There has also been a develop-
ment of variational bounds as opposed to simply
variational principles. Variational bounds for scat-
tering parameters, as for eigenvalue problems (where
they have long been known), give errors which are
not only of second order but are of known sign. We
will consider two variational bounds.

The first is that due to Kato,* who developed it
in a form useful in the partial wave analysis of
quantum mechanical potential scattering problems,
a variational bound being obtained on cot (3 — 6),
where 7 is the phase shift for the angular momentum
under consideration and 6 is a parameter chosen for
convenience. This approach has been extended and
applied®'® to the scattering of electromagnetic waves
by isotropic lossless obstacles in a lossless waveguide
for the case for which only one mode propagates
and for which the obstacle is described by a scalar
permittivity e.e(z, y, 2) and a free-space permeability
po. The case® in which the obstacle is symmetric
with respect to a plane perpendicular to the axis
of the waveguide can be reduced to two one-channel
processes, but the unsymmetric case’® is a true two-
channel process which can not be so reduced.

+ T. Kato, Progr. Theoret. Phys. (Kyoto) 6, 394 (1951).

8 L. Spruch and R. Bartram, J. Appl. Phys. 31, 905 (1960);
R. Bartram and L. Spruch, zbid. 31, 913 (1960).

¢ R. Bartram and L. Spruch, J. Math. Phys. 3, 287 (1962).

1261



1262 K. KALIKSTEIN

The XKato formalism is limited to relatively
simple scattering problems because it requires that
there be some solvable problems of a difficulty
roughly comparable with that of the original prob-
lem, though the solvable problems can sometimes
be single-channel problems even when the original
problem is multichannel.” A second disadvantage is
that one must calculate matrix elements of the
square of the basic operator, which for quantum
mechanical problems is the Hamiltonian. To dis-
tinguish this formalism from the second variational
bound, it will therefore be referred to as the quad-
ratic variational bound. The advantage of the
quadratic formalism is that, where applicable, it
can provide both bounds on the scattering param-
eters under consideration.

We will show that the scattering of electromag-
netic waves by a transversally magnetized lossless
ferrite obstacle that is not too thick and that is
located in a lossless rectangular waveguide propa-
gating only the fundamental mode, and is symmetric
about a plane perpendicular to the direction of
propagation, and is also symmetric about a plane
containing the axis of symmetry and the transverse
dc magnetic field (a magnetically symmetric con-
figuration with the scattering independent of the
direction of propagation) is a problem sufficiently
simple for the quadratic formalism to be very use-
fully applied. The adjective ‘“useful” seems ap-
propriate for the problem under consideration since,
with specific and reasonable parameters, the upper
and lower bounds obtained on the elements of the
r network differ from one another by only a few
percent; whether or not the adjective “simple” is
appropriate, other than to indicate that the quad-
ratic formalism can in fact be used to obtain rather
accurate results, is largely a matter of taste, but
we note that the waveguide problem corresponds
to the one-dimensional quantum mechanical scat-
tering of a particle by a second particle bound to a
center of force, where the potential interaction is
a 3 X 3 matrix and the wavefunction has 3 com-
ponents.

There is also available a variational bound formu-
lation”™*° which can be very much simpler to apply
than the Kato formulation, especially at zero energy;

7 L. Spruch and L. Rosenberg, Phys. Rev. 116, 1034 (1959);
117, 1095 (1960).

8 L. Rosenberg, L. Spruch, and T. F. O’Malley, Phys.
Rev. 118, 184 (1960). )

9 L. Spruch, in Lectures in Theoretical Physics, Boulder,
1961, edited by W. E. Brittin and B. W. Downs (Interscience
Publishers, Inc., New York, 1962), Vol. 4.

1Y, Hahn, T. F. O’Malley, and L. Spruch, Phys. Rev.
128, 932 (1962); 130, 381 (1963).
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the simplicity originates in part from the fact that
the basic operator appears only linearly. This
formalism was developed within the context of
quantum mechanics and is applicable to a very
much wider class of problems, including scattering
by a compound system, largely because there need
not be any related solvable problems. The relative
disadvantage of this second (linear) variational
bound, which will sometimes be referred to simply
as the variational bound, is that one can obtain
only one bound on the scattering parameter (or
parameters) of interest. At zero incident energy,
this second variational bound formulation super-
sedes the original variational principles.

The fact that the variational bound is applicable
to quantum mechanical scattering by systems with
internal degrees of freedoms suggests that it may
also be applicable to waveguide problems, for the
essence of the method lies in the possibility of de-
composing the scattering problem, by a partial wave
analysis for example, into scattering problems for
which the scattering is completely characterized by
a finite number of parameters; the quantum me-
chanical aspect of the problem is not the significant
feature. In the quantum mechanical case the for-
mulation is particularly simple at zero incident
kinetic energy, that is, for & = 0, where k is the
incident wave number. To simplify the discussion
we will therefore limit our formal analysis of the
waveguide problem to & = 0, where %k is here the
incident wavenumber along the axis of propagation.
It is a relatively straightforward matter having
established the connection at £ = 0 to establish
the connection for & # 0, even for k sufficiently
large such that more than one mode propagates.

We will begin with a few comments on the ferrite
problem. We will then develop the quadratic vari-
ational bound in a form applicable to this problem,
and apply it to the case of a uniform ferrite slab.
We then present the variational bound formalism
for k = 0. Finally, we briefly discuss the limitations
of the two variational bound formulations.

2. FERRITE PROPERTIES AND BOUNDARY-
VALUE PROBLEMS

Before proceeding, it will be helpful to outline
the properties of ferrites and the difficulties en-
countered in the solution of boundary-value prob-
lems in which ferrite media are involved. Neglecting
damping, a ferrite region magnetized and saturated
by a dc magnetic field, Hy,, in the y direction, and
subjected to rf fields, H, will contain rf flux densi-
ties, B, given by
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B = uouH, (1)
where
M 0 - zkl ,«5’;{”‘ _go
p= 10 1 o |, (1b) ‘ot =
ik, 0
and where

MHoM1 = Mo + l’)’l Mwo/(wi — wz),
ly| Mw/(wq — w’).

uo is the permeability of free space, vy the gyro-
magnetic ratio of the electron, M the saturation
moment, « the operating circular frequency, and
wo = YHg4.. The tensor form of the equations indi-
cates that an rf H field applied along the x or the z
axis will give rise to rf components of B along both
the z and z axes.

The solution of boundary-value problems in which
ferrite media are involved is a difficult task. In the
case of the rectangular waveguide completely filled
with ferrite where the magnetizing field Hgy, is
perpendicular (pointing in the y direction) to the
broad face of the waveguide and transverse to the
direction of propagation, z (see Fig. 1), the modes
which are independent of y have only an electric
field, E, component in the y direction and H com-
ponents transverse to E."" These modes are the same
as if the waveguide were filled with an isotropic,
homogenous medium of permeability uo (u? — 7)/u1,
insofar as E and B are concerned. The components
of H in terms of B, obtained from Eqgs. (1), are

H, = (uB. + i:B.)[uolus — kDI,
H, = (—ikB, + mB.)[mo(ui — kD17

As a consequence of the distortion of the H field in
the ferrite medium if & normal waveguide mode is
incident on a semi-infinite ferrite filled section of
waveguide, an infinite number of modes must be
excited in order to satisfy the boundary conditions
on the incident, reflected, and transmitted waves,

E, (inc) + E (ref) = E (trans)
H.(inc) + H,(ref) = H (trans),

at the air—ferrite interface. The representation in
terms of a superposition of all possible TE,, modes
leads to an infinite number of equations of slow
convergence. (For a finite section, the fields will
consist of forward and backward waves in the slab.)

ﬂokl =

1 A, A, Th. Van Trier, Appl. Sci. Res. 3B, 305 (1953).

N

Ep—

Fia. 1. Magnetized ferrite filled section of waveguide.

The computation of the reflection and transmission
coefficients therefore meets with great difficulties.’
Sharpe and Heim' have found an approximate
solution for the semi-infinite problem in the case
where no higher modes than the first propagate
in the ferrite. The solution for the electric field is
expressed in terms of a Neumann series obtained
by iteration of a singular integral equation which
satisfies the boundary conditions at the interface.

It has been shown'* that the scattering matrix
of microwave junctions containing ferrites satisfy
the same requirements as that of junctions contain-
ing ordinary scalar media except that the ferrite
scattering matrix is in general nonreciprocal. For
scalar media, the scattering matrix is symmetric,
Sum = Sn.. For ferrite media, the asymmetry of
the permeability tensor describing the medium in-
duces a nonsymmetric scattering matrix, S,.. ¥ Sun,
for an asymmetric distribution of obstacles. A dis-
tribution is considered asymmetrical even in the
case where there is geometrical symmetry, if the
geometrically similar portions are oppositely mag-
netized. If the ferrite is symmetrically distributed,
the relationship between incident and transmitted
fields is independent of the direction of propagation.
For an N channel waveguide containing lossless
anisotropic material, since the scattering matrix is
unitary and in general nonsymmetrie, the asymp-~
totic scattering effects can be described by N? real
independent quantities. If we restrict ourselves to
the two-channel symmetric case, that is, to a uni-
form waveguide propagating a single mode with
obstacles symmetric with respect to a plane perpen-
dicular to the direction of propagation and sym-
metric with respect to the de magnetic field, the
" 2 P.S. Epstein, Rev. Mod. Phys. 28, 3 (1956).

18 C. B. Sharpe and D. S. Heim, IRE Trans. Microwave

Theory Tech. 6, 42 (1958).
14 G. S. Heller, Proc. IRE, 44, 1386 (1956).
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number of independent variables is reduced from
four to two. Then as in the isotropic case, the
solution can be represented in terms of even and
odd standing waves, each characterized by one real
number, the phase shift 4. (Subscripts e and o will
be used to denote quantities associated with the
even and odd solutions, respectively, but will be
omitted wherever the formalism is the same for
both solutions.)

3. THE BASIC IDENTITY

Limiting ourselves to the ferrite system mentioned
in the Introduction, which we can state more
formally as the conditions that u(z, 2) = u(z, —2)
and u(r, 2) = wla — =z, z) (ais the wide dimension
of the waveguide), with similar conditions on e(z, 2),
we will derive our basic relations in terms of the
magnetic field intensity, H(r), which has two non-
vanishing components, H, and H,. It might seem
preferable to use the electric-field formulation, since
E(r) has only one nonvanishing component, E,, but
unfortunately, because of the presence of the tensor
permeability, the boundary conditions at the air-
ferrite interface cannot then be satisfied with a trial
function consisting of a finite number of modes.

Assuming a time dependence exp (—iwt), Max-
well’s equations are

V xH = —iweeE,
V xE = twuuH,
V-B =0, V:D =0,

where the relative permittivity e is a scalar and the
relative permeability u is a Hermitian tensor in the
ferrite, given by Eq. (1b), and ¢ = 1l and p = 1,
the three by three unit matrix, in the rest of the
waveguide medium. It follows from Maxwell’s equa-
tions that

£H = (—V x¢'V x +ue’/cH)H = 0.
Equation (2) can be rewritten as

£H = (/¢ — 30)H = (/¢ = T — V)H = 0,

@)

(32)
where
T =-V? (3b)
V=-W=VV:+{1/e— 1)V xV
x+ [V(1/d]xV x + (1 — pl’/c*.  (3c)

With 3¢, o’/c’, T, and V symbolically identified
with the Hamiltonian and with the total, the
kinetic, and the potential energy, respectively, we
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have a (purely formal) connection with the Schro-
dinger equation. This purely formal connection—
the various quantities do not even have the di-
mensions of energy—simplifies the adaptation of
the quantum mechanical variational bounds to the
waveguide case.

Ag it must, V vanishes asymptotically since ¢ and
approach 1 asymptotically and since the fields on
which V operates become divergenceless. The fact
that V is nonlocal and « dependent, which corre-
sponds quantum mechanically to an energy de-
pendent nonlocal potential, will cause no difficulty
whatever. In fact, we will never need to use the
explicit form (3¢), but we note for later reference
with regard to a monotonicity theorem that V has
a quite simple ¢ dependence.

For a TE,, mode in a hollow rectangular wave-
guide, the components of the magnetic intensity
are represented by the following relations for
propagation in the -4z direction,

H. = sin (rz/a) exp [—i(wt — k2)],
H, = (r/ak) cos (rz/a) exp [—t(wt — kz — in)],
where

k= [(w/e)’ — (x/ay].

Thus, for the space-dependent parts of H, the even
and odd standing wave solutions have the asymp-
totic forms for z — o,

H, — a, sin (zz/a){—sin (kz + 6)
+ cot (n, — 6) cos (kz + 6)]
+ a,(r/ak) cos (rz/a)[—sin (kz + 6 + }x)
+ cot (7, — 6) cos (kz + 6 + 3m)],

H, — a_ sin (zz/a)[cos (kz + 6)
~+ cot (9, — 6) sin (kz + 6)]
+ a,(r/ak) cos (xz/a)[cos (kz + 6 + }n)
+ cot (no — 6) sin (kz + 6 + )],

where 0 < § < = (8 is an arbitrary parameter)
and a, and a, are unit vectors in the z and z di-
rection, respectively.

Consider H,., for example; we want H,, —
N sin (xz/a) cos (kz + 7,), where N is an arbitrary
normalization factor. The choice N = [sin (7, — 6)]*
gives the asymptotic form of H,, of Eq. (4).

We now introduce a trial magnetic field H, which
is required to behave asymptotically in a fashion
defined by Eq. (4), but with 5, and 5, replaced
by 7., and by %,,, respectively. Consider for the

@)
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moment the case for which p and e are continuous

functions. We then require that H, be continuous

and that it have a finite first derivative and an inte-

grable second derivative. The further conditions to

be imposed upon H, will be arrived at below.
Consider the quantity

[ tE*-cH, — B,-(eH) dr,

with the star representing the Hermitian adjoint.
We can on the one hand substitute for £ explicitly;
the terms involving u vanish since u* = u. We can
on the other hand, by Eq. (2), drop the £H term.
We thereby arrive at

H*gH,dr = — | [H*-V x(¢'V xH,)
/ /

— H,-V x('V xH*)] dr, (5a)

where the range of integration is over the interior
of the waveguide. The right-hand side can be
transformed to give

fH*."BH‘ dr = f H* x(e'V xH,)

— H, x(¢'V xH*)]-dS. (5b)

Imposing the requirement on H, that (V xH,) 440, =0
on conducting surfaces, the surface integral vanishes
on the conducting surfaces, and the contribution
from the asymptotic region is twice the contribution
from either asymptotic face. Thus, we have

f H*.oH, dr = 2k[1 + (r/ak)"](3ab)[cot (1, — 6)
— cot (n — 6)], (6)

where b is the narrow dimension of the waveguide.
In order to conform to our previous notation, let

Uy = (2/ab)*H, Uy = (2/ab)th,

Since

Wy = Uy — Uy,

Lwy = eeu“,
Eq. (6) can now be written

k{14 (x/ak)?] cot (n — 6) = k[1 + (x/ak)*] cot (n, — 6)
—_ %fu;;*,,'eeu“ dr + % fw";-,ewa dr. (7)

Consider now the more realistic case of a discrete
ferrite obstacle, so that ¢ and u are not continuous.
The volume integral in Eq. (5a) must now be split
into a volume integral over the interior of the
obstacle and a second volume integral over the
remainder of the interior of the waveguide. The
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surface integral of Eq. (5b) now includes not only
integrals of the conducting surfaces and of the end
surface, but two integrals over the surface of the
obstacle, with oppositely directed surface elements
dS. Since the tangential components of H* and of
(1/€)(V xH*) (equal to tweE*) are continuous,
these latter two surface integrals cancel if the
tangential components of H, and of ¢ 'V xH, are
continuous at the ferrite-air interface, and we arrive
again at Eqgs. (6) and (7). The significant point is
that the continuity conditions on H, can be relaxed
at the interface with regard to the requirement on
the normal component of yH, and of V xH,.

The first two terms on the right-hand side of the
basic identity [Eq. (7)] constitute a variational ap-
proximation for cot (n — 6); the third term is the
error term and is of the order of the square of the
error in the trial function. Equation (7) is the
starting point for the development of both wvari-
ational bounds. We consider the Kato formulation
first.

4. THE *““QUADRATIC” VARIATIONAL BOUND

A. The Formalism

Kato’s method for obtaining rigorous bounds on
the error term can with some modification be applied
to the ferrite case. We obtain upper and lower
bounds on the error term | w%:£w, dr, namely,

—a! f (Lug)*- (ep ' Luyy) dr < fw’g.gwa dr
<6 [ (ew)roem dr. @

ay is the smallest positive eigenvalue and B, the
smallest (in absolute value) negative eigenvalue of
the associated eigenvalue problem

LU(0) + e pOLI) = —V x'V x4,
+ ¢ l@/e)ue + oupld = 0. (9)

The matrix weight function p(r) is positive-definite,
an even function of 2z, magnetically symmetrie,
and lossless. The eigenfunctions 1, have the asymp-
totic phase

5(o,) = 6 + nm, n=0,%l,-.-.-, (10)

corresponding to the eigenvalues o,. (The question
of the completeness of the ¢, set of functions is
discussed in Ref. 5. The conclusions reached there
apply also to our case.) If | (Lup,)*- (e Luy,) dr
is small, rough lower bounds on «, and B, will
provide close bounds on the phase shift.
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From Egs. (7) and (8), we obtain

— o7 f (St )* - (ep™"L11p0) dr
< K1 + (n/ak)*] cot (n — 6)

~ KL+ (e/ak)] cot (o — 6) + } [ uh-ou. dr

< 16" [ (@up (oo en) dr. ay

B. Lower Bounds on «; and on 3,

In the analysis of scalar problems, lower bounds
on a, and on B, can be obtained*'® by using a com-
parison scalar potential for which the scattering
problem defined by Eqs. (9) and (10) can be solved
exactly, and applying the monotonicity theorem
which states, for scalar potentials, that the phase
shift inereases monotonically as the scalar potential
W increases. The quantum mechanical analog of
W is the negative of the potential V. The extension®
of the monotonicity theorem to scattering by an
N by N matrix potential when there are N open
channels is the statement that the N eigenphase
shifts each increase monotonically as the matrix
potential W increases; the matrix potentials W,
and W, will be said to satisfy W, > W, if each of
the eigenvalues of W, — W, is positive. This ex-
tension was used® in the analysis of one-dimensional
scattering by an asymmetric potential, which was
reformulated as the scattering by a two by two
matrix potential, with two channels open. It is
simple to extend'® the monotonicity theorem to in-
clude the case in which there are M closed channels
as well as N open channels, where M can be infinite;
this case arises in the quantum mechanical scatter-
ing of a particle by a compound system at energies
below the threshold for breakup.

The form of the monotonicity theorem that is
needed for our present application is a special case
of the general theorem just quoted, but it is so
simple a version that one can readily derive it
directly. We have scattering by a 3 X 3 matrix
potential, with two open channels and an infinite
number of closed channels, but the assumption of
symmetry with respect to z <> —z reduces the
problem to one in which the eigenmodes can im-
mediately be decoupled beforehand by symmetry
considerations, being simply the even and the odd
waves. The eigenphase shifts are therefore simply
the even and odd phase shifts, and the proof of the
form of the monotonicity theorem that we need
follows from the usual proof of the monotonicity
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theorem for scalar potentials by simply replacing
scalar potentials by matrix potentials.

Thus, let 5 be the even or the odd phase shift asso-
ciated with the matrix potential W, defined by Eq.
(3¢), and let n 4+ dn be the corresponding phase shift
associated with the matrix potential W + dW, where
the correspondence is established by continuity con-
siderations. Assume that dW(r) is positive definite
for all r. To determine n 4+ dn we choose as our trial
solution the exact corresponding (even or odd) eigen-
mode solution u associated with W for the choice
6 = 0. For dW sufficiently small, we find from Eq.
(7), since

Lu,, = LW + dWu,(W) = dWu (W)
and since

cot (n + dn) — cot 9 = —csc’ ndy,
that

dn = §sin’ 9(1/B)1 + */Ka”)]”

X fu*-qu dr >0,

where the last step follows from the assumed positive
definiteness of dW. The monotonicity theorem, for
a finite difference between the matrix potentials,
follows immediately. The conditions under which
dW(r) > 0 in terms of conditions on e(r) and u(r)
are derived in Appendix A.

As opposed to the scalar case, the matrix potentials
for which the scattering problem can be solved
exactly and readily are far and few between. As
noted previously,® it is therefore of the greatest
practical importance that the comparison potential
can be a multiple of the unit matrix, that is, ef-
fectively a scalar.

We know then from the monotonicity theorem
that the phase shift corresponding to the ferrite
slab which fills the space —d < z < d out to the
conducting boundaries of the waveguide is less than
the phase shift which would result if the slab were
replaced by a dielectric slab of the same dimensions
and same permittivity (in what follows ¢ denotes
only the permittivity of the ferrite) as the ferrite
one, and whose permeability, u,L, where L can be
a function of r but is to be a scalar, is such that
po(Ll — p) 2 0,0r L1 — u > 0. The eigenvalues A
are determined by solving the secular equation

(L - #1) — A 0 +1k,
0 (L—1)— 2 0
—ik, 0 (L — p) — A

0.
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Thus, we must choose L such that
L>u+k, and L >1,

for all r.
Let 6(¢) be the phase shift corresponding to the
ferrite slab whose potential is equal to

W+ op = (/e — 1) + o'/,

where we have made the choice p = (w°/c*)ue.
Let 8'(s) be the phase shift corresponding to the
dielectric slab whose potential is equal to W, + opy,
where

WL = (w2/62)(Le — 1)7
We then have
(Wi +op) = W + 0p) = (w/c)’«(L1 — p)(1 + o).

It follows that &(s) > 8(s) for ¢ > —1, and
3(a) > &'(e) for o < —1.

The phase shift §'(¢) is obtained by applying the
boundary conditions at the air-dielectric interface.
The even and odd phase shifts are

B + (e/af/k],

ok + (rjay /K] 0 F d]'
dk + (/) /K]
&+ (r/a)/k]

pr = (@’/c")Le.

8/(c) = —kd + tan™' l:

tan k’d],
(12)

85(e) = —kd + tan™* |:

where
k' = k') = [k 4+ @/l — 1) + olw’/c*)el]}.

It can be seen from Fig. 2, since &'(¢) > &(s) for
¢ > —1, that a lower bound on «, is given by the
value of ¢, denoted by «} and defined by & (o) = 6,
provided that o = §(0) < 6 and n > 6 — =

A lower bound on B, can be obtained as follows.
As o approaches — o, it is evident that the phase
shift &’(¢) approaches —kd in the odd case and
—kd — ix in the even case. Since 6(¢) > &'(¢) for
¢ < —1, it will be noticed, if —kd > 6 — = in the
odd case or —kd — 4w > 0 — = in the even case
and if < 6, that there can be no eigenvalues and
B, can therefore be regarded as infinite.

From the rough bounds already obtained on 7,

—kd — 37 <, <l —kd <o <5 (13)

it follows that a sufficient condition for obtaining
lower bounds on a, and 8; by the above procedure
is that d[k* + W] be less than L in the even case
and less than = in the odd case; this means that 2d
must be less than 1), where ), is the smallest guide
wavelength in the dielectric, if we are to use the
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3 (), 8'e)

-kd, odd
o
—~kd-w/2, even

———————————————————————— 6-v

-

F1a. 2. Determination of lower bound on «p and 8y. The
curve &'(o) corresponds to a dielectrie slab of permittivity ¢ e
and permeability uoL filling the guide in the range —d < z < d,
and whose potential equals (w?/c2)[L (1 + o) — 1]. The curve
§(o) corresponds to a ferrite slab of permittivity ¢ e and per-
meability pou filling the guide in the range —d < z < d, and

whose potential equals («?/c?)[ue(l + o) — 1]. (u is the rela-
tive tensor permeability.) It is assumed that ' < 6, n >
6 —mand —kd — r < 8 — 7

above form of analysis for both the even and odd
case. This restriction is not fundamental, since there
are other possibilities for obtaining lower bounds
on a, and B.

5. APPLICATION TO A FERRITE SLAB IN A
RECTANGULAR WAVEGUIDE

A. Trial Function

The exact solution of a dielectric slab, having the
same dimensions and permittivity as the ferrite
one, is introduced as a trial function. The scalar
permeability of the slab is retained as a parameter
which can be varied to improve the bounds. The
maximum axial extent of the slab is 2d < I\,
This enables us to use the lower bounds on the
associated eigenvalues o, and 8, developed in Sec-
tion (4). The normalization constant ¢ can also be
varied to obtain more accurate bounds on the even
and odd phase shifts. However, for convenience,
8 = 7 — kd is picked in the determination of a,
and B8, in the bounds on cot (x4, ), and
0 =7 — kdand 8 = {7 — kd in the determination of
oy and By, respectively, in the bounds on cot (3, — 8).
With this choice of 6, 8, — «, while a lower bound
on ay can be determined from Egq. (12), namely,

7 — Ed® — (o /) el — 1)'
(@ /celLd®

The trial functions for —d < z < d with the
above choices of 8 are

(14)

ap > ap =
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odd, upper and lower bound:

Yo = _(??l—)y(siand)[ sin ( a) sin Kz
el o) ouns)

even, lower bound:

_ ( 2 )* ek + (w/a)’k™] 1
e = ~\ab/ K + (x/ay’K ']sin Kd

(2 - ) ()0 ]

(15a)

(15b)
even, upper bound:
= (_%_)*(__L__)[a sin (T—x) cos Kz
oo = ~\ab/ \cos Kd/L* a
T T
— a,(aK) cos ( P ) sin Kz] (15¢)

The parameter K is

= [k + (/) (e — DI,

where p, is the trial (scalar) permittivity.

The normalization of the trial functions in Eqs.
(15) and the determination of the trial phase shifts
is accomplished by matching the tangential com-
ponents of E, and H, at z = =d to the asymptotic
expressions of Eqgs. (4).

Substitution of the trial functions and trial phase
shifts in Eq. (11) (where the range of integration is
over the volume of the slab, V = 2 abd) yields as
the bounds on cot 4, and cot 7,

5 o (Kd)P[Q‘ + ((—;'E)zQ*}a;‘
o o
_ el [K + (E)K‘] cot Kd
+ L ar[ @ + (Z)er| <o
[e+ <§> Jea s
< -2+ (e Jom o
- kar| @ + (%)@ |,
[+ @]} x4 (e ma

(16a)

™

o

— gsec (16b)
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[’“ +()x ] e’ (KOE Jo° + (=)e]
I:Ic + ( > k"] cse? (Kd)P[Q" n (;-T{)”Q_ :|a,“

< (%)TK + <§>2K":|2 cot (n, — = + kd), (16¢)

where

lr-- l\DIo—

~ = (1 £ sin 2Kd/2Kd)d,
= (w/c)’eld’/[x’* — K'd® — (w/c)'(Le — 1)d*],
(L =1.66 >y + kx);

R = —l/af + K + /e
Pe s | ) x|
# (- 26 ]

B. Numerical Example
A numerical example with convenient parameters,

(w2/02) = 27"2/0'27

e = 10, wm = 1.35,
pleff) = (i — kD)/m = 1.3, (k;, & —0.26),
d = tsa, b = ia,

is presented in this section. With this choice of the
parameters, only the dominant mode propagates in
the free space portion of the waveguide. Also, a
half guide wavelength in the ferrite is (32)*a, which
exceeds 2d = ia.

Intuitively, the parameter K might be expected
to yield the closest bounds for some value of
pe [K? = peew’/c* — (n/a)’] between p, — k, = 1.61
and u, + &k, = 1.09, corresponding to the relative
right circular polarized and left circular polarized
permeability, respectively. Different choices of K
corresponding to u, between 1.61 and 1.09 were
tried in obtaining the best bounds on %, and 7,.
(Since we have a variational bound rather than
simply a variational principle, it is not necessary
to find the value p, which gives a stationary esti-
mate of the phase shift.) It is more conventional to
present the data in terms of the elements of the
equivalent 7 circuit shown in Fig. 3. The sus-
ceptances B, and B, are relative to the characteristic
admittance of the waveguide, and are related to
the phase shifts 5, and 5, by

B, = tan %,
B; = 3(cot 5, + tan 7,).

an
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The best upper and lower bounds on 7, and 1,
and on B, and B, are listed in Table I.

It would be possible to obtain closer bounds by
introducing a more sophisticated trial function (con-
taining higher-order modes) with additional param-
eters. As opposed to the situation that obtains for
the usual variational principle, the inclusion of
additional parameters into the trial function will
always give better results, but this will increase the
calculational effort.

While the above results are presumably interest-
ing, the question remains as to how wide a class of
problems can fruitfully be attacked by the above
approach. This point will be considered in the
discussion.

6. THE VARIATIONAL BOUND

As noted above, we will present the details of the
connection between the waveguide and quantum
mechanical seattering formalisms’™'® only for k& = 0.
To go to this limit, it is simplest to set § = 3.
Furthermore, since the phase shift has the same
energy dependence for the even case for the wave-
guide problem as for zero-angular-momentum quan-
tum mechanical scattering, we will consider the
even case. Thus, it ean be readily shown that
tan 75, is proportional to k for k sufficiently small,
and we therefore define the scattering length A,
and the trial scattering length A,, by

(_tan ﬂat)
5 /)

We of course also have w’/c* — n’/a’® as k — 0.
The scattering function u, then has the asymptotic
behavior

w2 () -5 (s

as z — ®, U, also satisfies certain continuity con-
ditions, as well as the condition (V %u,); = 0
on conducting surface. Similar continuity and bound-
ary conditions will be imposed upon u,,, and the
difference function w, will therefore satisfy the same
continuity conditions as well as the boundary

A, = lim (—M>, A, = lim

k k—0
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F1a. 3. Equivalent = network for describing the far-field
effgé:ts of scattering by symmetric ferrite obstacles in wave-
guide.

conditions
2\ T
w, — (-a—b) (4, — 4.) :—: cos (%)a,, z2— ©

(V XW,)4an; = 0 On conducting surface.

Equation (7) then reduces to

2

T e 1 T
pe A, = EEAet +3 fu,w(-')'c - ?)‘-‘u dr

1 '
— = W, JC—? . dT, (18)

where X is given by Eq. (3) but with «’/c® set equal
to #°/a’. In making the connection with the quantum
problem, z and y are to be thought of as the “target”
coordinates while z is to be thought of as the co-
ordinate of the “incident particle”. The “target
Hamiltonian”, that part of 3¢ which is independent
of the coordinates of the incident particle, is then
given by

3r = —98°/05° — 3*/8y,

and the incident kinetic energy operator is given by
T(incident) = —a*/ 3z,

The operator that corresponds to 3¢ — #°/a’ in
the quantum mechanical case is 3¢ — Epr, where
3¢ is here the total Hamiltonian and Eg,, the
binding energy of the target, is the lowest energy
eigenvalue of the target Hamiltonian, 3¢y. The entire
procedure in the quantum mechanical case for ob-
taining a bound on the analog of the last term of

TaBLE I. The best upper and lower bounds on the even and odd phase shifts, and
on the susceptance of the equivalent = network.

Mo Ne B, Ba
Upper bound (we = 1.3) 71°29 (ke = 1.35) 34°08' 2.986 2.267
Lower bound (pe = 1.3) 71°21 (ke = 1.35) 32°52' 2.963 2.219
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Eq. (18), the error term, then centers about the
fact that the continuous spectrum of 3¢ — Exq
for the class of functions allowed is bounded from
below by zero. This is a consequence of the fact
that for the class of functions allowed both 3¢y — Egp
and T (incident) are nonnegative operators, and
that the interaction of the incident particle with the
target does not affect the end points of the continuous
spectrum though it may introduce discrete eigen-
values. The argument for obtaining a bound in the
ferrite case is identical in form. The only point that
warrants discussion is the proof that 3¢ — #°/d’
is a nonnegative operator with respect to the func-
tions w,. The proof is relagated to Appendix B.

We are therefore in a position to take over the
zero-incident-energy quantum mechanical varia-
tional bound in its entirety. In particular, if 3¢ —
#°/a’, has no negative eigenvalues, or in waveguide
language if 3¢ — #°/a’ does not have any evanescent
modes, we obtain our variational bound by simply
dropping the error term, while if it does have nega-
tive eigenvalues we have to go through the usual
“subtraction’ procedures.’® For the ferrite problem
it would generally be difficult to determine from
first principles whether or not there are in fact
negative eigenvalues, and one would simply add
terms until one felt sure that no further jumps
would occur. For a dielectric obstacle, on the other
hand, it might often well be possible to prove from
first principles that negative eigenvalues do not
exist by showing that the generalization of the
Bargmann-Schwinger'® necessary conditions for the
existence of negative eigenvalues is not satisfied.
We might note incidentally, as observed by Dr.
B. Lippmann, that there are no negative eigenvalues
for a plasma since ¢ < 1 represents a repulsive
potential.

7. DISCUSSION

We will consider briefly the class of problems to
which the two variational bounds can be applied.

To begin with, the requirement that u and e be
even functions of z can be dropped for each of the
two variational bounds. As noted above the quad-
ratic variational bound has in fact been applied to
unsymmetric dielectric obstacles®'® and an ex-
tension of the present formalism to unsymmetric
gyromagnetic obstacles is in progress. We also re-

15V, Bargmann, Proc. Natl. Acad. Sci. U. S. 38, 961
(1952); J. Schwinger, ibid. 47, 122 (1961). See also Ref. 9,
Sec. I1IAS.

16 K, Kalikstein and B. Schuldiner, IEEE Trans. Miecro-
wave Theory and Tech. 12, 252 (1964).
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mark that there are geometrical waveguides other
than rectangular waveguides which can be attacked.

The requirement that the thickness of the ob-
stacle be small will be difficult to circumvent in the
quadratic variational bound because of the necessity
of obtaining the eigenvalues «; and B8, or bounds
on these eigenvalues. There is no difficulty in utiliz-
ing the linear variational bound for thick obstacles
and thereby in studying the effects of surface
scattering as distinet from volume scattering.

As noted earlier, the linear variational bound can
be extended quite readily to multichannel seatter-
ing.” As apart from the formal aspect of the prob-
lem, however, it remains to be seen how practical
this approach is, for it must be recalled that the
method requires the (numerical) solution of a
scattering problem, albeit a problem much simpler
than the one under consideration.

Finally, we make a few brief comments on prob-
lems in which geometric as well as anisotropie dif-
fraction is significant. Consider the case of an
obstacle O,, of rectangular parallelopiped shape,
symmetrically placed in the waveguide and charac-
terized by € (z, 2z) and u,(x, 2). The difficulty is not
one of principle but of practice; it is to find simple
but realistic trial functions which satisfy the neces-
sary boundary conditions that the tangential com-
ponents of H, and of (1/¢)V xH, be continuous
at the interface. Since these boundary conditions
are independent of u,, it is variations of ¢, and not
of u, which are difficult to handle. The case for
which ¢, is 1 but g, is a constant other than 1 or a
varying function could be readily attacked. A more
interesting but more difficult problem is one for
which ¢, is not everywhere equal to 1. One approach
to the problem would be to choose a trial function
for which (H,)..., is continuous at the interface,
and for which (V xH,),..,, = 0 at the interface
so that (1/€)(V %xH,) ., 18 continuous at the inter-
face in spite of the variation of e Such a trial
function would however be neither simple nor
realistic and would lead to a poor (if rigorous) bound,
and then only at the cost of great labor. For simple
variations of ¢, it may be possible to choose more
realistic trial functions. A more general approach
but one of limited accuracy would be to consider
an obstacle O;, characterized by e, (z, 2) and . (z, 2),
which is also a rectangular parallelopiped but which
touches the four walls of the waveguide and which
contains O,. Choosing ¢, to be a constant, equal to
the maximum value of ¢(x, z), and choosing

17 The quantum mechanical case is considered by Y. Hahn,
T. F. O’Malley, and L. Spruch, Phys. Rev. 134, B397 (1964).
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us(x, 2) > w(x, 2), the monotonicity theorem tells
us that 5, > #,. The particular choice of ¢, generates
a problem amenable to a variational bound approach,
and this upper (variational) bound on 7, will serve
as an upper bound on #;; if the difference between
e and ¢ (z, z) is large, the bound will of course be
crude.
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APPENDIX A: A MONOTONICITY THEOREM

In Sec. 4B, we showed that if Wy(zx, z) >
W, (z, 2), that is, if for all x and 2 each of the eigen-
values of W,(z, 2) — W, (z, 2) is nonnegative, then
N2 > m. Wiz, 2) is given in terms of ¢;(z, z) and
pi(z, 2) by Eq. (3¢c), and we would here like to re-
express the monotonicity theorem in terms of the
e;(x, z) and p;(z, 2), where ¢ = 1 and 2. Assuming
small differences, a restriction which can always
ultimately be dropped, the monotonicity theorem
goes through if we can prove that

7= [ whWie,2) — Wila, Dluy dr > 0.

It is convenient to revert to the operator £, and
use Egs. (2) and (3a) to write

W2—Wl=£2—£1= “VX:—VX
2
2

+Vx:—Vx + e — ) %

With some trivial manipulation and the use of the
fact that certain surface terms vanish, we can write
J as

J = f (i - 1) IV xuo* dr
€ €2
w’ 2
+ Z§f (2 — ) Iuol dr.
It follows that J > 0, and therefore that 5, > #,,
if for all z and 2, . > ¢ and p, > .
APPENDIX B:
NONNEGATIVENESS OF 3 — =#2/a? AND
OF T (INCIDENT)

We here prove that 3¢; — #°/a® and T (incident)
are nonnegative with respect to the class of func-
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tions which satisfy the boundary conditions im-
posed upon w,. We begin by noting that in the
absence of any obstacle, the free (F) even magnetic
field is given by

F = —a ain ™ =z 7
H(z,2) = —a,sin o —l—az<a)cos(a>.

(The subscript e, it will be recalled, refers to the
fact that H% is even under z — —z, for which
a, — —a, of course.) The proof will depend upon
a symmetry argument related to the z coordinate,
and it will be convenient to introduce the coordi-
nates X =z — 3a,Y = y — 1b,and Z = 2, whose
origin is centrally (and therefore symmetrically)
located in the waveguide. We then have

X Z\ .
HY(X,Z) = —ayx cos%— - az(%> sin (%—)
Denoting the transformation X —» —X, ¥ — 7Y,
Z — Z by R, it is clear since ax ~— —ay under R
that HY is odd under R. Since p(X, Z) and (X, Z)
are by assumption even functions of X, and since

9 ]
V—ang+azgz

is even under R, if follows that ¥V and therefore
V(X, Z), as given by Eq. (3c), are even under R.
To first order in V(X, Z), only states of H,(X, Z)
that are odd under R are therefore excited by the
presence of the dielectric. Since V' cannot couple
states that are even and odd, respectively, under R,
the oddness of H, is maintained to all orders, and
the most general form that H, can assume is there-
fore

H(Y,2) = 3 S 02, (A1)

where

S, 02) = ax c0s ™ 1,(2) + 2, sin "X g, 2);
(42)

the (Z-dependent) coefficients of the terms
ay sin (nwX/a) and of a; cos (nxX/a) that could
appear in the Fourier expansion of an arbitrary
function in the interval —%a < X < 1a must vanish
for H, since they are even under R. Restrictions
can also be imposed upon the f,(Z). Since the normal
component of B and therefore of H must vanish at
a metallic surface, we must have H x(+1a, Z) = 0,
which requires that f,(Z) = 0 for n even. The par-
ticular point of interest is that there is therefore
non = 0 term in Eq. (Al). We also note that
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H(X,Z) — —ax cosZ—X —a

w(Z — A,) . X
z ————— gin —
a a
as Z — . This follows from Eq. (4) on setting
§ = i, letting k — 0, and using the definition of 4,.
We can therefore write

H,(X, Z) = i S(fm gn))

n=1

where, 88 Z — =,
h2) - -1,
0:(2) —» —m(Z — A)/a,
f(2) >0, g(2)—>0, =n>1.

(Some of these coefficients vanish identically but
that is of no concern here.) If H,.(X, Z) is chosen
to be of the same form as H,, it follows that

w.(X,2) = 3 S, G.)

where, a8 Z — o,

F.(2)—0, all =,
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T(Aeg - Ae)
a )

G(2) -

G.(Z) — 0,
It is then trivial to show that

2 3’ 7|-2>
@ (‘"5?2 s

T(incident) = (—8°/8Z%)

n > 1.

|3

JCT‘—

[

and that

are separately nonnegative with respect to functions
w, of the above form, which proves the theorem.
Since
2 2 2
(a5 — s = e,

the above theorem can be roughly interpreted as the
statement that of all fields that satisfy the same sort
of boundary conditions as HY, it is HY which has
the least “kinetic energy”. This suggests, incident~
tally, that there is probably a completely trivial
proof of the theorem.
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Using the multiple-time-scale method on the BBGKY hierarchy, the weak coupling expansion is
carried out to higher orders. It is found that there are two local breakdowns of the expansion. One
occurs at small relative velocities between particles. The correct asymptotic representation for the
small relative velocity region is given. The second breakdown occurs for particles having a large
separation at ¢ with their relative velocity oriented in such a way that they were in collision at ¢ = 0.
Such a breakdown indicates that in contrast to the Bogoliubov functional assumption, the higher-
order correlation functions should vary on the kinetic time scale in their own right. A sufficient con-
dition on the smoothness of the initial correlation functions is given such that one obtains the Fokker—
Planck equation at the lowest-order approximation in the expansion. The connection between irre-
versibility and the requirement of nonsecularity in the multiple-time-scale formulation is also indicated.

1. INTRODUCTION

N recent years the problem of the approach to

thermal equilibrium has been investigated from
the dynamical point of view.! The analysis is de-
ductive in nature. Starting from the equation of
motion of an assembly of particles, one tries to
derive the kinetic equation (an autonomous or
Markoffian equation for the one-particle distri-
bution function) as purely deductively as possible.
The objective of such analysis is twofold:

(1) To find the missing link between the re-
versible dynamical equation and the irreversible
kinetic equation.

(2) To find the correction terms to the known
collision integrals by use of a systematic expansion
procedure. Also, to put the Boltzmann equation,
ete., on as rigorous a basis as possible.

The methods of approach in the literature are
very diversified. However, they have in common the
following two features:

(1) The limit of large system. The system under
consideration is asymptotic in the sense that the
total number of particles N — o« and the total

1 There are an enormous number of articles in the liter-
ature; we give only a few as follows (by no means inclusively):
(a) N. N. Bogoliubov, J. Phys. (USSR) 10, 256(1946 ). [English
transl.: E. K. Gora in Studies tn Statistical Mechanics, edited
by J. DeBoer and G. D. Uhlenbeck (North Holland Pub-
lishing Co., Amsterdam, 1962), Vol. 1]. (b) I. Prigogine, Non-
Equilibrium Statistical Mechanics (Interscience Publishers,
Inc., New York, 1962). (¢) Review article by S. Rice and H.
Frisch, Ann. Rev. Phys. Chem. 11, 187 (1960), contained the
work by Kirkwood and his co-workers. (d) M. Green, Natl.
Bur. Std. Rept. No. 3327 (1955). (e) G. E. Uhlenbeck,
lecture notes, “The Statistical Mechanics of Non-equilibrium
Phenomena,” Higgins lecture, Princeton University. (f) E. G.
D. Cohen, Fundamental Problem in Statistical M echanics
(North-Holland Publishing Co., Amsterdam, 1962).

volume V — o, while the average density n = N/V
remains constant. Such a limit, usually called the
bulk limit, is introduced so that surface effects of
the system can be ignored and the Poincaré cycle
becomes infinitely long (a necessary condition for
the irreversibility, if we purport to describe the
behavior of a single system rather than merely the
average behavior of an ensemble).

(2) A clear distinction in the different time scales
involved in the kinetic problem. It is a well-accepted
point of view that the kinetic states (states governed
by the kinetic equations) are the long-time asymp-
totic states on the (short) time scale of the order
of the interaction time of the particles.

The kinetic equations which have been derived
so far are as follows:

(1) Low-density system: the leading term in
the asymptotic expansion gives the Boltzmann
equation.'*

(2) Weak-interaction system: the leading term
in the asymptotic expansion gives the Fokker—
Planck equation.'®

(3) Plasma case: the leading term gives the
Lenard-Balescu equation.*'®

Although the leading behaviors in the expansions
of the above three cases were obtained through
various methods by various investigators, the nature
of the expansions carried to higher orders has not
been analyzed properly in the literature. In this

2 8. T. Choh and G. E. Uhlenbeck, The Kinetic Theory of
%egzsssa Gases, (University of Michigan, Ann Arbor, Michigan,

*E. A. Frieman, J. Math. Phys. 4, 410 (1963).

¢ R. Balescu, Phys. Fluids 3, 52 (1960).

5 A. Lenard, Ann. Phys. 10, 390 (1960).
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paper, we shall carry out the series solution of the
weak coupling system to higher orders. In addition
to obtaining the higher correction terms, we shall
investigate in detail the asymptotic nature of the
series solution, i.e., the uniformity of each term in
the series with respect to both space and velocity
variables as well as the time variable. The choice
of the weak coupling system is based on the rela-
tively simple mathematical structure of the solution
for this system. Explicit forms for the solutions to
all orders can be obtained in principle and the uni-
formity analysis of these solutions can be carried
out without too much complication.

We shall adopt in the present paper the multiple-
time-scale method in the derivation of the Fokker—
Planck equation and its correction equations from
the BBGKY hierarchy. This method has its origin
in the solution for a nearly periodic system in the
field of nonlinear mechanics.’*” The use of the method
in connection with the kinetic equation (nonperiodic)
was first developed by Frieman® and Sandri® In
this method, the slow process in the problem (the
evolution which is governed by the kinetic equation)
is assumed to be describable by an independent
“slow time variable,” in contrast to the “fast time
variable” which is of the order of the collision time.
In the formal solution of the problem as far as the
time dependence of the system is concerned, one
formally replaces the single time variable by a
“space of times,” i.e., one replaces () by

f(tor tl; lyy *» ')y (1)

where f is any function describing the system and
by b, &, --- are treated as independent variables
as far as the formal solution is concerned. The rates
of the various times are characterized by the simple
differential equations

dte/dt = 135(5)

where € is the small expansion parameter in the
problem. The 8; are appropriately chosen functions
of e satisfying 8;..(e) < Bi(e). For the weak coupling
system, ¢ is taken to be the ratio of a typical poten-
tial to the average kinetic energy, which is assumed
to be small. In the kinetic problem, it seems ap-

propriate to assume that the B; are just simple
powers in ¢, i.e.,

1=0,1,2, .-+ @

ﬁi(é) = e". (3)

¢ N. N. Bogoliubov and Y. A. Mitropolsky, Asymptotic
Theory of Nonlinear Oscillations (Gordon and Breach Science
Publishers, New York, 1961).

” M. D. Kruskal, J. Math. Phys. 3, 806 (1962).

8 G. Sandri, Ann. Phys. (N. Y.) 24, 332, 380 (1963).
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It is seen that a change of f specified originally
in the ¢ direction is now replaced by a change in the
direction given by the characteristics (2). The varia-
tion along such a characteristic direction shall be
chosen in such a way that the series representation
of f will be valid uniformly over the ‘“space of times.”
In other words, the variation of f on a slow time
scale (say t;) is determined by the condition that
the representation of f behave well asymptotically
as a function of all faster times &, ¢, -+ £, in
particular as they become infinite. In practice, this
amounts to requiring that no secular terms appear
in the representation—terms containing positive
powers of a time variable. As we shall see presently,
in the kinetic problem this condition of nonsecularity
on the fast time scale is just the desired kinetic
equation.

We have so far discussed the extension of the time
variable only in connection with the governing equa-
tion (variation of f). If now we pose an initial value
problem for f, we shall need initial data as functions
of space and velocity at ¢ = 0 for the original un-
extended problem. We shall refer to such initial
data as arbitrary initial data in our later analysis.
It is seen that the arbitrary initial data determine
f only on one of the characteristic lines in Eq. (2).
Without loss of generality, we may assume this
line passes through the origin of the time axes,
fo, t, *++ t.. In order to determine f completely
over a cylindrical region with the ¢, axis as its axis,
we must have the initial data prescribed on a hyper-
surface of the ‘“space of times,” say, with the
normal of the hypersurface lying in the direction
of the f, axis. The initial data on the hypersurface
are unknown when the physical problem is first
posed. (Actually only the derivatives of f in the
various directions on the hypersurface are required,
since we know the value of f at the origin.) How-
ever, they are not arbitrary in the sense that the
original initial data are, since they are determined
by requiring that the resulting solution for f be
uniformly valid over a long time. To avoid con-
fusion with the original arbitrary initial data we
shall call such initial data on the hypersurface in
the “times space” the ‘““‘unknown initial functions.”

The foregoing discussion, of course, deals with
only a formal procedure for the extension of the
time variable. It is still an open question in general
what is an appropriate definition for ‘‘nonsecularity’
such that the extended problem becomes well-de-
fined. In the Appendix this question is discussed
for several simple examples. In one example, a
definition of nonsecularity is satisfied by the use
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of the unknown initial functions, while in another
the problem becomes underdetermined because of
the extra freedom introduced by the unknown initial
functions. No such underdeterminism appears in
the weak coupling expansion to the orders we shall
treat in the present work.

In this paper, we shall not include the unknown
initial functions for the weak coupling system.’ It
is found for this particular expansion that there are
two local nonuniformities:

(1) When the relative velocity between particles
becomes too small. We recall that in the weak coupl-
ing approximation the interaction force between
particles is considered only as a small perturbation.
When the relative velocity between particles be-
comes small, their interaction time increases and
the change of velocity during the interaction may
become even greater than their initial velocity of
approach. Under such circumstances, the interaction
between the particles cannot be treated as a small
perturbation. In our formal weak coupling ex-
pansion, the inappropriate treatment of the force
term causes a local singularity of the higher order
correlation functions at zero relative velocity. This
local singularity first appears in the second-order
two-particle correlation function and it becomes
worse and worse as we go to the higher orders. A
boundary layer analysis is applied to a small local
region in relative velocity space (with a thickness
of the order ¢!). The dynamical behavior in this
region is found to be short-range interaction with
a mixing time of the order of ¢ * in contrast to unity
for the particles outside the layer. The mixing proc-
ess for particles of small relative velocity is es-
sential in the study of the following two important
problems:

(a) Determining the transient behavior of the
system in establishing the kinetic state (state satisfy-
ing the kinetic equation).

(b) Obtaining a smoothness condition on the
arbitrary initial correlation functions such as to
ensure the establishment of the kinetic state.

Both these processes are controlled essentially
by the phase mixing of the particles with small
relative velocity. The mixing process provided by
the phase mixing integral in the relative velocity
space becomes more and more ineffective as the
relative velocity of the particles approaches zero.
However, when the relative velocity between two
particles becomes small, the transfer of momentum

® For an analysis including the unknown functions, see

C. H. Su, “The Kinetic Equation for a Weak-Coupling Gas,”’
Ph.D. thesis, Princeton University, 1964.
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due to their interaction, even though weak, can no
longer be neglected, because the orbits now deviate
appreciably from straight lines. Such exchange of
momentum provides enough phase mixing for the
system. The results, after proper treatment in the
region of small relative velocity, of the above two
phenomena are

(a) The transient is an exponential decay on the
time scale €%,

(b) The kinetic equation will be independent of
the arbitrary initial conditions on the correlation
functions as long as the latter are not exponentially
large at the small relative velocity.

The smoothness condition just given is merely
a sufficient one. It is far from necessary. Since the
initial conditions are functions of several vectors,
a necessary condition on the smoothness is very
difficult to obtain.

(2) The second local breakdown of the ordinary
weak coupling expansion occurs for particles of
large separation at time ¢ with such relative velocity
that they were in collision at { = 0. Since this
singularity of the pair correlation functions is very
localized in the phase space, its effect on the one-
particle kinetic equation comes out only at higher
orders of approximation. Furthermore, if the pair
potential has a finite range and is small compared
with the mean free path, we shall show that the
effect of the second singularity on the one-particle
equation can be neglected for all orders of approxi-
mation. It will be established, however, that the
second kind of local singularity has its origin in
that the lowest order approximation to the pair
correlation function has an infinite range in this
special local region. It is recalled that the lowest-
order pair-correlation function is a binary inter-
action approximation. Now if the range of such pair
correlation is infinite in a certain region, the presence
of other particles cannot be ignored. This indicates
that there will be a different asymptotic representa-
tion of the hierarchy equations in this special local
region.

In our extension of the time variable to a space
of times, there arises the delicate question whether
one needs time so slow that it has no apparent
physical significance. In the weak-coupling expan-
sion, for example, the fast time ¢, = ¢ is charac-
terized by the collision time and the physically
meaningful slow time ¢, = ¢t by the mean free
time. The question is whether we should expect to
find any dependence on ¢; = ¢’4. Under the con-
dition of nonsecularity on the i, scale, it is found
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that the time scales do terminate at the ¢, scale.
This result can also be demonstrated in the second
example in the Appendix.

Finally, we come to the question of irreversibility.
There are various explanations of irreversibility in
the literature. In what follows we shall restrict
ourselves to pointing out the relevant properties
of the hierarchy itself and the crucial operations
which we shall apply to it. Such properties and
operations which give rise to the irreversibility of
the resulting kinetic equation are:

(1) Large-system limit (operation): We need only
mention that after this limiting process the equa-
tions are still time reversible, though their solutions,
in general, exhibit irreversible behavior (infinite
Poincaré cycle).

(2) Phase mixing (property of the system): This
phenomenon washes away the effect on the kinetic
equation of the arbitrary initial data for the corre-
lation functions. However, it must be noted that
such mixing does not by itself single out a preferred
direction of time. In fact, the phase mixing seems
to correspond to the Ehrenfests’ coarse-graining
which, by itself, is not sufficient to make the system
evolve in a preferred direction of time.'

(3) Distinetion between fast and slow processes
(property of the system) and requirement of non-
secularity in the (fast time) limit {, — -4 = (opera-
tion): It is this last operation which picks out a
time-irreversible subclass of solutions of the hier-
archy; and it is found that the individual solutions
of this subclass not only exhibit irreversible behavior
but satisfy the time-asymmetric kinetic equation.
Thus, within the framework of the multiple-time-
scale method, it is clear how and where the irre-
versibility is introduced. However, we believe that
the more philosophical question of ‘‘why” still
remains.

In the next section, we shall give a brief discussion
of the physical parameters in the problem. In Seec.
IIT we shall solve the hierarchy equations on the
fast time scale under the weak interaction approxi-
mation and there the occurrence of the two local
secularities will be pointed out. In Sec. IV the analy-
sis for small relative velocity will be given. In Sec. V
we shall give the higher-order kinetic equations.
Finally, the smoothness condition on the arbitrary
initial data and the question of irreversibility will
be discussed.

10 M. Kac, Probability and Related Topics in Physical
Sciences, (Interscience Publishers, Inc., New York, 1957).
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2. PHYSICAL PARAMETERS

The characteristic physical quantities which are
associated with any kinetic problem of a homo-
geneous, one-species system are

(¢), the typical strength of the interparticle po-
tential;

Vav, average speed of the particles;

1o, effective range of the interparticle potential,
in the present analysis, this is assumed to be finite;

n, average spatial density of the particles in the
system;

¢, characteristic time;

m, mass of the particle.

Out of these six quantities can be formed three
dimensionless parameters. They are

® = (¢p)/mes,, T = v t/ro.

The first one, ®, measures the effective strength
of the interaction between particles. The second
one, D, characterizes the density of the system (num-
ber of particles within the interaction sphere). The
last one, T, is a time parameter. In applying the
multiple-time-scale method, the fastest time scale
in the problem is taken to be the characteristic time.
One expects the change on the slower time scales
to be picked up by the method automatically. In
the kinetic problem, the fastest time scale is the
time for a particle to cross the range of force. Using
this time as the characteristic time, we note that the
time parameter T above is of order one. If now we
use the characteristic quantities to nondimension-
alize the hierarchy,' we find

D = nr},

(2) Every time derivative term will be associated
with a time factor 7', which is of order unity.

(b) All convective terms, such as (v, — v,)+9/0x
will have coefficient unity.

(c¢) All force terms (terms involving ¢) will have
a potential factor .

(d) All the integral terms (terms on the right side
of the equations) will have a potential factor
& and a density factor D.

The nature of the weak coupling expansion is
best described by the order of the magnitude of
®and D

¢ = <¢>/mva = eK 1, D = n‘]‘g ~ 1. (4)

The interaction is weak. We shall expand in the
small parameter e. With the choice (4), it is simple
to determine the orders of the various terms in the

11 The first three members of the BBGKY hierarchy are
given in the next section.
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hierarchy equations. In fact, it is clear that all
terms involving the potential ¢ are of order ¢, while
all other terms are of order unity.

The hierarchy equations pose an initial-value
problem. However, as usual in statistical me-
chanics, we do not have detailed initial data for
the problem. In the sixth section we shall show that
the system of hierarchy equations has the important
property that the effect of any reasonably smooth
initial data of the correlation functions on the one-
particle distribution function will be mixed and
washed away in a time of order of the duration of a
collision. The influence of the initial data is there-
fore limited to this “initial time layer” only. As far
as the kinetic behavior of the system is concerned,
the initial correlations are unimportant. In this and
the next three sections, we shall restrict our con-
siderations only to correlations which are created
during the initial time layer.

We have chosen the characteristic time of the
problem to be the time for a particle to cross the
range of force of another particle. We further men-
tioned that the change on the slower time scales
was expected to be picked up automatically by the
method of multiple time scales. It is interesting to
see what the distinct time scales are in the kinetic
theory of weak coupling systems before we go into
a detailed study of the hierarchy equations. We take
the fast time scale as the characteristic time scale,
ie.,

T = To/v“,

and the slow time scale as the time between col-
lision, i.e., the effective mean free time. The change
in momentum for a thermal particle crossing the
range r, of the potential of a given particle is, in
order of magnitude, the product of the force and
the transient time, or

(¢/r0) Tr = ¢/va.v'

The change of angle in velocity is the relative
(logarithmic) change in the momentum, or

(@/vas)/ MVse ~ €.

However, the change of angle averaged over col-
lision orientations is zero; therefore it is the square
of the change in angle that sets the scale for dif-
fusion in velocity space. Thus the slow time is
given by

Ta ™ T/(l/éz).

In the hierarchy equations, ¢ is the time for fast
variation, and so we expect that the kinetic evolution
will take place on the €’ time scale.

1277
3. WEAK-COUPLING EXPANSION
3.1 The Lowest-Order Approximation

The first three members of the hierarchy under
the assumption of weak interaction are given as

follows:
of _ o dg
%= m f dx dv, — X 9V, (5)
ag Y Zi Zd’ (avl %) [912) + f(1)F2)]
- 5% f g d 33‘%{6% [f, g — x, 23, 1)

+ hx, & 123, 0] — 5 12, Dolx — €, 13, 1)

+ hix, x —~ E, 123, t)]}, ©)
{:% frad vla-j—z}h@, £ 123, 1)
2 )0h + 10029 + f2)g013)

s 3_% (5'37 _ _)[h + f(1)g(23) + f3)g(12)]

_ e WE—x) x>.(_f>_ _ _a_)

X[k + {(2)9(13) + 7(3)g(12)] ™
= Integral terms of order ¢,
where
f=F,
= F, — {(1){(2),
h = F, — {(1)g(23) — 1(2)g(13)
— 13)g(12) — f2)f3),

Vig = V) — Vy, Viz =V — Vs,

X=X — X, E=3x — X,
We consider the following series solution:
f = J((0) e]c(l) + sz(z) cee,

g = g(O) +€g“) +62 2) + cee,
= h(o) + eh(l) + e2h(2) + .

Within the framework of multiple-time-scale form-
ulation, the time derivative is also formally expanded
88 a power series in ¢, i.e.,

d

'&—570+65t—1+e 5;;4—
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Using these series in Egs. (5)~(7), one obtains a
set of equations for different order of approximation.
The solution in the lowest significant order has been
carried out by Frieman.® We shall give here only
a brief account. With the assumption of zero initial
correlations, it can be shown that

f(O) _ f(m(tz, tg, ”_), g(O) - h(O) - h(l) - 0’
and

@ _,w_y(_q___g_><w>
0002, 10 ) = 2 (o = o)

to a
fo d‘r&?; ' =x—vyr]. (@&
Passing to the limit i, — «, we see that the variation
of g’ in time oceurs only through (1) and £’ (2),
which can at most vary on the ¢, scale.

The first nontrivial one-particle equation is

af(Z) + 8;(1) }c(G) fd d aé ag(l)
Ity at1 Aty V2 ox av,

By requiring that the solutions for f*’, f*’ are non-
secular on the time scales ¢, ¢,, respectively, one
obtains the following three equations:

= @i(ﬁ.__a_)(o)m)
T om? f dx dv, 9x av, \dv, v, 1

de*r

af(m
at,

[X = X - V1zT],
af(l)/atl = 07

3)“”___ ﬁf ¢ a (a a)(o) o
o = Tme ] T e oy T !

X f e x vl Q)

The first equation can be reduced to the familiar
form of the Fokker-Planck equation.’ Equation (11)
describes the transient behavior of the one-particle
distribution towards the kinetic regime. It can be
shown® that

fPU) ~1/ts as fp— . (12)

It should be noted that this result rests very
heavily on the behavior of g’ at small |v,,|. We
shall see in the next section that the solution for
g'*’ as given above is not valid for v,, — 0. With
the correct g’ in the small relative velocity region,
we shall show that the decay of f® in time is

actually much faster than that given in Eq. (12).
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3.2 Solution for ¢ (x, vy, .y &)

The equation for the second-order g function is

9 ﬁ_m_i@{i_i)
(ato + Ve ax)g = av,  ov,

m dx
X FOWPQ@ + @M + 612, &)
+ o fdéda [6f 0" — %, 23, t)

A g ]
9@ =618, 6) . (13)
This can be written in the following form:
9 O @ _
(2 +wed)s® =ex 0, 0

where @ is a known function. From the right-hand
side of Eq. (13), it is seen that @ consists of three
parts:

(1) Correction terms to f°, ie., terms con-
taining 1.
(2) Tteration term containing g’

(3) Three-particle terms.
The solution of Eq. (14) is as follows:

te
= [T a0~ var =, ()
0
In examining the asymptotic time behavior of ¢’
ie., its behavior in the limit ¢, — =, it is noted
that the solution due the first group of terms is
similar to that in ¢**’, which is well behaved. The
solution in Eq. (15) due to the iteration terms can
be put into the following two parts:

g_(_a___q,)?mm,f" dé .,
e ov, ov, f | A A dfdxr [X =X Vlz”']

X fo T B ax—vae+ ] (6)

ey

[where ab : ¢d = (a-d)(b-¢)]. For any given
time ¢, the domain of the double time integral
in the r7'-plane is an isosceles triangle as shown
in Fig. 1(a). As t, — =, this domain of integra-

(a) (b)
Fig. 1.
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tion goes into the first-quarter plane. Because
of the assumption of a repulsive potential and
the finiteness of the range of the potential, the
integrand is different from zero only in a certain
region on this quarter plane. The integral in Eq.
(16) will be finite as t, — < (nonsecular) if this
region of nonzero integrand is finite. For any
given value of x and vy, (50), the region of non-
zero integrand is easily determined. It is shown
in Fig. 1(a) as the shaded area. The width of the
stripes shown in Fig. 1(a) is determined by the
value |v,|, range of potential and the angle be-
tween x and v,,, while the location of the strips
is determined by [x|. As v,, — 0, the region of
nonzero integrand expands and fills up the entire
quarter plane. The integral in Eq. (16) becomes
doubly infinite.

To see the nature of the singularity at v, = 0
as {, — o, we introduce, for any small but finite
V12, the following transformation:

|V12| T = 8, |V12| T, = S'. (17)

The double integral over time becomes

|V12|2 f[ ds ds

[x—x

d¢
dx’

&158)

X X' =X — (s + 8],
where é,, = v,,/|v;,| and the domain of integration
is over the first quarter of the ss’-plane. The inte-
gral now is finite and we see that the singularity
at v, = 0 is like 1/|v,,|*. We substitute this result
into Eq. (16), noting that

9 9 Vo9

( Fy avz)f 1) (@) ~ v,, forsmall |vy,|.
We then see that the solution for ¢ (x, v, V.t
has singularities of the form

/vl 1/[v52]

at v;, = 0 in the limit of {;, — .

The term we are considering now is part of the
first iteration on the force of interaction. It is not
difficult to see that on each further iteration, we
shall introduce the operator

G
ov, - av,

f dT €exp [ TVio® ] Zﬁ

onto the known result for the g function. This
operator brings in further factors of 1/|v,,|* and
1/|vis| for v;, — 0. The formal series solution for
the g function is then not asymptotic in character'®

2 That is, each term will be bigger than its preceding term
in the series at this singular point.
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near |v,,] = 0. It is readily seen that for the series
solution to be asymptotic, we must have

|V12| > e (18)

In the remaining part of the present section we
shall consider the solution for the correlations in
such a region of the relative velocity space that
Eq. (18) holds. For the relative velocity of the
order ¢, a different asymptotic representation will
be given in the following section.

Lo 2
m’ \ov,  av

@ L)owe)

2

x [Car [T are 52
0 0 dx

— X = x —
¢

dax
dx’

Vi(r 4+ 7)]

(X' = x — Vpr]. (19)

The domain of nonzero integrand is shown in
Fig. 1(b) as the shaded area. It is seen that the
integral in Eq. (19) is not secular for any finite v,,.
Near |v,| = 0, we may use the same transformation
as before, Eq. (17). It is found that the whole term
behaves like |v;,| ", [v12|™* as v, — 0.

The solution for ¢*’ due to one of the three-
particle terms is as follows:

n dé, 6_fi(i)_ <__ ___) (0) £(0)

mzfdi‘“az v, \av, 1

Xf d‘rfh—rd'r 7 X =&~ x4+ V,r — vyl
(20)

For any given values of x and v,, it is seen that the
region of nonzero integrand is limited in the 7'
plane for general values of & and v, [Fig. 2(a)].

(a) (b)

Fia. 2.

However, as the direction of v,; comes closer and
closer to that of v,,, this region stretches out to
become longer and longer. Finally at v,; || vy, the
region becomes a strip extending to infinity. The
r'-integral in Eq. (20) is thus singly infinite in
the limit as {, — . However, this secularity is
integrable in the v, integration. In fact, as is shown
in Fig. 2(b), the length of the above strip varies
like 1/6 as @ — 0, where 8 is the angle between v,
and v,,. Integration over the solid angle in the
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velocity (v,3) space makes this singularity disappear,
ie.,

f%sin 0dod is finite.

We mention in passing that Eq. (20) has a sin-
gularity |v,,|™ at v;, = 0 in the limit of #, — .
However, in the solution for ¢ (x,12, t,) of Eq.
(15), the two three-particle terms cancel each other
in this limit.

We conclude the present section with the follow-
ing statement: The solution for ¢ (x, 12, #,) with
zero initial value is finite in the limit {, — «
as long as we keep v,; > €. Calling the region
v1; > ¢ the outer region, we see that up to second
order the two-particle correlation function, after a
time of order of that between collisions, becomes a
functional of the one-particle distribution function
as far as its time dependence is concerned.

3.3 Solution for ¢®(x, 12, f)
The equation governing the third-order g func-
tion is

m

9 0 d
(a—to -+ Vn‘gx‘>9(a)(x: V1, Vo, b) + gtg
1 d¢ (a

m dx av, 5_6;2_)[9(2)(12) + f(o)(l)f(z)(2’ to)
+ f(l)(l)f(l)(z) + f(O)(z)f(2)(1, to)]
+ — fd{d Y, = {af gV(E - x, 23, 1)

a3 d
~ U e g 18,0 + L g0 - x, 2,0
_UP e 13, 1) + 2 hP E, 123 )
avz g 3 y Lo avl RS y YO

_9 ;@ -

v, AP (x, x —E, 123, to)}. 21)
We carry the two-particle correlation function

up to this order for the following reasons:

(1) The multiple-time-scale theory first comes
into effect in the solution for the g function through
the term dg"’/at,. Note that the dependence of
g* on ¢, is completely known through the one-
particle function f¢°’.

(2) 1 is fast-time-dependent.

(3) The three-particle correlation function ap-
pears.

We shall leave out the analysis of the solution
for g’ due to all terms except those three groups

C. H. SU

of terms listed above, i.e.,

(1) ag‘*’/ot,; its contribution to g’

_l (.Q_ — .6_) 9 f(O)f(O)
m \gv, av,/ 9ty

X fo dr fo“-rdf'a‘%

For any finite x and v,,, this remains finite in the
limit ¢, — «. However, it is secular if we choose

x = [(I/a)vty + ¥] = =, (23)

where @ > 0 and v is a constant related to the
range of the potential. The nature of this kind of
secularity will be considered in more detail in the
next paragraph.

(2) The solution of g©’ due to one of the terms

2

——f dr < [x =X — V7" <6v1

X f d§ dv, g—? aiv, (5‘.3; — E(i:)f(mfm)fm)

[ =x — vi{r + 77)]. (22)

to—7T
X j; dr’ j;' dr’’ d‘x—i [ =& — vau7'']. (24)

The domain of the triple time integration is
shown in Fig. 3(a). As {, — o, this becomes a
wedge-shaped space as indicated in Fig. 3(b). Since

__

\\\\‘
.

.

.

Fia. 3.

£ is bonded (finite) because of the factor d¢/dE,
it is seen that the region of nonzero integrand is
finite as shown by the zigzag path in Fig. 3(b).

(3) The contribution from the three-particle cor-
relation is

n dp &
fdzdsd.f av,

X [ drh®@ = var, 8, 123, — 7). (@5)
0

In order to analyze the asymptotic behavior of this

expression, we have first to solve for 2*’ through

Eq. (7). This, in principle, is simple. However the

expression for h®’ is rather lengthy, and we shall
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not include it here. Suffice to say that, for any finite
value of x and v,,, all terms in Eq. (25) are non-
secular. However, if we let

= [(1/)vieto + 7] = (23)

one of the terms in Eq. (25), which has the following
form, becomes secular:

d 9
dE av1

X f A

li) d d
x (- a—v){(se: -
X ‘/; T dr'’ gf; X =x—v(r++ + ‘r")]}.

(26)

Graphically, the nonzero integrand in Eq. (26)
is given by the zigzag path in Fig. 4. In the region

[x =& — V7]

= )f(O)f(O)f(O)

Fie. 4.

where Eq. (23) holds, we see that Eq. (26) becomes
singly infinite. This local secularity has exactly the
same nature as the one caused earlier by dg‘*’/dt,.
Making use of the Fokker-Planck equation, it can
be shown that the region of nonzero integrand in
Eq. (22) is the zigzag path in Fig. 5. It is to be noted

T

£le

Fia. 5.

aqlm
~

il

that the nonzero regions in the two figures are
different; therefore the two secular terms in the
solution for ¢’ do not cancel each other exactly.

The failure of exact cancellation of the secularities
can also be seen by carrying out Eq. (22) fully and
comparing it with Eq. (26).

3.4 Secularity at x = [(1/a)v..t, + 7]

We have just shown that g’ has a secular term
(besides the secularity at small relative velocity) at

x = [(1/a)Vialy + ¥] & =, with a > 1.

In order to have this kind of secularity, we see that
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we need a very careful arrangement of the inter-
acting particles (both in velocities and positions).
The particles have to be of large separation at time
to and with their relative velocity oriented in such
a way that they are in collision at the initial moment

= 0. It is not difficult to see that the angle be-
tween x and v,, should go as 1/|x| in the limit
|x| — . If we focus our interest on the one-particle
kinetic equation, which contains a velocity inte-
gration over the two-particle correlation, we see
that up to ¢‘*’, the resulting one-particle equation
is still well behaved. Moreover, since the pair po-
tential has been assumed to have finite range, in
the integral term of the one-particle equations, i.e.,

fdxdvzd oy
1

the contribution of g for any |x| greater than the
range of the potential is strongly de-emphasized.
We therefore conclude that as far as the one-
particle equation is concerned, the second kind of
secularity discussed in the present section can
be completely ignored. v

To analyze the nature of the second secularity,
we re-examine the behavior of g*’, the lowest order
nontrivial correlation function, we see that for the
above arrangement in velocity and position, g’ is
not secular but it does not vanish for large separa-
tion between particles. We recall that ¢**’ is a solu-
tion based on two interacting particles only. If g’
is infinite in range, the presence of a third particle
cannot be neglected. However, as we have seen, the .
region where g‘*’ has an infinite range is very limited;
the angle between the relative velocity and the
relative position vector goes like 1/x as x — .
If we average over any small but finite angle in
the relative velocity space, it is easily seen that ¢’
becomes finite in range, in fact,

@ ~1/lx) @7

The averaging process can be justified in the
following way: Our ultimate interest is in the one-
particle distribution function, which is affected by
the correlation function only through the latter’s
gross properties. This is true because in obtaining
the equation for the one-particle function, we always
integrate over the relative velocity space, including
the angular integration needed for the above
averaging process. With this averaging, we see that

g‘® is nonsecular and

g ~1/]x| (28)

These asymptotic formulas for the ¢’s as z — «

a8 |x| — .

as x| > .
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provide an indication of the validity of our formal
expansion, i.e.,

g/ K1, or |z] K 1/é. (29)
The corresponding inequality for the time variable is
to < 1/€ for any finite |v,,]. (30)

It is recalled from our nondimensionalization that
the mean free path and the mean free time in the
system are of the order of 1/¢’. From the inequalities
in Eqgs. (29) and (30) we see that in order to obtain
a uniformly asymptotic representation of the cor-
relation function, we have to rescale the hierarchy
again in this local region by

x = 1/HX, = 1/T.

The new equations are complicated and will not
be considered in any detail in view of our interest
in the one-particle kinetic equation. However, a
conclusion one can draw at this state is that the
correlation functions will now change in the kinetic
time scale (1/¢°) in their own right.

In what follows we shall ignore the second secu-
larity and concentrate our attention on the secularity
at small relative velocities only. It is true that the
velocity integration in the one-particle equation will
also smooth out some singularities at small v,,.
However, as we go to a higher order, e.g., g®’, the
effect of the singularity at small v,, will definitely
come in. The detailed analysis at small |v,,] and
the correct higher order one-particle kinetic equa-
tion will be given in the following two sections.

4. EXPANSION FOR SMALL RELATIVE
VELOCITIES

The weak coupling expansion we have developed
in the previous section breaks down when the rela-
tive velocities among a group of particles under
consideration become small. We have shown that
the size of the relative velocities has to be much
larger than ¢! in order that the series obtained be
asymptotic in character. This criterion of size of
the relative velocity can also be obtained by a
simple argument based on the orbit of two inter-
acting particles. Using the nondimensional form
given in the last section, the equation of motion of
two particles is

¥=d

where f is the force of order unity. The gain of
velocity due to the interaction is of order e, while
the distance traversed by the particle due to this
velocity is et”. Thus, for a particle with sufficiently

C. H. 8U

small initial relative velocity, the time to traverse
the range of the potential is of order ¢} and the
change of its velocity during this flight is of order ¢.
Therefore, the weak-interaction approximation
breaks down when the initial relative velocity is
of order ¢!, We see also from this simple argument
that the fast time in the problem gets “slower” for
particles having smaller relative velocity. Neverthe-
less, compared to the kinetic time scale ¢ °, this
“slower”’ fast time is still fast enough for the develop-
ment of “kineticity.”

To study the solution of the hierarchy equation
for small relative velocity, we shall use the tech-
nique of the boundary layer analysis in fluid me-
chanics. As shown in the last paragraph, the region
where the ordinary weak coupling expansion becomes
invalid is very small (of order €'). In order to in-
vestigate the structure inside the layer, we open up
this thin layer by the following transformation'®:

v, = e€w,, and thus a—fr: = ;l;ég; , 81)
where w,, is of order unity for v,, of order . There
should be corresponding stretching for other rela-
tive velocities. However, we shall concentrate here
on the lower order approximation of the two-particle
correlation functions only. For a detailed analysis
to higher order, we refer to Ref. 9.

Using the scaling of Eq. (31) in the two-particle
equation (6), it is easy to get the ordering of various

terms in Eq. (6), except for the following two terms:

(8/8v, — 8/av.)f(1)f(2), of/av.,.

We have assumed that f(2) is Taylor expandable
around v, for small v,,; thus we see that the first
term is of order ¢!, while the second one is of order
unity for v, of order &,

The two-particle equation appropriate for small
vy, is as follows:
{a% + H(lz)}g(x, Wiay V1, 1) — = 28

;n_dx
RS _an b
x (¢ +2 awm)f(l)f@) =02 [ aran, 2

(2)
vaz g(x - E’ 13)]

1)
x |27 gt - x,29) +

n do | (419 _3_>

T m f dE dvis dE [(e av, + oWy, h(x, £, 123)
a3

+ W hz,x — &, 123):'- 32)

13 X, O. Friedrichs, Bull. Am. Math. Soc., 61, 485 (1955).
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where
ti = G*to,
and
— 8 _1ds, ( y 0 L)
HQ12) = w,, x  mdx \° av, +2 oW,/

We recall that the second term on the left side of
Eq. (32) is of order .

Instead of expanding all functions in series of e
we shall now expand them in powers of ¢, e.g.,

g = g(o) + e‘} €3] + eg(l) + E%g(i) + ceel

Under the assumption of zero initial correlation
funections, the lowest significant approximation is

{ait + H(12)}9‘”(x, Vi, Wiz, 4)
_11dp (

¢ mdx

) 0) (l)f(°) (2)

Note the term on the right side is of order unity.
This equation differs from the corresponding one
for finite v,,. First, the interaction between particles
is no longer treated as a small perturbation. Second,
the fast time in the problem gets slower. These are
what one would expect from the simple illustration
given at the beginning of the section.

The solution of Eq. (33) is formally as follows:

o +2 33)

gV (X, Vi, Wiy, ) = %[S_,}(12) — 1 F* @),

34)

where
8-4(12) = exp [—4,H(12)].

In spite of the factor 1/¢, g’ is of order unity. This
is best seen by carrying out the Taylor expansion of
f°(©2) in Eq. (33). Then the solution of g* is
found as follows:

g“)(x; Vi) Wag, t}) = [S—t;(lz) — 1iwwy, 1 A, (35)
where

A= f(o)(l)vvf(o)(l) —

For very large w,,, we have

Vi®WViQ).

2 d¢ dé
S_,#(12)W,2W12 = (le + E d_x tg><wlz + m d—x ti)!
and
1 1
g(l)(x7 Vi, W12) = 7_n'w12 Z—"i . At; = ;l V2 3_? bt A

which is exactly the value of gl) (x, vi, Vs, %) as
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|vis| — 0. We therefore have shown that the solu-
tions for g’ in the two regions go into each other
at the domain of their common validity. Similar
analysis can be carried to higher orders. However,
we shall not go any further here. The interested
reader should refer to Ref. 9.

5. KINETIC EQUATIONS OF ONE-PARTICLE
FUNCTIONS

We have obtained, in the previous two sections,
solutions for correlation functions in two distinect
regions of the relative velocity space. Hereafter we
shall call the solution in the region of finite relative
velocities the outer solution and the solution where
the relative velocity is of the order ¢ the inner
solution. In this section, we shall find the matching
of these two solutions.

5.1 Rate of Relaxation

We have mentioned briefly the rate of relaxation
of a system toward the state governed by the
Fokker-Planck equation based on the outer solu-
tion for g’ alone. Although ¢'& (x, 12, &,) is well
behaved in the limit {, — o« for v,, small, it does
not represent the true solution when v,, becomes
small. The solution in this inner region, as we know
from the analysis in the last section, is properly
approximated by the inner solution ¢{) (x, 12, t).
Using ¢{¥ (x, 12, t,) instead of g&!) (x, 12, #,), the
integral which gives the rate of relaxation becomes
(where t; = €)

d d
a_vl"f dx dv12 a_z {gi(;)(xy 127 t}) - gi(rlx)(xy 12, m)}

12 O [ dxavs 2 (S-S WO Q). (36)

The pair potential has been assumed to have a
finite range. At time ¢;, because of the factor d¢/dx
in Eq. (36), the particle 2 must be within the range
of particle 1 in order for the whole expression to be
different from zero. For sufficiently large f;, the
streaming operator S_, ,, will definitely bring
particle 2 outside the range of particle 1 under the
assumption of repulsive force. If the pair potential
has an exponential-like tail, the expression in Eq.
(36) will decay exponentially as ¢, — . Therefore,
in that case, the approach to the kinetic stage is
exponentially fast in the time secale of ¢,.

5.2 One-Particle Equation

We shall now consider the higher order one-
particle kinetic equation. The hierarchy equation
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for the one-particle distribution function is

| o_.nf a9 3

| ot = ¢m ) 9 g ey, ©)
We shall neglect the transient behavior of the higher
order one-particle distribution function on the fast
time scales ¢, and t;. Thus the value of ¢ in Eq. (5)
will be the asymptotic value only, i.e., g(t, —» =,

ty — ). Since g has two distinct representations
in two different regions of |v,,|, the integral

f V12 Avag(X, Vi, Via, 1) [(with v, = |vy,]]
0

is split up into two parts, i.e.,
© 8

f vie dviag(x, 12) = fo v}; dvyagia(x, 12)
']

+ f Vs doiaons(x, 12),  (37)

where 6 is chosen in such a way that

dKikl. (38)

We can then use the outer solution g, in the second
integral of Eq. (37), and the inner solution g;, in
the first one. The order, in terms of expansion param-
eter ¢, of the right side of Eq. (37) is determined
mainly by the behavior of g,..(x, 12) near v;, = 0.
Suppose g(x, Vi, Vy5) goes like 1/43, as vy, — 0,
the inner solution must be of order (1/e})* = 1/é
so that the two solutions can be matched together
around |v,,] ~ €. Therefore,

5 ®
fo v1; dvg(x, 12) + fs Vi dyag(x, 12)
6* 3/t
= e_z f W dw,2:n(X, Wy2)
0
© ]
+ f vis 012G 0ue(X, Vi) — f vis AV12Gout(X, V12)
0 0
=73 Wiz AW,120in(X,W12) — 5 Wiz dW)20:n(X,W12)
€ Jo € Ji/et

o §
2 2
+ f V12 @015G0ue(X, Viz) — f Vnz dV12Gou(X, Vi2).
0 0

In the second and fourth integrals, the integrand
can be expanded in the following ways:

_FO) _ 4FQ)  F0O)
9ialX; Wia) = Wi T wis T3 w T
_FO , F'@©Q ,1F'©Q) , .
Jour(X, Vi2) = v + %, + 2 7, +

Then

C. H. 8U

1 «©
_-¥ f wfg dwlggin(xy W!?)
€ Ji/€

F(0) ® dwy
=X AWz
) (0) 37t Wiz

5* 17 “ 1L
~SPO) [ dwn + 4O 5+
0

and
s F “F(0
_f v?z dvlzgout(x; Vlz) = _ESO_)_ - f '5—) dv,,
0 : o Uiz
- PO [ 22 yprg st o
1] 12
Thus

fo V3 dviag(x, 12)

1 w
=3 fo [wi2gin(X, Wi5) — §eF"/(0)] dwis

€

® 1
+ f l:vfzgouz(x, Vi) — F(0) T:I dv,a
0 V52
Ydv, (7 d_wﬁ]
o Uiz 8¢t Wiz

- F'(O)I:

or

fo 1, dvag(x, 12)

= %? fo [w?2gin(x) W) — 2P (0)] dwy, + £F'(0) In €

+ ‘/: [vfzyoue(x, Vig) — m - EQ] dvsa.

V12 V12

The F(0), F'(0), F"(0) terms in the square brackets
were introduced such that the infinite integrals
become well defined. We may introduce the symbol
cf% standing for an infinite integral with a proper
balancing term at the divergent end of the limit of
the integration such as the first and third integral
in the last formula. Then

® 1 ®
'/; vfz dvi.g = ;'f cj(; w?z dw,2g:a + 3F'0) Ine

+ f 032 dvlzgout (39)
CcvYo

where
Jout —> F(VIZ)/v;R as v — 0.

Similarly we can work out the expression for the
integral when g... has different behavior at v;, = 0.
For example
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gout

2
iz dV1ag
0

= 3F0) Ine + f ’wfz dw,ain + cf vgz V2ot
cdo 0

ﬂl@ : f Vi dviag
V2

out

= f Vs d012000e + € f Wiz dW,50in
[ Cvo (40)

out

LEwm), 7
V12

V12 dv1og
)
= f vis d12fous + € f wiz dWisGia
0 cJo
Jour — F(vy3) : _/; ”zia dv.og

= f v:2 AV12fous + e f ’win dwy2in.
) c’o

Using (39) and (40) in the integral of (5), we obtain
the coefficients of the various orders of ¢ as follows:

(1)
LI f dx dv,, 2. 99en

dx v,
ag(z)
3 . = d d d¢ out
¢ f X 0%z gx " av,
41
/3 .r fdx dw dd’ 39.(:) ( )
‘Mo 127 v,
a
¢ Ine :5% f dx dQ,, g—i'sv— [Fas + Fise,a=o

i N dé 3gou
€ . fdx dvlzd av1 y

where dQ,, is the angular integration of v,,, and
Fss, F34 are the coefficients of 1/|v,[%, 1/|vye|* in g&).
Note that the coefficient of ¢’* actually includes
terms of order ¢!. This is because ¢g{¥, as defined,’
is of order unity plus terms of order €.

Using the first term of (41) in (5), we recover on
the ¢, time scale, the Fokker-Planck equation

a]c(o)

n
—_ — f dx dv12 d¢ agout (to — m)
aly

v, (42)

For the higher-order one-particle distribution func-
tion the form of the series in terms of ¢ is dictated
by (41); we have
f(vly tz) — f(O) + Ef(l) + eif(})

+ &€ Inef + &P +

Using (5), we obtain the correction equations to
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the Fokker-Planck equation on the {, scale as
follows:

afr ﬁf dé dgeur

ot = md Ty ey,

af(i) _ n fd P dd) ag(l)

atz m ¢ 12 avl ’ (43)
of _ L[ do. 3 rp

ot, = om dx dQy, dx ' ov, (Fi. + Fas] )

o _n f dp dgon

M, me dx dv, dx dv,

In principle, one can go on to higher orders suc-
cessively. However, since the logarithmic terms will
appear also in the correlation functions, the nature
of the series in terms of ¢ becomes very complicated
and the lengthy algebra is also formidable.

5.3 Termination of Time Scales

Since we are dealing with a system with spatial
homogeneity, we know, by the H-theorem for the
Fokker—Planck equation, that the system reaches
thermal equilibrium on the time scale #,. The de-
pendence of all distribution functions on slower
time scales, #;, fs, :-- should be trivial from a
purely physical point of view. We recall that in
the example given in the Appendix, the termination
was automatic through the criterion of ‘nonsecu-
larity.” In the kinetic problem this sort of demon-
stration is more involved, since the solution of the
lowest order equation is not so easy to obtain as
in the case of the simple examples. To see this, we
shall consider only the first correction to the Fokker—
Planck equation, i.e., the equation for f’. Instead
of terminating the time scale at ¢,, we use

9
EYR az:2 T 6t3

The first equation in (43) then becomes

ﬂ(l_) Qﬁ__f dd’agouc 0) (1)
at,+ats dx dvy; - av, {7, 7 44

where ¢& {f, ¥} implies a functional de-
pendence of g on f’ and f*’. If we want to show
that f°° does not vary on the ¢; scale, we must
demonstrate that the second term on the left side
of Eq. (44) is secular in the solution for *’ on the
time scale {,. For this purpose we must first obtain
the ¢, dependence of f°’, which amounts to the
solution of the Fokker-Planck equation. In general,
this is quite difficult. However, in examining the
secularity of the solutions for f*’ we are interested
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only in the long-time behavior of each term in the
solution f*'’ on the ¢, scale. The asymptotic solution
of the Fokker—Planck equation (42) is simply the
t,-time-independent Maxwellian function. We first
note that the integral term in Eq. (53) can be
written in two parts, i.e.,

Cili*, 11 + G, 1@, £V G)].

The first term is exactly as in the Fokker-Planck
collision integral except that in one place f'° is
replaced by f’. The second term depends on f’
only and it vanishes when ' is Maxwellian. It is
then seen that in the limit of {; — «, the only secular
term in Eq. (44) is

(a/ata)f(m(vly t2) ts)-

Therefore {1 is required to be independent of f;.

This sort of argument presumably can be carried
on further. The termination of the time scale at i,
for a homogeneous system is thus rational within
the framework of the multiple-time-scale method.

6. THE EFFECT OF INITIAL CORRELATIONS

Up to now we have been investigating only the
part of the correlation that arises because of the
interaction between particles. It is seen that such
correlations become functionals of the one-particle
distribution in a time of order of the duration of a
collision (except for the type of local secularity dis-
cussed in Sec. 3). This funectional property is a
necessary condition for the system to be describable
by a one-particle kinetic equation on a time scale
long compared with the duration of a collision. To
ensure the one-particle kineticity, we must, in ad-
dition, examine the effect of initial correlations. If
we accept the kinetic equation obtained in the
absence of initial correlations as the right kinetic
equation, which is logical, we must choose the initial
correlations in such a way that the effect of these
initial data on the one-particle function vanishes
in a time of order of the duration of a collision. The
necessary and sufficient conditions on the initial
correlations such that the foregoing requirement is
met is of primary importance in kinetic theory.
However, since the initial correlations are functions
of many variables (for example, the two-particle
correlation is a function of three independent
vectorial variables x, v,, v;,) the search for a neces-
sary and sufficient condition is quite difficult. In
what follows we shall restrict ourselves to a suffi-
ciency condition only.

The lower-order equations for the one-particle
functions are

C. H. 8U

af /oty = 0,

f dx dvlz Z¢

These equations differ from those without initial
correlation by the integral term in (46). The zero-
order correlation g’ is governed by the following

(45)

0)

af(l) 6f(0)
+ 7

dty d¢,

(46)

equations'*:
(1) Outer region |v,,] > ¢
3 (0) P} 0)
At vt =0, @7)
0

(2) Inner region |v,,| ~ ¢

ag(o) 1 a¢ (
ox m 90X

ag(o)
at,

. © _
+ Wi, + 2 anz) 0.
48)

These equations are homogeneous. The solutions
of them are

953{(& 12, t,) = 9(0)(x — Vialy, 12, 1, = 0),
gig)(x, 12, té) = S_,%(IZ)Q(X, 12, té = 0).

(49)
(50)

We may also say simply that the zeroth-order cor-
relation ¢° remains constant following the charac-
teristic lines of the ¢’ equations, respectively. Al-
though the correlation persists as the time goes on,
its effect on the one-particle function is greatly de-
emphasized by the nature of the integral in (46).
Similar integrals (over velocity space vy, only) with
the ¢ given by the free-streaming equation (47)
have been analyzed by Van Kampen'® in the
problem of Landau damping of plasma oscillations.
The process of this damping is usually referred to as
“phase mixing.”” We note that there are two new
features in the integral of (46). First, there is an
additional integration in x space with a finite-range
potential factor d¢/dx. Second, the integration over
|v12| has to be split into two parts, i.e.,

d¢ ag(O)
f dx %2 G v,

de dled {f 9(0) ./; gc(:g)c}vlz dvya

(51)

where € < & < 1. Let us first consider the second
integral in (51):

f dx dQy, §—¢f Ufz dvlzgf,?.)e-

14 We neglect the three-particle correlation A(® here for
simplicity. The effect of () will be examined at the end of
this section.

15 N. Van Kampen, Physica 21, 949 (1955).

(52)
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Let us assume that the initial correlation has a
finite range in X space. The integrand of (52) is
different from zero only when the two particles
under consideration are within the range of the force
at time ¢, (because of d¢/dx) and also within the
range of correlation at the initial time —i, [because
of g’ (x — vysts, to = 0)]. Therefore, for sufficiently
large ¢, (say, 1/¢) the integral is always zero pro-
vided |v,,| is not too small. We have required, how-
ever, that the lower limit of the integration be much
greater than ¢, thus [Via] b0 > €  and the integral
(52) is zero in the limit as {, — <« for all permissible
values of |vy,|. It is readily seen that the decay is
exponential if the assumed initial correlation has
an exponential tail. We therefore have from (46)
and (51) that

a)((l) af(i) af(o)

FTALE TR TS
= Eé‘; fdx dy, 52 dx f Ulz dvng (53)
+ exponential decay term in i,

or
af "’ /dt, decays exponentially in £,

and

3 [} F:} (0)

gt% a);l T m av1 fdx i oy ax f s dviagia’

(54)

We now ask the question whether two particles
can stay within their range of correlation (we assume
that the range of correlation is the same order of
magnitude compared as the range of the force)
forever. Starting with |x| < r,, which is required
by d¢/dx, we have seen that the time to travel
across the range of force for particles having rela-
tive velocities of order ¢ is of order ¢*. Thus, in
the limit as ¢, — «, the particles initially within
the range of force will be definitely outside the
range of force. The ¢g{» in (54) goes to zero expo-
nentially if the initial ¢’ (x, v,, V12, {, = 0) has an
exponential tail in its x dependence. Therefore,

af'Y'/at, decays exponentially in ¢,
and
af‘”/at, = 0.

We have so far disregarded the relative velocity
dependence of the initial correlation g°’(x, v,, vy,
to = 0) (its v, dependence is not of importance in
the discussion of the approach to the kinetic regime).
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It is seen from (52) that a strong singularity of
g (x, V1, Via, £, = 0) at v, = 0 might cause trouble
in the integral. Supposing that the spatial de-
pendence of ¢’ (x — v, £y, 0) at large i, has the
exponential form e 7**'°, it is easy to see that any
algebraic singularity in v,, = 0 will not change the
conclusion we have drawn before. Therefore the
effect of the initial correlation on the one-particle
equation vanishes as long as the following conditions
are satisfied:

(1) The interaction potential is repulsive and has
a finite range.

(2) The initial correlation has a finite range and
drops off exponentially as x — .

(3) The relative velocity dependence of g (x,
Vi, Vis, to = 0) is not exponentially large at v,, = 0.

These conditions are only sufficient ones. One can
certainly relax condition (2) with some strengthening
of condition (3). After exhausting all the possible
combinations, perhaps one could obtain a necessary
condition on the initial correlation such that the
long-time behavior of the system is independent of
the initial data imposed on the system.

The consideration of both inner and outer solu-
tions for ¢’ in (51) is essential. Since the outer
solution describes the free motion of the particles,
the velocity and thus the relative velocity of the
particles remains constant in the course of time.
The mixing process provided by the velocity inte-
gral in (51) becomes more and more ineffective as
the relative velocity of the particles goes to zero.
However, when the relative velocity between two
particles becomes small, the change of the momen-
tum due to their interaction (even though it is weak)
can no longer be neglected. It is such interactions
which keep the relative velocity from vanishing
after each encounter of the particles. This veloeity
provides enough mixing of the initial data on the
time scale ¢,. It is easily seen that had we considered
the outer solution alone, the condition on the initial
correlation would have been much more stringent.®

The full equation of the zeroth-order ¢ in the
inner region is

ag(o) ag(o) z.a—d) ag(O)
o, TV ox T mox own
dp(x, — xa) a
fdx dvz[ 9%, “av,
d d
+ ¢(x(29x2 X3) a :Ih(o)(lzg)

If we impose the same sufficient c¢onditions on



1288

R (x, § 123, t, = 0), it is obvious that the integral
terms on the right side of the equation vanish in
the limit as f, — «, {; — «.

The analysis for the higher orders can be carried
out in a similar fashion. As long as the sufficiency
conditions are met, the effect of the initial correla-
tions will wash away on the fast time scales.

7. QUESTION OF IRREVERSIBILITY

In the previous section we have seen how the
effect of the initial correlations on the one-particle
function are mixed out during a time interval of
the order of the collision time. At first glance, such
mixing of the initial data is analogous to usual
relaxation processes. One therefore tends to at-
tribute to it the irreversible character of the resulting
Fokker-Planck equation or, more generally, the ir-
reversible nature of the kinetic equation. This, how-
ever, is not true. Let us first note the following two
facts:

(1) The mixing process does not have a preferred
direction in time. The equations for the correlations
(47) and (48) are time reversible, i.e., they are in-
variant under the transformation ¢ — —i and
v — —v. It is thus not difficult to see that, with
the sufficient conditions specified before, the integral

in the equation
a]((l) af(}) _ n f dd’ ag(o)
+ T m dx dvy, dx’ ov,

at, T ot
also vanishes in the limit as {, — — «. This argu-
ment apparently applies to the higher-order equa-
tions too. In fact, the equations of the hierarchy
up to this stage are still time-reversible.

(2) The initial correlations themselves do not
phase-mix, but only their effect on the one-particle
function does phase-mixing and dies out in the
long-time limit. This seems to correspond to the
Ehrenfest’s coarse-graining, which, by itself, is not
enough to ensure that the system evolves with a
preferred direction of time.'®

af(o)
at,

Although the mixing mechanism, as we have just
pointed out, is not responsible for the irreversibility
of the kinetic equation, it does give one of its im-
portant properties, independence of the initial in-
formation on the correlation functions.

To single out exactly where the irreversible nature
of the kinetic equation has been introduced, we shall
concentrate our attention on the equation
af(2) af(i) 6]‘“) 61(0)

% T T ton Tm fdx Wiz gy
" 10 Bee Ref. 10, p. 85, for example.

dé 39"
dx’ av,

C. H. 8U

For our present purpose we shall ignore the terms
of¥Y /oty and 9f*’/ot,. Using the creation part of

g2 only, we obtain

af(ﬂ) af(o) n 9
Bt T o, m v

at, m’ Jv,

dé (i _ 9
X f dx dvy dx \ov, 9v,
f d'r

This equation is still invariant under the time-
reversal transformation ¢t — —¢ (with &, — —1i,)
and v — —v. The kinetic equation (of the lowest
order) is obtained by requiring that the solution
of Eq. (55) be nonsecular in the limit of {, — + «,
le.,

)fw),fw)

[x =X — V7] (65)

ﬂ_ ___.f dd’( __3_)(0)(0)
o = miav, T \or e/

X f‘ d‘r(% X = x — v,7], (56)
afw)_ﬁ_if d_i’(i__‘_"_)m)w)
o~ miav,d e \gr —

Xf dr [x =X — V7] (57)

Neither of these equations is invariant under the
time-reversal transformation. Thus it is seen that
the requirement of nonsecularity of the solution of
Eq. (85) in the limit ¢, — « picks out a special
class of solutions which is governed by the irre-
versible equations (56) and (57). Our special interest
is, of course, centered on Eq. (56), which carried
the system to thermal equilibrium in the time scale
of order of the mean free flight time of the particles.
Mathematically, one has an equal right to seek a
solution of Eq. (55) which is nonsecular in the limit
of t, » — . The corresponding time-irreversible
equation obtained in this way is exactly the same
as Eq. (56) except for a minus sign. This equation
does not approach thermal equilibrium in the di-
rection of positive ¢,. From the physical point of
view, one can exclude the latter equation by arguing
that the system is prepared at ¢ = 0, and one is
interested only in the evolution of the system in the
positive direction of ¢. Nevertheless, the philosophical
subtlety of distinguishing the direction of time still
remains. We leave this point to our readers who are
more philosophically inclined.
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APPENDIX I: METHOD OF MULTIPLE
TIME SCALES

We shall consider some simple examples. The
method as well as the nature of the expansion in
our work in kinetic theory are well demonstrated
by the first example

@  df/dt = —¢f . (A1)

The exact solution is trivial (ie., f = Ae™*).
Supposing that we want to solve (1) approximately
by a straightforward series representation, we get

) = A[1 — et + E87/2 + -+ -
+ (=Dl + -], (A2)

where A is an arbitrary constant of integration.
Even though the series is convergent, it is not
asymplotic for large t. To get an asymptotic repre-
sentation, we replace the single time coordinate ¢
in (Al) by a sequence of time coordinates f,, ¢,
t,, --- with df,/dt = € (a “space” of times), ie.,

f = f(tOs by, &y, -~ ')' (A3)

We treat &, f, i, --- as independent variables.
Formally it is equivalent to

d d

dt — di,

Using this, we obtain a set of equations for suc-
cessive powers of e. The first equation yields f =

4 a0
e T4 (A4)

f®, t, ---). We have then from the second
equation ‘
f“) = —[dfm)/dtx + f(o)]to + B(ty, t, - ). (A5)

To eliminate the secularity we must require the
coefficient of ¢, to be zero, i.e.,

A/t + fO =0, or f = Alts, ---)e ™. (A6)

Using this same procedure we obtain the following
solution:

f=e*[do + eBo + -], (A7)

where A,, B,, - - - are pure constants which are de-
termined by the initial values of f’, f°, f*’, ---
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Series (A7) is a uniformly valid asymptotic ex-
pansion.

The integration ‘“‘constants” B and 4 in (A5)
and (A6) were taken as functions of the appropriate
time coordinates instead of pure constants. In other
words, consistently with the imbedding of the time
coordinate, the initial value, which is a pure con-
stant, is replaced by a set of unknown functions
which are to be determined by the condition that
the resulting series solution be asymptotic. It is
easily checked that this procedure is not essential
for the present example. One obtains the same result
by taking 4, B, --- to be pure constants only.
However, for some other problems the replacement
proves to be essential. This can be demonstrated by
(A8)

()  df/dt = —(e + ). (A8)

We shall not include the simple algebra here.
It suffices to say that in order to obtain an asymptotic
representation for (A8), the allowance for the un-
known functions is necessary.

While the foregoing examples suggest that it is
logical to extend the initial values as well as the
time variable itself, we see that the requirement
that the series solution be asymptotic gives enough
constraints on the extended problem and we obtain
a unique meaningful approximation (exact solution
in the given examples). This is by no means true
in general. One can convince himself by our last
example.

©  dffdt = —ef

It is not difficult to show that the constraint we
have used so far is not strong enough to make the
problem well defined, if unknown functions are
included.

There is possible confusion between the multiple-
time-scales method and the PLK method. The latter
perturbation technique has been known to aero-
dynamicists through Lighthill'” and Kuo.® They
applied the method to solve problems of compressible
flows and viscous boundary layer, respectively. The
idea was first invented by Poincaré in dealing with
the perturbation of orbits of celestial bodies. The
basic idea of the method is that, in addition to
expanding the dependent variable, one expands the
independent variables also, i.e.,

=170+ V@ + -,

t=z2+ V0@ = T%@) + -,

17 M. J. Lighthill, Phil. Mag. [7] 40, 1179(1949).
18 H. 8. Tsien, Advances in Applied Mechanics (Academic.
Press Inc., New York, 1956).

(A9)
(A10)
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where z is a parametric variable. 7 (2), T®(2), - - -
are unknown funections. They are determined in
such a way that the singularities in the straight-
forward expansion, if there are any, are eliminated
as much as possible. In this regard the two methods
are similar, but the similarity ends here. To see
this, we invert the series (A10) and substitute it
in (A9),

f=1l—ave -]
+ E]((l)[t — ET(l)(t) .. .] + —_—
Compare this with the multiple-time-scale method:

C. H. SU

f = fw)(to; b, - ) + ffm(to, by, - ) + e

We see they are quite different in nature. Up to the
nth order, there are 2n + 1 unknown functions of
of single variables in the PLK method, whereas
there are n + 1 unknown functions in n -+ 1 vari-
ables in the multiple-time-scale method. The extra
freedom introduced in the PLX method up to nth
order has a number of n, while in the multiple-time-
scale method, it is of n®. It is not difficult to see that
the procedure of (A9) and (A10) is not applicable
to our first example, as far as the asymptotic series
is concerned.
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A uniqueness theorem for solutions of the one-dimensional scalar analog to the Navier-Stokes equa-

tion is stated and rigorously established.

1. INTRODUCTION

T is well known' that weak solutions of partial
differential equations are not always unique. In

certain cases this may be remedied by introducing
higher-order dissipative or dispersive terms. An ex-
ample where this is the case leads to the one-dimen-
sional scalar analog to the Navier—Stokes equation.
This one-dimensional analog was introduced by
Burgers®'® and has been studied from different points
of view by Hopf* and Kraichnan.®

We consider a mixed initial and boundary-value
problem for the nonlinear, inhomogeneous, one-
dimensional scalar analog to the Navier-Stokes
equation; and following the method of Ladyzhen-
skaya,® we prove that the weak solution is unique.

It is known that the problem under consideration

1 P, Lax, Nonlinear Problems ('The University of Wisconsin
Press, Madison, 1963), pp. 3-12.

2 J. M. Burgers, Proc. Acad. 8ci. Amsterdam 43, 2 (1940).

8 J. M. Burgers, Advan. Appl. Mech. 1, 171 (1948).

4 E. Hopf, Commun. Pure Appl. Math. 3, 201 (1950).

5 R. H. Kraichnan, J. Math, Phys. 2, 124 (1961).

8. A. Ladyzhenskaya, The Mathematical Theory of

Viscous Incompressible Flow (Gordon and Breach, Science
Publishers, New York, 1963), Chap. 6.

can be linearized by a change of the dependent
variable. The uniqueness proof given here does not
depend on this fact.

2. FORMULATION

Let Q7 represent the closed rectangular region

0Lz, 2.1
0<t<T. (2.2)

Consider the solution of
uy + uu, =, 4+ f(z, ), 2.3)

subject to the boundary condition

u(0, ) = w(l, t) = 0, (2.4)

and the initial condition
u(z, 0) = a(z), 2.5)

where

a(0) = a(l) = 0. (2.6)
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3. DEFINITION OF WEAK SOLUTIONS

We define a weak solution of the problem (2.3)—
(2.5) in the domain @, to be a function u(z, t) for
which

fL utz, §) dz < Cop, 3.1

o
for all ¢ € [0, T], where Cr is a constant; and for
which the derivatives u,, u, exist and are square-
summable over Q. The weak solution u(z, ¢) satisfies
the boundary and initial conditions (2.4)-(2.5) and
the identity

T L
[ [ tup+ v, — 3o, — el drdt =0, 3.2)
0 0

for all possible functions ¢(x, t) such that

elz, 1) € L@, 3.3)
ez, 1) € Ly(Qr), (3.4)
e:(x, 1) € Ly(@r), 3.5)
o0, 8) = oL, t) = 0, (3.6)

where L,(Qr) denotes the Hilbert space of functions
which are square summable over Q.

The force function f in (3.2) is such that the
integral involving it is well defined. Thus f can be
an ordinary integrable function or a generalized
function such as a Dirac delta function.

4. RELATION BETWEEN CLASSICAL AND
WEAK SOLUTIONS

Theorem I. If the problem (2.3)—(2.5) has a
classically differentiable solution in L,(Qr;) with
derivatives in L,(Qr), then this solution is a weak
solution.

Proof: We obtain the identity

T L
f f fu, + uu, — vu,, — flodz dt = 0 4.1)

from (2.3). Integration of the second and third terms
in (4.1) by parts making use of

4.2)
P, = 3eu). — e, (4.3)
and (3.6), yields (3.2) and the coneclusion follows.

Theorem I1. If the problem (2.3)-(2.5) has a weak
solution and this weak solution has a square-
summable second derivative u,, in the subdomain
Q4 C Qr, then u(z, ) satisfies the system (2.3)—(2.5)
almost everywhere in Q.

Uy = (u’zﬂa): ™ Uz,

Proof: Let each function ¢ have compact support
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interior to the domain @/ throughout which u,,
exists. Then integrating the second and third terms
of (3.2) by parts, using (4.2) and (4.3), yields

T L
f f {ue + uu, — vu., — flode dt =0, (4.4)

from which follows
U+, — e, = 4.5)
almost everywhere in Q.
5. UNIQUENESS OF WEAK SOLUTIONS

Theorem I1I. The problem (2.3)~(2.5) has no more
than one weak solution.

Proof: Let u and v be weak solutions of (2.3)—(2.5).
Then

T L
[ [ twg + s — b, — fo} dwdt = 0, (5.1
o 0

and
T L
[ [ twtme.— ot drar=0. 2
0
Subtracting (5.2) from (5.1) gives
T L
[t = e + v = 02
— 3.’ — D} drdt =0. (5.3)
Let
(p={(u——v)=w 0<t<t, 5.4)
0 LL<tLT;
then
ta L
f f {fwaw + »w?
] 0
— fww,(w + )} dz dt = 0. (5.5)
An application of (2.4) reduces (5.5) to
£y L
f f fww, + vwi — vww,} dz dt = 0. (5.6)
0 )
Define
L
v, I = [ we, 0z, 69
and
L
., ol = [ wiw 0@, 68)

in terms of which (5.6) becomes
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} [lwte, )]l

[ 3% t: L
4+ f [hw.]2 dt — f f www, dxdt = 0. (5.9)
1] 0 o

Two successive applications of Schwarz’s inequality
to the first integral in the last term of (5.9) gives
L
j; ww, dz < Ch ||lw.)l2 |Jw]ls,  (5.10)
where
[lwlls =

f " o, 1) do. 5.11)

It follows from a result obtained by Ladyzhenskaya’
that

[wlls < e [lwslls + C. fw]ls, (5.12)
where ¢ is any arbitrary ¢ > 0; and C, is a positive
number determined by ¢ with lim,,, C, = .
Combining (5.12) and (5.10) gives

L
f wow, dr
0
< Cfe |lw]l + C. |lw.lla [Jwlls},  (5.18)

and completing the square in (5.13) leads to the
inequality

L 2
[ o, iz < C%{(ze .l + £ kuz)}- (5.19)
[1)
Let
¢t = ¢y, (5.15)
and
C: = C,(C%/4e); (5.16)
then (5.14) and (5.9) yield
3w, &I+ [ (ol ae
0
ta CZ
<G fo (2e [Jw. ||z + e ||w||§) dt. (5.17)

7 Reference 6, pp. 10-12,

EDGAR A, KRAUT

Notice that e is an arbitrary positive number, and
since C, > 0, it is permissible to choose € so that

e =v/2C,, (5.18)
then (5.17) reduces to
e DIE<C [ lwlie, 619
where C, > 0. Let
ww) = [ Ihollsat, (5.20)
0
then (5.19) becomes
which can be integrated to give
y(&) < y(to) exp 2C:(t, — t), (5.22)
with
0t <T. (5.23)

Both ¢, and ¢, are arbitrary in [0, T]. Choose ¢, = 0,
then since y(0) = 0 from (5.20) it follows from
(5.22) that for arbitrary ¢, in [0, 7'

y(t) < 0. (5.24)
Conversely, (5.20) implies

y(h) 2 0; (5.25)
hence

yt) =0, (5.26)

for arbitrary ¢, in [0, T], and therefore the solutions
« and v must coincide, This proves the theorem.

Note that the validity of the uniqueness proof
depends on (5.12) which requires ¢ to be strictly
positive. As a consequence, uniqueness means that
the parameter » playing the role of a kinematic
viscosity and related to ¢ by (5.18) must be strictly
positive.
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It is pointed out that, for a number of problems, exact quantization rules exist which closely re-
gemble that of Bohr—-Wilson—-Sommerfeld. In some cases it is shown how these rules may be derived

mathematically from the Schrodinger equation.

1. INTRODUCTION
THE eigenvalues (point spectrum) of the equation
¥z — @m/R)[VE) — Ely@ =0 (1.1

are frequently estimated by the Bohr-Wilson—Som-
merfeld quantization rule

[Teme=-a+is a2
in those cases where
Q'@ = @m/K)[V() — E] (1.3

has two simple zeros (turning points) k,(E) < k,(E).
Although (1.2) is generally supposed’ to give good
approximations for only the larger eigenvalues, it is
very well known that in the case of the harmonic
oscillator it happens to give all the eigenvalues
ezactly. That is, (1.2) is an exact quantization rule
in this one case.

Another curious and very well known fact about
(1.2) concerns what we will call the radial wave
equation. In this case the function V(z) appearing
in (1.1) contains a parameter L, an integer, in the
form L(L + 1). And the use of (1.2) gives approx-
imating expressions for the eigenvalues E which
become exact ones upon replacing L(L + 1) by
(L + 1% In other words, an exact quantization
rule for the radial wave equation is obtainable in
the form

3= @+, a4

where @ is the function obtained from @ in this
case by replacing L(L + 1) by (L + 3)*. k, and £,
are the zeros of §.

* This work was supported by the United States Atomic
Energy Commission.

1P, M. Morse and H. Feshback, Methods of Theoretical
Physics (McGraw-Hill Book Company, Inc., New York,
1953). For a mathematical proof, however, see E. C. Titch-
marsh, Quart. J. Math. 5, 228 (1954).

Apparently it has not previously been noticed
that exact quantization rules can be had in a number
of other cases as well. In each of these cases one
can find a suitable function § for which (1.4) is
an exact rule; or, alternatively, one can find a
number « and a contour T such that the rule

1
“om 9SFQ =n+a 1.5)
is exact.

Actually one can go just a little further and give
a single rule which is exact in all these cases. Namely,

( ’ ‘pl
where the integral is along any simple contour
enclosing all the singularities of Q in the finite part?
of the complex plane,

In Sec. 2 we have listed all the essentially differ-
ent cases we are aware of for which the differential
equation (1.1) has at least two turning points
and which can be solved explicitly in terms of
known functions. It will be seen that (1.6) is exact
in these cases. (We hasten to point out, however,
that we do not expect the rule to be exact in all
cases.) Rule (1.4) is dealt with in See. 3.

In Sec. 4 we take up the obvious question of how
one could derive (1.6) and (1.4) directly from (1.1)
without any prior knowledge of the nature of its
solutions, We are able to do this for at least the
harmonic oscillator and the radial wave equation
by simply determining the asymptotic behavior of
the solutions of (1.1). Although the method is a
fairly general one it is not obvious how all the other
cases could be treated.

Section 5 is a discussion of some of the cobvious
questions raised by this work.

(1.6)

. ?In two of the cases we have in mind @? is a periodic func-
tion, and in such cases the contour is to enclose only the singu-
larities in one period strip.

1293
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2. THE SPECIAL CASES?

(i) The harmonic oscillator:

QE = @m/PE — B), o
W) = 0= y(=).
Eigenvalues
= (@2n + D[R/ @m)}]. 2.2)
(it) The radial wave equation:
Q) = a’D + fz(L +1) 2a:D _ &E,
(2.3)
¥(0) =0 = Y(+=).
Eigenvalues
E, = —d'D’/n + o), ©.4)
a=3%+ @D+ &+ YT
(iti) Morse oscillator:
Q*(2) = @m/W’)(Ae*” — 24¢™* — E), @.5)
W=w) =0 = y(=).
Eigenvalues
E, = —A(l (2mA)‘ (n + 2)) (2.6)
o ew -2~ - 5],
¥(0) =0 = ¥(=). 2.7
Eigenvalues
1)}
E, <(2 s G+ 1+ 20) = 2av) 2.8)
where
=} + @ma'y/K + D).
W @@ = @m/WV cot’ @w)a — B, 94
¥(0) = 0 = ¥(a).
Eigenvalues
=V + @*/2m)n + o*@x*/a’),  (2.10)
where
=} + @ma’V/Wx’ + Pl
(i) Q@) = —(@m/R*)[V sech’ (z/a) — E], @.11)
U—) =0 = ().

3 These equations and their solutions are all to be found in
J. Gol’ldman and V. Krivchenkov, Problems in Quantum
Mechanics (Addison-Wesley Publishing Company, Reading,
Massachusetts, 1960), as are the evaluations of the more
awkward integrals needed for verifying the quantization
rules.
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Eigenvalues

E, = —(*/2ma’)(n + o),
where

a =14 Cmd®V/h: + L

We do not verify the quantization rules in detail
for all these cases, but merely outline the steps
needed to check (1.5) and (1.6) in Case (ii). The
others are no more difficult.

In Case (i) the singularities of € in the finite
part of the complex plane are branch points (square
roots) at the two turning points, which are on the
positive real axis, and a simple pole at the origin
with residue —[a’D + L(L + 1)]®. Our contour,
then, is any simple closed curve containing these
three points.

The nth eigenfunction has n zeros between the
two turning points and has the form 2% D% a,2"
at the origin, where « = 1 4+ [o’D + (L + L)%

2.12)

Hence
1 ry oo 1 1Q
Py =n + «, while 20 =0,
and

9€ Q= L f |Q| + Residue of @

at the origin
[@’D + L(L + 1)1}
+ [@’D + L + 1P}

= {aD/(~E) -

= aD/(—E)}.

From these results and (2.4) it is evident that both
(1.5) and (1.6) hold.

3. THE FUNCTIONS Q(z)

Since, in may of the books on quantum mechanics,
attempts are made to ‘“‘justify’” (1.2) by means
of arguments which use the functions

w,(z) = [—Q(IT)];exp (ifz Q)

as approximants in some sense for the eigenfunc-
tions ¥(z), and since in at least some cases (1.2)
can be improved by replacing @(z) with a suitable
@(2), it seems worthwhile to indicate very briefly
why this should be expected.

The functions w, are solutions of the differential
equation

3.1)

" — (@ + Rw =0, 3.2)

which will resemble our wave equation (1.1) wherever
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R =(@Q/2Q — @Q/2Q (3.3)

is small compared to @ In the case of the harmonic
oscillator, R is small at «, the only singular point
of the differential equation (1.1). However in Case
(i), R is small (relative to Q°) at < but not at
the origin. [These are the two singular points of
(1.1) in this case.] For at the origin, R and @’ are
both O(1/2%).
If, on the other hand, we compare (1.1) with

v~ (@ + Byw =0, (3.4)

where

2 2 2
G = T2 +§£J+ D ZaZD 2B

,  (3.5)

and @, B are defined by (3.1) and (3.3) with @
in place of Q, it will be seen that §° 4 R is nearly
equal to Q° both at « and at 0. Consequently
there is good reason for expecting the solutions of
(3.4) to approximate the solutions of (1.1). Note
that this amounts, formally, to replacing L(L + 1)
by (L + 3)°.

Exactly the same considerations apply to the
other cases, leading to the following choices of Q.

Case (iii): @°(2) = Q°(2). In other words, (1.2) is
exact in this case.

Case (iv):
Q) = (2?@ Va® + ;11-)2'2 -+ %n_ ((:—/; 7 —2V — E)
Case (v):

2 = (27 22_) 272 _ 2m :
Q(z)—-(h2 V+41r2 osc’ " — 53 (V + E);
the singular points of (1.1) are 0, a (mod a), and «.
Case (vi):
o) = (2mV _1_) 22 _ 2m
Q(Z) = ( 72 +40,2 sec p 7 I,
the singular points are +ajw? (mod ant) and .

Verification of (1.4) in these cases is straightforward
and is omitted.

4. DERIVATION OF (1.6) FROM (1.1)

First we deal with the harmonic oscillator.

Recall the discussion in Sec. 3 concerning the
functions w, and their differential equation (3.2),
with now

Q@) = @m/k)& — E), (4.1)
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and hence
R(2) = (34 + 2E)/4(Z — EY. 4.2)
Rewriting (1.1) in the form
¥’ — (@ + R)¥ = —Ry, (4.3)

we can expect that the solution to the integral
equation

V0 = w@) - 5 [ w-eu.w

- w.(Qw-y)IR() () dy

will satisfy (4.3) if w is any solution of (3.2). Of
course the integral here (and elsewhere) must be
understood to be a contour integral and the contour
must be suitably chosen. We will use (4.4), with
suitable choices for w and b, to obtain information
about the solutions of (1.1) which will allow us to
deduce (1.6).
First define a sequence ¢, by

(4.4)

Yo = w_, (4.5)
and
) =00 =3 [ 0w
= w,Qu-WIRW Y1) dy  (4.6)

for n 2 1. (It will be seen that these definitions
make sense.) Rewrite (4.6) as

Lo-1-—[ %y
x[1-en(-2[0)|v=2wa an
and note that
bn ) — Yoy
- L[ Epl1-ep(-2[q)]
x| 6) - ) |y «8)

forn > 1.
If, now, we can choose a contour C, running from
z to 4 « in such a way that

(24

we will have the inequality

<1 for y€&EC,, 4.9
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<f \Q (y)\ Po ) — "b":‘ (y)\ |dy|
<u@ap[lw - k2|, o)
where

Mo = [ % (y)‘ dy|

lel.

In particular, if we can find any region D such that
for each z € D there is a contour C, lying in D
for which (4.9) is valid and M(z) < 1, then it
follows from (4.10) that

(Ynrr/w-)2) — (Yu/w-)2) — 0

uniformly in Das n— o,
and that
| Va0 — Y/w.
with ¥/w_ uniformly bounded there. Letting n — «
in (4.7) shows that ¢ is a solution of (4.4), and

using the upper bound of y/w_ on the right side
of (4.4), we obtain

uniformly in D

f @ =1+ 0(e[™) uniformly in D. (4.11)

~ However we must show that D exists (nonempty).
It is a simple matter to verify that

em<—2£vQ)=em{

—[¥Q@) — 20@)]}

y+ (yz _ E);>E[(zm)!/h1
*Cre—e)

and that [z + (&* — E)}| = constant > E! is an
ellipse in the complex z plane with foci at + E!,
Consequently if R[z] > 0 and |z + (&* — E)}| =
A > E! we can define C, as that contour running
from z along the ellipse |z + (° — E)}| = 4 to
the positive real axis and thence to 4+ «. Fory & C,
it turns out that |angle [yQ(y) — 2Q(2)]| < 3= with
strict inequality at least whenever y is on the real
axis with y ¢ 2. Hence D exists and contains all
large 2 for which R[z] > 0.

To sum up, we have shown that (1.1) has in D
a solution y with asymptotic behavior given by
(4.11). In particular, (4 =) = 0.

In an exactly similar fashion, by taking b = «¢™*
and w = w_, we can show the existence of a solution
¢ of (1.1) in a region D’ which contains all large z
with R[z] < 0 (or, rather, 3= < angle z < §n),

BAILEY

and which has the agsymptotic behavior
(o/w-)) = 1 + O(lz|™*) uniformly in D’. (4.12)

By takingb = «e*** and w = w, we find a solution
6 of (1.1) in a region D” which contains all large 2
with 0 < angle z £ 7 and has asymptotic behavior

(6/w.)@) = 1 + O(lz|™®) uniformly in D’’. (4.13)

In particular, 8 does not vanish at either +  or we*’.

An important consequence of this last remark is
that every solution of (1.1) which vanishes at 4 o
is some constant multiple of the function y obtained
above, and any solution which vanishes at we™*
is some multiple of the function ¢.

Now, suppose that E is an eigenvalue of (1.1)
with ¢ the corresponding eigenfunction. In other
words, suppose that ¢ vanishes not only at 4 «
but also at we**. Then ¢ = Ko for some constant
K. Hence, for any large z on the upper imaginary
axis (such 2 € D and D’ both), we have both

(Y/w)e) = 1 + 0|,
and

(¢/Ew_)(e) = 1 + 0(2|™),
which implies X = 1 and so (4.11) holds uniformly
inD\UD.

But we may assume any eigenfunction of (1.1) is
either even or odd (an easy thing to check), so that

Yze™) = £y() 4.14)

for any large real z. And at the same time,

») = gy s (-["0)

= FCZ(lTngXP (—3%mi) exp (—fz Q) exp <_f"” Q)

(4.15)

|
g
(
™o
o~
{
b
b
O
N
X
—_
N

where T is any simple closed curve containing the
two turning points :b.Ei' Using (4.14) and (4.15)
in (4.11) with z = ze™* gives

T omi .[ Q=n + 2
for some nonnegative integer n.

For the radial wave equation the argument is
essentially the same as in the previous case, although
naturally some of the details differ. By considering
the integral equation (4.4) withd = + w andw = w_,
we show the existence of a solution y of (1.1) with
asymptotic behavior
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W/w)e) =14 0(|™® inaregion D 4.17)

which includes all large z with 0 < angle z < =
Taking b = =¢*"* and w = w_ we find a solution ¢
of (1.1) with asymptotic behavior

(¢/w)@) = 1+ O(]z|™) in aregion D’ (4.18)

which includes all large 2z with «# < angle z < 2.
And by considering b = «e™ and w = w., we
conclude that any solution of (1.1) which vanishes
at + o (or »¢*”*) is some multiple of ¥ (or ¢).

But of course any solution of (1.1) which vanishes
at the origin is of the form 2* 2.2 a,¢", & = % +
[@®D + (L 4+ 3. Consequently, if E is an eigen-

value, so that ¢(0) = 0, then
Yae'™) = 7 'Y(a)

for large real z, and also

| V&) = Kol@) (4.20)

for some constant K. As before we deduce K = 1,
since D and D’ overlap, and so (4.17) holds in
D \U D'. Hence, using (4.19) and

w6 = o ([ Q)

where T is any simple closed curve containing the
origin and the two turning points, we deduce the
quantization rule

4.19)

(4.21)

'——1: f Q = a-+n for some integer n. (4.22)

2 T
(It turns out that n cannot be negative because
of the sign of @.)

Obviously the same procedure can be used to
derive (1.4) for these two cases. In fact we could
obtain (1.6) for fairly general @, provided only that
it bear a sufficiently close resemblance to either
(i) or (ii). We omit the details.
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5. DISCUSSION

Since in the case of the anharmonic oscillator
Q*(2) = (2m/k*)(z* — E) our rule (1.6) is completely
equivalent to the Bohr-Wilson—-Sommerfeld rule
(1.2), which is only approximately correct* in this
case, we cannot expect it to be exact in all cases.
The most one could hope for is that (1.6) be always
at least as good as (1.2).

There is one example we know® of for which
solutions can be obtained only numerically and for
which our rule (1.6) differs from (1.2); namely the
case

Q2(z) — (20006—8.4(:—1.3)
— 40006—1.7(1—1.3) + 2/22 — E).

The ground state E, has been computed* to be
—1923.5296551. We evaluated the left side of (1.2)
using this number of E and obtained 1.57079634.
This is remarkably close to (1.2) and distressingly
far from (1.6), which is equivalent in this case to
(1.2) with (2 — 2% = in place of iz Perhaps it
would be worthwhile to recompute E,.

In any event, it would be of interest to know
for which problems rules like (1.2) or (1.6) hold.
Obviously the treatment in Sec. 4 could be applied
to fairly general functions @° which closely resemble
either the harmonic oscillator or the radial wave
equation, always obtaining exact rules.

Note added in proof: We have now verified that
the stated value of E, is correct, which implies
that (1.2) is better in this case than (1.4) or (1.6).
That (1.2) gives such a good approximation is
probably due to the large coefficients of the ex-
ponentials.

4+ D. Secrest, K. Casghion, and J. O. Hirschfelder, J. Chem.
Phys. 37, 830 (1962).

¢ The author is indebted to Dr. C. J. MacCallum for
bringing a number of papers to his attention.
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The differential equations and boundary conditions governing the macroscopic behavior of non-
conducting magnetically saturated media undergoing large deformations, are derived by means of
a systematic and consistent application of the laws of continuum physics to a model consisting of an
electronic spin continuum coupled to a lattice continuum. The macroscopic effect of the quantum
mechanical exchange interaction is included as are dissipation and the associated thermodynamics.
The resulting nonlinear equations are specialized to the important case of a small dynamic field
superposed on a large static biasing field. Only the linear approximation in the small-field variables
is obtained. This final system of linear equations permits the solution of a variety of magnetomechani-

cal boundary-value problems.

1. INTRODUCTION

N the one hand there exists the macroscopic
theory of elasticity,’'* and on the other what
may be called the macroscopic theory of the mag-
netodynamics of saturated magnetic media.’® The
former governs, among other things, the propagation
of waves in and the vibrations of an elastic solid
and the latter such phenomena as the frequency
dependence of the magnetic susceptibility, ferro-
magnetic resonance, and the propagation of spin
waves. In recent years much interest has centered
on the magnetostrictive coupling of these two sys-
tems®™®; but all of these papers use results from
classical elasticity theory although it is clear that
certain assumptions which are made in classical
elasticity theory are not satisfied in such a coupled
system., None of the papers go back to the funda-
mental laws from which classical elasticity theory
is derived to see what basic changes result. In addi-
tion, all of these papers assume infinitesimal strain
at the outset and none of them formulate boundary-
value problems.

1 A. E. H. Love, A Treatise on the Mathematical Theory of
Elasticity (Cambridge University Press, Cambridge, England,
1927) 4th ed. (also Dover Publications, Inc.,, New York,
1944).

2 C. Truesdell and R. A. Toupin, “The Classical Field
Theories” in Encyclopedia of Physics, edited by S. Fligge
(Springer-Verlag, Berlin, 1960), Vol. III.

3 J. Smit and H. P. J. Wijn, Ferrites (John Wiley & Sons,
Inc., New York, 1959).

4 R. F. Soohoo, Theory and Application of Ferrites (Pren-
tice-Hall, Inc., Englewood Cliffs, New Jersey, 1960).

5 A. G. Gurevich, Ferrites at Microwave Frequencies, (trans-
lated from the Russian by A. Tybulewicz) (Consultants
Bureau, New York, 1963).

s C. Kittel, Phys. Rev. 110, 836 (1958).

7 A. 1. Akhiezer, V. G. Bar’iakhtar, and 8. V. Peletminskii,
Zh. Eksperim. i Teor. Fiz. 35, 228 (1958) [English transl.:
Sov1et Physws—JETP 8, 157 (1959)]

Vlasov, Phys Metals Metal Res. 5, 385 (1957);

Izv Aka.d Nauk. SSSR Ser. Fiz., 22, 1159 (1958) (Columbla.
Tech. Transl. 1149—1157).

Now, it is well known that any theory of the
mechanical behavior of deformable continuous media
(e.g., elasticity) may be obtained by applying the
laws of the conservation of mass, linear momentum,
angular momentum and energy to an arbitrary
element of matter and making suitable constitutive
assumptions (e.g., Hooke’s law). It is also known
that the macroscopic theory of the magnetodynamics
of saturated magnetic media may be obtained by
applying the law of conservation of angular momen-
tum to an arbitrary region containing electron spins
and using the appropriate electromagnetic equa-
tions. The application of the law of conservation
of angular momentum separately to the two systems
should make clear the need to state the fundamental
laws and apply them to the coupled system in a
consistent manner.

All of the aforementioned considerations are of
a macroscopic nature and all diserete microscopic
detail has been expressly avoided. Such an approach
is readily justifiable since a detailed, consistent
microscopic theory leading to the macroscopic equa-
tions is not presently available nor does it appear
that one will be in the near future. Furthermore,
it is well known that a knowledge of the detailed
behavior of the particles is, in such instances, not
necessary for the determination of the macroscopic
field variables. However, useful conceptual macro-
scopic information may be obtained from a knowl-
edge of microscopic phenomena (e.g., the electronic
angular momentum character of the magnetic
moment), and this macroscopic information may be
incorporated in a continuum theory in a manner
consistent with the basic laws of continuum physics.
This is the point of view adopted in this paper.

In this paper the field equations for the coupled
system are derived by means of a systematic
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application of the laws of continuum physics. The
medium being considered is carefully described and
the macroscopic field vectors involved in the analysis
are carefully defined. No assumption of infinitesimal
strain is imposed at the outset. Consequently, the
resulting nonlinear equations are valid for finite
deformation and large values of the dynamic mag-
netization. The equations are also specialized to the
important case of a small dynamic field superposed
on a large static biasing field. Only the linear
approximation in the small-field variables is con-
sidered. The jump (boundary) conditions at a mov-
ing surface of discontinuity are obtained. It is
assumed, however, that the frequency—wavelength
combinations with which we are concerned are far
outside the range associated with electromagnetic
propagation, so that the electromagnetic equations
may be replaced by the quasimagnetostatic equa-
tions. Moreover, as already implied, the material
is assumed to be magnetically saturated, so that the
direction of the magnetic moment changes but the
magnitude does not.

2. DESCRIPTION OF THE CONTINUUM

It is well known from microscopic particle physics
that a magnetic moment IR possesses angular mo-
mentum J = /v, where the coeflicient v depends
on the particular material. It is also well known
that a magnetic field H acting on a magnetic moment
M produces a couple equal to M x H. Furthermore,
the application of the conservation of angular mo-
mentum to the system gives the magnetodynamic
equation diit/dt = vy xH. In addition it is known
from quantum theory that there is an interaction
energy in the microscopic Hamiltonian® which has
no classical analogue and which is referred to as
exchange energy. It has further been established,
by Herring and Kittel'® assuming only nearest-
neighbor interactions between adjacent spins, that
the macroscopic effect of this exchange interaction
may be represented by an effective magnetic field
H*® which produces a couple M xH® acting on the
magnetic moment IN.

In any continuum theory of the mechanical be-
havior of deformable media (e.g., elasticity theory),
two distinet types of forces act, body forces f and
contact forces t.> The body forces arise as a result
of some distant action from within or outside the
body. They are long-range forces. The contact forces
arise as a result of the contact of adjacent elements of
a body. Macroscopically speaking, they are surface

9 J. H. Van Vleck, Rev. Mod. Phys. 17, 27 (1945).
10 C. Herring and C. Kittel, Phys. Rev. 81, 869 (1951).
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forces. Microscopically, they are caused by very
short-range near-neighbor interactions between ad-
jacent microscopic elements. As is well known, these
contact forces result in the mechanical stress tensor.
Note the microscopic similarity between this surface
force t and the effective magnetic field H® obtained
by Herring and Kittel. In many materials there
can act body couples,®''’* and contact couples
t00.7"*"** The contact couples will be expressly
excluded from this treatment since they are deemed
to be small."®* The body couples, however, are known
to be important in the media with which this paper
is concerned. Indeed, as has already been mentioned,
such couples (I xH) are precisely the quantities
which appear in the aforementioned magnetody-
namic equation. Such body couples are taken to
be zero in classical elasticity theory.! This assump-
tion, upon application of the conservation of angular
momentum, results in the symmetry of the stress
tensor in that theory. Thus, it should be clear that
in magnetoelastic media the stress tensor will not
be symmetric; and consequently, the use of results
from classical elasticity theory and magnetodynamie
theory in coupling the two fields could readily lead
to inconsistencies. That is to say, it seems to this
author that a theory governing such a combined
magnetomechanical system should be obtained by
means of a consistent application of fundamental
principles to a well-defined macroscopic model. The
description of such a model follows.

In view of the previous statements, it seems
natural to define two distinet interacting continua.
One of these continua will be called the electronic
spin continuum and the other the lattice continuum.
The electronic spin continuum possesses at each
point a macroscopic magnetic moment per unit
volume M and angular momentum M/vy (v a neg-
ative number), and it cannot move (translate) with
respect to the lattice continuum at that point. It
interacts with the local'” lattice continuum by means
of an effective local magnetic field H* which exerts
a couple per unit volume on the magnetization vector
M by means of the recipe M xH". Note that by

11 R. A. Toupin, J. Ratl. Mech. Anal. 5, 849 (1956).

2], D. Landau and E. M. Lifshitz, Elecirodynamics of
Continuous Media (Pergamon Press, Inc., New York, 1960),
P 11‘31%] Cosserat and F. Cosserat, Théorie des Corps Dé-
formable (Hermann & Cie., Paris, 1909).

14 E. L. Aero and E. V. Kuvshinskii, Fizika Tverd. Tela 2,
1399 (1960) [English transl. Soviet Physics—Solid State 2
1272 (1961)].

1 1. S. Rajagopal, Ann. Physik 6, 192 (1960).

18 R. D. Mindlin and H. F. Tiersten, Arch. Ratl. Mech.
Anal. 11, 415 (1962).

17 The word local is used throughout to mean something
occupying the same region of space.
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COMBINED ELECTRONIC SPIN LATTICE
CONTINUUM CONTINUUM CONTINUUM

Fig. 1. Schematic diagram showing the linear and angular
momentum and force and couple vectors acting in the
continua.

virtue of the definition of HY, without loss of
generality we may take M-H" = 0. Since M xH*
is a couple exerted by the local lattice continuum
on the spin continuum, and angular momentum is
conserved, an equal and opposite couple H* xM
must be exerted by the spin continuum on the local
lattice continuum, In addition to the couple caused
by the lattice, the electronic spin continuum ex-
periences couples caused by the ordinary Maxwellian
magnetic field H™ and couples caused by an effective
exchange field F, which will be assumed to act
on an element of surface area since it is due to a
near-neighbor microscopic interaction. This will be
discussed thoroughly in a later section. The lattice
continuum is an ordinary mechanical continuum
which experiences the aforementioned body couple
H" xM from its interaction with the spin continuum
as well as the body forces experienced by the spin
continuum, which forces are transferred directly from
the spin continuum to the lattice continuum because
of the assumption of no relative motion of the two
continua. By virtue of the same assumption any
interaction force between the two continua caused
by H' is counterbalanced. The lattice continuum
reacts to the forces and couples by means of stresses
and deformations in the usual manner. A schematic
diagram of the model showing forees and couples is
shown in Fig. 1.

3. THE LATTICE CONTINUUM

Figure 2 shows a surface s’ which separates a
portion of the volume V' of the lattice continuum

n

tin) F1a. 2. An arbitrary portion
V’, of the lattice continuum
separated from the remainder

s! by a surface 8’.

H. F. TIERSTEN

from the remainder. At each point of &', let n be
the unit vector normal to s pointing out of the
volume V’. The material on the side of s’ toward
which n is directed exerts contact forces, on the
material on the other side, which are assumed to
consist, at each point of &', of a force per unit
area t(n)."® Also, at each point in V’, let f be the
field of extrinsic and mutual forces per unit volume
and ¢ the field of extrinsic and mutual couples per
unit volume. The word extrinsic refers to force fields
generated outside the body, and mutual to force
fields generated within the body far from the point
where they act. The traction vector t(n) and the
body force vector f are polar vectors, whereas the
body couple vector ¢ is an axial vector. As usual
axial vectors are taken as positive in the direction
of advance of a right-handed screw.

Let us consider the motion of a portion V, of a
material volume, bounded by a surface S with unit
outward normal n. Across S there act traction vectors
t(n), and within V there act body force and body
couple vectors f and c¢. The equations of the con-
servation of mass, linear momentum and angular
momentum are taken to be, respectively,

d
Ez];pdV=0, 3.1)
%fvpvdV= fst(n)ds+fvfdv, 3.2)
%fvyxpvdV
- f yxt(n)ds+f Gxf+dv, (33
S 1’4

where d/dt denotes the material time derivative,
p is the mass density, y is the spatial position
vector shown in Fig. 3, and v is the material velocity
vector dy/dt.

tin)

o
Fi1a. 3. An arbitrary region of the lattice continuum in motion.

18 Couples per unit area are assumed to be zero.
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Application of Eq. (3.2) to an elementary tetrahe-
dron and taking the limit as the volume of the
tetrahedron shrinks to zero yields the definition of
the usual stress tensor (dyadic'®) «:

tn) = n-x = n.e;ce;7€ = NiTuE,,

e.--e,-=6,-,-={l 1= ,
0 ¢

(3.4)

where e, denotes a unit vector in the sth direction,
and the summation convention for repeated indices
is employed. Both dyadic and Cartesian tensor
notation will be used in this paper. The one to
be used in a specific instance will be determined
by convenience and common practice. For instance,
the vectors y and v, which have already been intro-
duced, and the vector operator ¥, may be written
in Cartesian coordinates, respectively, as

y = ey, V=eld/d)y, V,=el(d/dy).

Thus, y; represents the rectangular Cartesian coor-
dinates of a material particle at a time ¢, i.e., the
Eulerian coordinates.

Now, with (3.4), (3.1), and the divergence the-
orem, (3.2) becomes

L(V,-c - p(%v) dv =0,
from which, sinee V is arbitrary, we obtain
Vs o+ = pd/dl,
or in component form

(8/8y)rii + f; = o(d/dt);, (3.5b)

which are the usual stress equations of motion.
After substitution of (3.4), Eq. (3.3) takes the
component form

(3.5a)

g—t_[ €3zl i PUx dV = f €iixYiMiTux dS
14 8

+ fv (e:nyifs + ¢i) AV, (3.6)

in which we have introduced the skew-symmetric
axial tensor e,;;, which is defined by

+1 if <5k cyelic (123, 231, 312),
0 if any two indices are equal,
—1 if <7jk anticyclic (132, 213, 321),

Cijx =

and which is related to the unit base vectors e; by

Cijr = €;°€; xXe..

19 For those interested in more detail see Ref, 2, Sec. 203
or Ref. 1, Sec. 47.
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Applying the divergence theorem to (3.6) and using
(3.1) as well as the fact that dy,/dy; = 6;;, we obtain

61'”,

d
R e L
+ f (eiixin + ¢) AV = 0,
v
from which, with (3.5b), we obtain

3.7

which yields the symmetry of the stress tensor in
classical elasticity theory, since ¢ = 0 in that
theory. For the medium described in Sec. 2 we know
that the couple ¢ exerted on the lattice continuum
by the spin continuum is H* x M. Consequently,
we have

et + ¢ =0,

C; = esikHI;Mky
the substitution of which in (3.7) yields
eeik(‘f,'k + HI;Mk) = 0. (3-8)

Equation (3.8) is an axial vector equation, from
which the corresponding second-rank antisymmetric
polar tensor equation can readily be determined in
the usual manner, ie., by operating on (3.8) with
€:1» and using the well-known tensor identity

Cimlijr = 01;0m — 01404,
to obtain

Tim

— tm +HiM, — HM, =0. (3.9

Since 275, = 7im — Tmi, Eq. (3.9) may be written

Tin = ¥(MH, — H3H,,), (3.10a)
or in vector (dyadic) notation,
< = JMH" — H'M), (3.10b)

which gives the antisymmetric portion of the me-
chanical stress tensor in terms of the magnetization
and the local magnetic field. Since = = <® + <*,
we may substitute from (3.10b) into (3.5a) to obtain

V. 1+ iV,-MH" — H*M) +
= p(d/dt)v, (3.11)

which is a useful form of the stress equations of
motion for the medium being considered.

It should be remembered that Eq. (3.11) is written
in Eulerian (spatial) coordinates y; and that in
those coordinates

(@/dtyv = (3/dt)v + v-V,v.

Equation (3.11) can also be transformed to La-
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grangian (material) coordinates, which will turn
out to be more useful in this paper. In addition,
material as well as spatial coordinates will have to
be employed in formulating constitutive equations.
Thus, we introduce the material position vector x,
which refers to the position of a material particle
at some reference time and may be written in the
Cartesian form

X = eix,',
where it is understood that*
z; = z,(y;, 8) and y; = y;(z, B). (3.12)

The transformations shown in (3.12) are usually
referred to as the mapping functions of the deforma-
tion or simply the deformation. They are assumed
to be one-to-one and twice continuously differ-
entiable. We also introduce the material gradient
V. = 8/0x, which, in Cartesian coordinates, takes
the form

V, = € a/ax,;.

Since the mappings (3.12) are assumed to be one-
to-one, the Jacobians of the transformations (3.12)
are always different from zero, and by continuity
always have the same sign. Thus, we may write

We also have the well-known geometric equation
dV = J dV,, (3.14)

which relates an element of volume dV in the
deformed state to the corresponding element dV,
in the reference state. From (3.1) and (3.14), we
obtain

(3.15)

wherein p, is the mass density in the reference
configuration. Equation (3.15) is one form of the
continuity equation.

From the transformations (3.12) and the chain
rule of differentiation we have

pd = po,

9 9, 8
;= oy, oz (3.16a)

which may be written vectorially as
VvV, =VxV.. (3.16b)

Using (3.16b), and regarding all variables in (3.11)
as functions of the Lagrangian coordinates z; and
the time ¢, we may write (3.11) in the form

20 For a clear discussion of deformation theory see Ref. 2,
Secs. 13, 15, and 16.
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Vx-V. '+ 1Vx V.- (MH* — H'M) + f
= odv/ot),  (3.17)

which is the stress equation of motion in Lagrangian
coordinates.

4. THE ELECTRONIC SPIN CONTINUUM

Now it has been assumed that the electronic
spin continuum possesses no linear momentum
and that no point can translate with respect to the
corresponding point of the lattice continuum. Thus
it is clear that the spin continuum expands and
contracts with the lattice continuum and must
occupy exactly the same volume as the lattice
continuum, so that volumetric behavior is governed
by Egs. (3.1), (3.14), and (3.15). Similarly, the
conservation of linear momentum simply says that
whatever force® (of magnetic origin) is applied to
a point of the spin continuum, is transferred directly
to the lattice continuum at that point. That force
has been labeled f in Sec. 3, and its expression in
terms of magnetic quantities is given later on in
this section.

Inasmuch as the macroscopic effects of exchange
can be adequately treated by considering only
nearest-neighbor interactions between adjacent
spins,'® it seems reasonable to represent exchange
macroscopically by means of a surface interaction
in much the same manner as the stress vector which
was discussed in the preceding section. More specifi-
cally, we introduce an effective surface exchange
field F which acts across a surface S and produces
a couple per unit of surface area equal to M x F.
The exchange field vector F is an axial vector
which originates in that portion of the spin con-
tinuum which is just on the other side of the surface
being considered. Note that F has the dimensions
of magnetic field times length, and that its value
at a given point will depend on the direction of the
normal to the surface at that point. Since only that
portion of F(n) which is perpendicular to M, for
any surface through the point, has effectively been
defined, we may introduce the condition

(Fm)]-M = 0, (4.1)

for any surface, without loss of generality. We now
consider the angular momentum of a volume V,
of the electronic spin continuum, bounded by a
surface S with unit outward normal n. Across S
there act the effective magnetic exchange vectors
F(n) discussed above, and within V there act the

2 Only magnetic forces are being considered in this paper.
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ordinary Maxwellian magnetic field H™ and the
aforementioned local magnetic field H". Naturally
F and H" are axial vectors, as are M and H™.
The equation of the conservation of angular mo-
mentum takes the form

LMxF(n)dS+fVMx(HM+HL)dV

S

where again, d/dt denotes the material derivative.

The dependence of the exchange field vector F(n)
on the normal n may be obtained from (4.2) in
the following manner. Application of Eq. (4.2) to
the tetrahedron shown in Fig. 4 and taking the
limit as the volume of the tetrahedron shrinks to
zero yields

4.2)

3

M x[F(n)AS + > F(—e,.)As..] =0, (4.3
i=]

since h — 0, while M, H", H* and (d/dt)(M/v)

remain bounded. Since we have introduced the con-

dition (4.1) and M is assumed nonzero, Eq. (4.3)

is satisfied if, and only if

Fm)AS + 3 F(—e)AS, = 0.

i=1

4.4

From Fig. 4 it is clear that
AS; = AS_" = n{AS,
which, with (4.4), gives

Fn) = — i n,F(—e,). (4.5)

Consider the surface n = (1, 0, 0,); then from (4.5)
we have

F(e,) = —F(—e)).
A parallel application of (4.5) to the remaining two
perpendicular surfaces shows that

Fle) = —F(—e)), @6

which gives us the important result that the effective
magnetic exchange vectors acting upon opposite
sides of the same surface are equal in magnitude
and opposite in direction. From (4.6) and (4.5),
upon eliminating the Y and reintroducing the sum-
mation convention, we have

F@n) = n.F(e)),
which may be written

F(n) = n,e;-e,F(e;,) = n-e;F(e,). 4.7)
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X3

Xj

AS_y

Fic. 4. Elementary tetrahedron of volume 3hAS.

The quantity eF(e;) is a dyadic and hereafter
will be denoted by the symbol —A. With this
convention, Eq. (4.7) takes the vector form

Fn) = —n-A, (4.8a)
or the Cartesian component form
Fi(n) = —n; 4, (4.8b)

in which the first index on the magnetic exchange
tensor A refers to the surface on which the magnetic
exchange field acts and the second to the components
of the field vector acting on that surface. Since
(4.1) holds for arbitrary n, we have, from (4.8) and
(4.1), the important condition

AM =0, (4.9)

which reduces from 9 to 6 the number of possible
components of A.

Before proceeding we must discuss the saturation
condition in some detail. When a material is mag-
netically saturated, the magnitude of the total
magnetic moment is conserved. However, when the
volume is varying, the magnitude of the magnetic
moment per unit volume M is not conserved; never-
theless, since the mass is conserved, the magnitude
of the magnetic moment per unit mass is conserved.
In view of this it is convenient to work with the
magnetic moment per unit mass g, which is given by

v =M/p. (4.10)

Then the saturation condition can be written in
the convenient form

pu = us, (4.11)
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where ug is constant in a homogenecous material.
Taking the material time derivative of (4.11) and
of the material gradient of (4.11), respectively, we
obtain the important conditions

u-(d/dty = 0,
(V.p)-(d/dt)y + u-([d/d)uV.) = 0,

which must be satisfied by u.

After substitution from (4.8) and (4.10) and appli-
cation of the divergence theorem, Eq. (4.2) takes
the component form

(4.12)
(4.13)

aAu Alk aP L)
if 1 H H dV
‘/;e kp”'( e o 3y + Hy +
ap; 1 d
“f ukPAlk # dV dt P#.' dV,
from which, with (3.1), we obtain
w_ 0Ay Ay dp L)
emPﬂi( % 3 o 0y + H;
_ o _ 1 d
e;,-kpA”, ayl = v P dt M. (4.14:)

We must now introduce a further restriction on A,
ie., in addition to (4.9), so that (4.12) be satisfied
identically. We must require A4 ,,du;/0y: to be sym-
metric, i.e.,”*

AOui/0y:) = Aii(Ou/3y,), (4.15)

which assures us that the last term on the lhs of
(4.14) vanishes. Thus, (4.14) becomes

M__aAlk__Alk_g_P_ -L)
eiikpﬂ'i<Hk _ayl —p oy + H;
1 d

which may be written in the vector form

vx(HM — V. A~ %vﬂp-A + HL)

ll—‘
s

'Y av (4.16b)
which is obviously consistent with (4.12).

We will now determine the expression for the
magnetic body force f. Since any force generated
by H" is local and it has been assumed that there
is no relative motion of the two continua, such a
force is automatically equilibrated by an interaction
between the continua which need not be specified
_”—I;,—t?a;l be shown that this condition is equivalent to the

invariance of the exchange energy in a rigid rotation of the
entire spin continuum with respect to the lattice continuum.
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ap

Bt

F16. 5. Incremental motion of
magnetization vector in time inter-
val Al

(t+A1)
i wat

here. On the other hand it is well known, from
magnetostatics, that a spatially varying magnetic
field H™ exerts a force on a magnetic dipole; but
there appears to be some disagreement in the existing
literature™~*° as to the precise form for f. However,
for definiteness we will use the form

f=M-VHY, 4.17)

for the body force. Other forms could have been
chosen equally readily, with only minor changes
resulting. As has already been discussed, this f is
applied directly to the lattice continuum.

In order for us to write the equation of conserva-
tion of energy either for the spin continuum or for
the total continuum, we must know the rate at
which each couple acting on the spin continuum
does work. To this end we consider a typical couple
M xHF. The rate at which work is done by this
couple in time Af is

AW® /AL = 4.18)

where the angle wA¢? through which y turns in time
At is shown in Fig. 5. From Fig. 5 it is clear that

M xH".w = pyxH'-w,

WAL = J_A_EI. -3 xﬂ'_ ,
lul lul ™ |Ay]
from which we have
w = (1/us)u x (d/db)y. (4.19)
From (4.18) and (4.19) we obtain
% - s (o)

for the rate at which work is done by a couple
M x HF acting on M. Using some well-known vector
identities, we see that Eq. (4.20) may be written

28 M. Mason and W. Weaver, The Electromagnetic Field
(The University of Chicago Press, Chlcago, 1929) (also Dover
Publications, Inc., New York), p.

24 C, Mgller, The Theory of Relatmty (Clarendon Press,
Oxford England, 1952), Sec. 7

% W. F. Brown, Jr., Magnetostatw Principles in Ferro-
magnetism (North-Holland Publishing Company, Amsterdam,
1962), Chap. 4, Sec. 2.
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in the form

dWP_l( » d r g)
7 —Mgpu'vH v vHueoel,

from which, with (4.11) and (4.12), we obtain
dW*¥/dt = HY - p(d/dt)u. (4.21)

Thus it is clear that dotting the rhs of (4.19) into
(4.16b) gives us the important energy relation

gLy~ v,ad,

~IVASut H Sy =0, (4220
which may be written in the tensor form
Hi“%m. - a(;;?g—tuk

—%g; A,k S+ H :iit we=0.  (4.22b)

In general the magnetic field must also satisfy
Maxwell’s equations

D .
V. xHY = Cl%t— + 4—”1, (4.23)
V,xE = —&1-%%, (4.24)
B = H™ + 4M, (4.25)

where the vectors D, j, and E represent the electric
displacement, conduction current and electric field,
respectively, and ¢ denotes the speed of light. Since
we are concerned with nonconducting magnetic
media at frequency wavelength combinations far
outside the range associated with electromagnetic
propagation, the conduction current j and the time
rate of change of electric displacement dD/dt may
be neglected, and Eqs. (4.23) and (4.24) reduce to
the equations of the quasistationary magnetic field,

HY = —V,0, (4.26)
V,B =0, (4.27)

where ¢ is the axial magnetic scalar potential. For
our purposes we shall also need the integral relations
from which (4.26) and (4.27) may be deduced when
suitable continuity conditions are assumed. These
integral relations are, respectively,

f HY.dy = 0,

c

fsn-B s = 0,

4.28)

(4.29)
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where C denotes an arbitrary cireuit and S an
arbitrary closed surface, both of which are stationary
with respect to an inertial reference frame.

5. THERMODYNAMIC CONSIDERATIONS

The principle of conservation of energy for the
material medium—consisting of both the lattice and
electronic spin continua—states that in any volume
V of a body bounded by a surface S with unit
outward normal n, the rate of increase of energy
(kinetic plus internal) is equal to the rate at which
work is done by the surface tractions and magnetic
exchange torques acting across S, less the flux of
thermal energy outward across S, plus the rate at
which energy is supplied to the material from the
quasistatic magnetic field. Thus,

d
4 f Govev + oU) dV

d
=fs(t-v+F-pay—n-q)dS+fvedV, G.1)

where d/dt is the material time derivative, iv-v is
the kinetic energy per unit mass, U is the internal
energy per unit mass, t-v is the rate at which work
is done by the surface tractions, F+p du/dt is the
rate at which work is done by the surface exchange
torques, q is the heat flux vector and e is the rate
of supply of energy per unit volume.’® The time
rate of change of spin kinetic energy vanishes by
virtue of (4.11). In view of Egs. (4.17) and (4.21),
the rate at which energy is supplied to the material
takes the form

e = H". p(d/dt}jy + M-V H)-v.  (5.2)

The first term in (5.2) represents the rate at which
the magnetic couples do work and the second term
represents the rate at which the magnetic body force
does work.

In view of (5.2) and Poyntings theorem, Eq. (5.1)
can be written in another form which is particularly
enlightening, Poyntings theorem for this quasistatic
magnetic field takes the degenerate form

1 (B g [ M
~./:q47rn(¢0t)ds fVH at ¥V

3 MM>
fat(HH v,

where (4r) '¢dB/0¢t is the form taken by the
Poynting vector E xH in a quasistatic magnetic

56.3)

# For a general discussion of the procedure employed here
in coupling the magnetic ficld to the material medium see
Ref. 2, Secs. 284-286.
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field. From (4.10) and (3.15), we obtain

dy
Pat

where we have introduced the well-known identity®
J'dJ/dt = V,-v. Equation (5.3) is written in
terms of regions and surfaces which are stationary
with respect to the reference frame, whereas all
other equations in this section are written in terms
of material regions and surfaces which are moving
with respect to the reference frame. Equation (5.3)
may be written in terms of material regions and
surfaces by employing the relations

3/dt = d/dt — v-V,, (.5)
@/dt) dV = V,-vdV. (5.6)

When written in terms of material regions and sur-
faces, Eq. (5.3) takes the form

1 9B\ .o _ u d
_fs41rn (‘Pat)ds va g Madv

+ f HY.(v.V,M) dV
v

= tM + M(V,-v), (5.4)

+ f n-v-L HM.H™ 48

K] 81l'
4 ( HY. HM) av. 67
Ta
Substituting from (5.4) into (5.7), then from (5.7)
into (5.2), then from (5.2) into (5.1), recombining
terms, and employing the divergence theorem, we
obtain

d 1 _
T fv <%pvkvk + oU + STF‘HII:{H:{> av

d 1 dB,;
= j;(tivi+Fipdtﬂi_niqi_4 Ny o7 Y,

+ ny o= HEHY, + njH,f‘Mkvi) ds, (5.8)
which is a particularly interesting form of the equa-
tion of conservation of energy. Equation (5.8) says
that the time rate of change of kinetic plus internal
plus magnetic field energy is equal to the rate at
which work is done by the surface tractions and
magnetic exchange torques acting across S less the
flux of thermal and magnetic energy outward across
S plus a convective flux of magnetic field energy
and magnetic dipole energy. Obviously, Egs. (5.1)

27 For a derivation, see A. C. Eringen, Nonlinear Theory of
Continuous Media (McGraw—Hill Book Company, Inc., New
York, 1962), Sec. 19.
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and (5.8) are completely equivalent and we may
proceed equally readily from either one.

Now, with (3.1), (3.4), (4.8), (4.25), (4.26), (4.27),
and the divergence theorem, (5.8) becomes

au ( dv; 97y aHM)
f[ dt+ @ oy Mgy,

wdHY 1 M(aH,, oH,"
T H at T\ g TV gy,
aMk M) M 61}
+i +dm " 9y, M.H, 3y:
94 d 9 d
+ 3y, Pait + A ay, i M

£) 53]

+ Aun g Y (dt + Yy Téi Y. av =
which, with (5.4), (5.5), (4.17), and (3.5), becomes
f[ﬂ~ oy g sy 04y d

v LP Tt T T gy, dt 7 oy, Patt

% d (d ) aq.]
+ Aii ay‘ dt M + Aup ay dt My + ay‘ dV 0

from which, since V is arbitrary, we obtain

alu  av; ( m@p;  0A; du;
Prgr = T ayi""'H" dt ~ oy, dt
Loy d g, 0 (d)
pay‘ Au dt Ui Aiip ayl dt 122} 6y, (5'9)
Substituting from (4.22) into (5.9), we obtain
U _ s
Prat = T4 gy, i dt
O (4 ) _ 94
PAii ay, (dt F'i) ay' ’ (510)

which is a form of the first law of thermodynamics
for this combined continuum.

We may now introduce dissipation by assuming
that the symmetric part of the stress < and the
local magnetic field H" may be written as the sum
of a dissipative and a nondissipative part. This is
a restrictive assumption, but it is believed to be
adequate for the medium being considered. Con-
sequently, we write®

% = %% 4 P25 H' = "H" 4+ "H", (5.11a,b)

where
"H'.y =0 (5.12)

% It is not actually believed that the dissipative portion
of the local magnetic field PHL exists. However, it is being
kept for purposes of comparison with the well-known phenom-
enological magnetodynamic theory for the rigid solid.
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and in each case the superscript R stands for the
nondissipative (stored energy) portion and the super-
seript D for the dissipative portion. Substituting
from (5.11b) into (3.10) and employing (4.10), we
obtain

< = Bt 4 Dot (5.13)
where
R A _ 1 _(.RyylL _ RyyL
T = ZP(U H H v)) (514)
Pt = jp(’H" — "H'y).

Before proceeding further, we must recall a few
well-known relations concerning vorticity and spin.*
These are

(Q); = 3(V, xv); = 3e.:(0:/9y,),
—eimnﬂi
= %(avM/ayn -
Q,‘ =

("’)mn = Wmy =

0./ 0Ym), (5.15)

1
— _2'6 imn@mny

where Q is an axial vector called the vorticity
which is the local angular velocity of the lattice
continuum and o is the polar tensor of the axial
vector Q, and is called the spin tensor. Note that
o is the antisymmetric part of the spatial velocity
gradient. The symmetric part of the spatial velocity
gradient is given by

dunn = %(avm/ayn + avn/ayM); (516)

and is called the rate-of-deformation tensor. Ob-
viously, we have

/0y = dpn + Wnn- (5.17)
we have from (5.11a) and (5.13)
S 4 Pe® 4 Bt 4 Pt (5.18a)
= Re 4+ P2® 4 P (5.18b)

Substituting from (5.11b) and (5.18b) into (5.10)
and employing (5.14b) and (5.15)—(5.17), we obtain

Since £ = =° + +*,

- =

W » av,-_RLdu,_ i(d_ )
P T gy, T P Hg T e gk
d 9¢;
+ Pr8d,; — p"H%(gi e = wuy) — . G19

All current forms of the theory of irreversible
thermodynamics®*~** indicate that for this case the

% For a discussion of vorticity and spin see Ref. 27, Sec. 21.

30 See Ref. 2, Secs. 245247, 256-258.

31 B. A. Boley and J. H. Weiner, Theory of Thermal
Stresses (John Wiley & Sons, Inc., New York, 1960); Secs.
1.8-1.11.

2 8, R. De Groot, Thermodynamics of Irreversible Processes
(North-Holland Publishing Company, Amsterdam, 1952).
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mathematical expression of the second law takes
the form

aU = Ov;
Plat = T gy,

d
+oedii g e (dt “') =005

where 6 is the positive absolute temperature and
n is the entropy per unit mass. From (5.19) and
(5.20) we also have

d
RyyL
+ Hi dt

(5.20)

0}) Z_;l = DTiB:'dii

P4 ) _9g;
H (dt Bi — Wiily ay: (5.21)
Now, since
X (q_) _lag 1 90
dy. \8 09y, 6 oy’
we have
dn i(q_> _los
r + 3y. \@ =0 7iilis
L) L 00
8 p i1y di Wy ihhy i q: e (5.22)

The quantity p dn/dt + 9/9y; (gq./6) is called the
rate of entropy production and will be represented
by the symbol A. Then the important postulate
of thermodynamic irreversibiltity takes the form

A 2> 0. (5.23)
6. CONSTITUTIVE EQUATIONS

Let us record Egs. (5.20) and (5.22) along with
the condition (5.23) below for convenience:

1 R |

——— — ‘e R
Tii ay‘ Hl dt Hi

Plat ~
d (d
— pAi o 3y, (dt F;) + Po dt ’ (618’)

1 1 d
A= I DT-'sidii ) PDHﬁ(ﬁ - wkil-"i)

1 a6

~ %oy, (6.1b)

A>0. (6.1c)

Equation (6.1a) is concerned with recoverable
(stored) energy whereas (6.1b) and (6.1¢) are con-
cerned with irrecoverable (dissipated) energy. The
portions of the constitutive equations which are
derivable from a stored energy function (U) and
the portions which are associated with the dissipa-
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tion are independent and are obtained in completely
different manners. Consequently, we may determine
either one first. We will determine the dissipative
portions of the constitutive equations first.
Although the portions of the constitutive equa-
tions which are derivable from a stored energy
function will be general and nonlinear, the portions
which are of a dissipative nature will be linear, i.e.,
only linear dissipative processes are considered.
Moreover, since we are not interested in the most
general possible theory of linear dissipation but only
in a theory which is deemed to be adequate for the
materials being considered, we assume that

DT?{ = {indi, ¢ = —k.;(36/3y,), (6.2a, b)
PHy = —op(dm/dt — wpn;), (6.2¢)
where a careful analysis shows that®*:**
$Coipt = qun %%%% )
» B B2, 0, 6.3
b = o G Gt

and Z and « are referred to the undeformed con-
figuration, and where ¢ is a scalar no matter how
anisotropic the media by virtue of (4.12), (5.12),
(5.15) and the fact that we are expressly excluding
nondissipative gyroscopic terms which contribute
nothing to A. It should be noted that all the con-
stitutive equations in (6.2) satisfy Noll’s principle
of material objectivity,**'*® which requires that any
equation describing the constitutive behavior of the
material shall be independent of the frame of ref-
erence of the observer. The explicit mathematical
requirement resulting from the application of the
general principle to the case treated here simply
states that all variables appearing in (6.2), which
are linearly related by the coefficients {;;::, k;;, and
o, shall transform according to the appropriate
tensor transformation law under (Zme-dependent
orthogonal coordinate transformations. The im-
portant point to realize is that (du./dt — win;)
is objective whereas du,/dt is not. Moreover, it
should also be noted that if the vector y be rigidly
attached to the lattice continuum, "H" = 0. Sub-
stituting from (6.3) into (6.2), employing the well-
known relation®

# B. D. Coleman and W. Noll, Arch. Ratl. Mech. Anal.
13, 167 (1963).

"u Equations (6.2a) and (6.2b) along with (6.3) are special
cases of Coleman and Nolls Eqgs. (3.9): and (3.9),, respectively.

% For thorough discussions of the principle of material
i){b]fectlwty see Ref. 2, Secs. 293, 296; Ref. 27, Secs. 27, 44; and

8 W, Noll, J. Ratl. Mech. Anal. 4, 3 (1955), Sec. 4.
37 For a denvatlon, see Ref. 27, Sec. 1
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d _ 9y 9y,
th . 0z, 9z, diiy ©.4)

in which the material strain tensor E,, is defined by

_1 (Qlifga_lz _
az, oz,

and using the chain rule of differentiation, we obtain

DT§' ayv ayl Z d
Yo dx, dx, T TN dt E., 6.5)

- Oy 988

% dz, " Iz,

The scalar ¢ cannot be negative and the matrices
kre 80d Z oy (rey>° must be matrices of nonnegative
quadratic forms, by virtue of (6.1c). The actual
form taken by the matrices «,, and Z .. i8
determined by the point-group symmetry of the
lattice in the undeformed state. In a triclinic erystal
there are 21 independent Z .., and 6 independent
ke The Z o e are coefficients of mechanical
viscosity, the «,, are the usual coefficients of thermal
conductivity, and o is a coefficient of magnetic
dissipation which is directly related to the Gilbert
damping factor. Note that no crossinteractions of
a dissipative nature have been considered. It is,
of course, quite conceivable that they exist.

We now turn to the determination of the portions
of the constitutive equations which are derivable
from a stored energy function. We begin by defining
the free energy F in the usual manner, i.e., by

F=U— 76, (6.6)

and substituting the material time derivative of
(6.6) in (6.1a) to obtain

aF _ = v _ d_
Pat = Tigy, satt
Ay ETR ( ) Pn dt' ©.7)
In view of the relations,
v, _ dznd dy; 1(4_ )_%iaﬁ
dy. oy. dt oz, '  oy. \dt"/ T By, dt oz, '
Eq. (6.7) can be written in the form
aF _ » axmd_(‘ay:)_ rRyyL @
Pat = Ty, dt \oz., H gy w
o4 Omd (iu_) _ 498
pd; dy. dt \oz,,) ~ P"di 6.8)

38 Tt is to be understood that Z (.. is here considered
as a 6 X 6, 2-index matrix.
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Motivated by (6.8), we assume

F = F(ayi/axnu i,y aﬂi/axm’ 0): (69)

___Oﬁ_d_(iy_f) oF d
o, +ay,-dt""

+______6F a (%)_FQE@

At this point we must remember that 12 of the
22 time derivatives appearing on the rhs of (6.8)
and (6.10) are not independent, but are connected
by the four relations given in (4.12) and (4.13).
Consequently, we must introduce four Lagrangian
undetermined multipliers, A and L,,, then multiply
(4.12) by A, (4.13) by L,,, and add the sum to the
rhs of (6.8) while substituting from (6.10) to obtain

[n . __OF ]d_(%)
i 3y, — P o(ay,/ox,) | dt \oz,,

R e e a_F]d_
P_ H; Mt L, axm+a“'_ dt Mi

_ 0w _ OF _|d (_@_u_)
p LA” dy: Loy + 8(8/.¢,»/axm):| dt \oz,,

[ oF|d
- P 71+——-:|~—0—0.

36 | a1 = (6.11)

Since we have introduced the proper number of
undetermined multipliers in the usual Lagrangian
manner, we may treat all 22 time derivatives appear-
ing in (6.11) as if they are independent. Moreover,
we assume that ®e, *HY, A 5, A, and L are in-
dependent of d(dy;/dx,.)/dt, du;/dt, d(du;/dx,)/dt,
and d6/dt. Consequently, from (6.11), we must have

R axm a F

Tl'i 5y—‘- = p m y (6.1231)
egr _ _OF s
H,’ = a”" + Xﬂ, + Lm axm y (6.12b)
oz,  OF
A.'; 6y‘ = a(aui/axm) + L,,,M,', (6.120)
n = —aF/a0. (6.12d)

The Lagrangian multipliers may be determined by

substituting from (6.12b) and (6.12¢), respectively,

into the conditions *H"-y = 0 and A-y = 0. The
results are

1 oF 1

2

A= 2 o L, =

oF
12 8(9u/ oz, 1

where we have made use of (4.11) and the fact

(6.13a, b)
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that the material gradient of (4.11) vanishes. Sub-
stituting from (6.13) into (6.12) and solving the
resulting equations for ®¢ and A, we find

"= p %5@3‘%;5 ) (6.14a)

RH; = _z—i+l%[_g£uw‘+é(a_ﬁ:@m%i]' (6.14b)
O AR TS i}, @160
--Z, (6.14d)

in which we have made use of the well-known
relation

(3Y1/0%.m) (0% n/BYs) = ;. (6.15)

We must note clearly that F cannot be any func-
tion of dy./0x:, wi, Ou:/0z,, and 0 because F' must
be invariant in a rigid rotation of the deformed
and magnetized body, and any arbitrary function
of the 22 assumed variables (7 vectors at the point
yx and a scalar) will not be so invariant.** Now,
there is a theorem on invariant functions of several
vectors due to Cauchy*’, and used by Toupin'' in
a similar connection which states that if f(V3}, V73,
.-+, V7 is a single-valued function of the compo-
nents of n vectors which is invariant in a rigid
rotation of the system of vectors, f must reduce
at most to a function of their lengths and scalar
products, #*° = V4V%, and the determinants of
their components taken three at a time, A*°¢ =
e;:xVAVEVS.* Thus, in our case, the theorem asserts
that the stored energy function F must reduce at
most to a function of # and

C;; = (Oy:/0z.)(dy./3x;), (6.16a)
B = B, (6.16b)

G = (Opa/02,)(ps/ 0T m), (6.16¢)
N, = (0y./0z)us, (6.16d)
D, = (pi/0x:)(3Ys/0T.), (6.16¢)
H, = u(0m/0%..), (6.16f)

J = Yoo L e e (6.16g)

iz, 9z, 0z,

3 Toupin gives an excellent discussion of this point in
Ref. 11, pp. 887-888; 901-904.

19 A, L. Cauchy, “Mémoire sur les Systémes Isotropes de
%’o)intsglgla};ériels,” Mem. Acad. Sci. XXII, 615 (1850) [Oevres
1) 2, 351.

4°A proof may be found in H. Weyl, The Classical Groups,
Their Invariants and Representaiions (Princeton University
Press, Princeton, New Jersey, 1946), Chap. 2, Sec. 9.
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L = leinim g—;l gg-; g—;’i . (6.16h)
P., = 3€:i1mr %—: %%; g%’j ’ (6.161)
Qen = 3:5181m: %%;‘ %’i‘i‘ g%i' s (6.16))
Win = e % gg; e, (6.16k)
K, = 1oineim g—g—l (—%if; s (6.161)
R, =} Ou; duy (6.16m)

= 9€;ikC1ms oz, o My
m

Consequently, we find that the original list of
variables shown in (6.9) (excluding 8) can ocecur
only in the 63 combinations listed in (6.16). We
will now show that only the 18 quantities C,.,, Ny,
D,,. need be considered without any loss in gen-
erality, since all of the remaining 45 quantities are
expressible in terms of the aforementioned 18. To
this end, we first solve (6.16d) and (6.16¢) for u,
and du,/dz, in terms of N,, dz,/8y.., and D, and
obtain

we = N.(3z:/3y,), 6.17)
/32w = Dpn(02,/0Ys), (6.18)

and then note that
Cii = (82:/3y)(0x;/ 3y, (6.19)

where C™' denotes the reciprocal of C. We then
substitute from (6.17) and (6.18) into (6.16) and
with the aid of (6.19) obtain

#s = N\CiIN,,  Gi, = D,.CoDy,,  (6.20a,b)
H, = N.C2D . (6.20¢)

Now, it is well known** that
det C,.. = J*. 6.21)

In view of (6.21), we evaluate det D,,, and find*®
L = (1/J) det D,,. (6.22)

We now substitute from (6.17) and (6.18) into the
remaining relations in (6.16) and obtain

Prn = JC:nlanm;
an = (1/2J)etkaelerUDmk ney

Wlm = (1/J)esanZstan}

42 See Ref. 2, Sec. 30 for a proof.
43 See Appendix A for detailed derivations of Eqs. {6.22)
and (6.23).

(6.23)
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K, = JCTN,,
Rk = (1/2J)entelmlerDmaNt-

We have now demonstrated that the quantities
appearing on the left-hand sides of Egs. (6.20)-(6.23)
are directly dependent on the C,,, N,, and D,,,
and consequently may be eliminated from the list
of variables in (6.16) without any loss of generality.
Thus, we have reduced F to the form

F =F(C.,N,, D.., ), (6.24)

in place of the form shown in (6.9).

Now, we must realize that any arbitrary funetion
F of C, N, D, and 6 will not necessarily satisfy
(4.15) by virtue of (6.14c). To find the additional
restrictions on F which are engendered by (4.15)
we first note that

9F __ oF aD. _ 9F &y
0(0u:/8z,)  8D,, 8 /0x,) 8D, oz, ’

and then substitute from (6.25) into (6.14¢) to obtain

_ 8y OF_ [al 1oy ]
0r,, 6Dm, dz, Mkt (6.26)

2
Ky O,
We now substitute from (6.26) into (4.15), and
employ (6.17)—(6.19) with the result

__OF 1 oF
9D, u 3D,
1 9F
u: 8D,

(6.25)

Ay =

-1 Y az,

-1
Derra + rq ax. ay’ Mibh;

Dmro

_ __OF
= 8D.,

-1 9% 9%,
D,..C;; o, 3y, M-

6.27)

These comprise a system of three independent dif-
ferential equations in the 19 variables C, N, D,
and 6, which must be satisfied by F. Consequently,
F must reduce to an arbitrary function of any
19 — 3 = 16 functionally independent solutions
of (6.27), which must be composed of C, N, D, and
6. It is trivially obvious that C, N, and ¢ constitute
10 such solutions. 8ix additional solutions are given
by D;.C:D;, = Ty, as may be verified by substitut-
ing any funection f of I' into (6.27) to obtain

D,.C., +

8?1f [—DiaO;;D:‘rC:ql + 'l2 D{aC;:DirC:ql
i Hs
ayk axp -1 g |
X 6x. ayl Mk + DiaCquz’rCrp

~ b B, |20 G2

in which we have introduced the convention
df/aT;; = 3f/9T;; and employed the relations
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af _ af ari]' _ 3f —1

dD,, oIi;8D,. 2 ol D:oCoa:

In (6.28), the second and fourth terms inside the
brackets vanish identically since

DiaC::(ayk/axa)ﬂk = ﬂk(aﬂk/axf) =0,

and the diagonal components (z = j7) of the remain-
ing two terms naturally cancel one another, while
the off-diagonal components (¢ = j) cancel one
another in pairs upon contraction with 9f/4T,;, and
the T,; are indeed six solutions of (6.27). From
(6.20b) we see that I' = G, and thus that F may
be reduced to the form

F =FC, N, G, 9,

(6.29)

(6.30)

in place of the form shown in (6.24). It is interesting
to note that G is invariant in a rigid rotation of the
entire spin continuum with respect to the lattice
continuum. Thus it is clear that condition (4.15)
has served to make the exchange energy invariant
in a rigid rotation of the entire spin system as it
is in the quantum mechanical description.’'*’

It should be noted that C,, does not vanish
when the material is in its natural undeformed state.
Consequently, it will be convenient for our purposes
to replace Greens’ deformation tensor C in the energy
function F by the material strain tensor E, where

Elm = %(Clm - 6lm)’ (6'3]-)

and does vanish when the material is in the un-
deformed state. Of course, since C is uniquely de-
termined by E, this replacement is always permissible
and we may replace (6.30) by

F = FE, N, G, 6). (6.32)

From (6.32), (6.31), and (6.16), we obtain the
relations

oF _ OF 38y,
30y,/9z.) _ 9E,. 9z, T o, N Biy (6.332)
oF _ OF dy;
op; 9N, oz’ (6.33b)
0(0u;/dz,) ° 8G,, oz, ’ (6.33¢)

in which we have introduced the conventions
oF/3E,, = 9OF/3E,, and 9F/3G,. = 0F/dG,..
Substituting from (6.33c) into (6.13b), we find

we=0. (6.34)

Substituting from (6.33) into (6.14) and employing
(6.34), we obtain
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r_ |9y OF oy, | dy. 9F ]
T [ax, .oz T on. oN M| (6:35)
oF | 3y, 19
RHP = 3N, [a—gl — ,76_?:""”‘:] ) (6.35b)
_ _o 0y OF 3u; _ _oF
4= 0% G, 9z, 7 ' 06’ (6.35¢)

in which it is to be assumed that dE,,/dE,. = 0
and 4@,./d@,,, = 0 in differentiating F. Remember-
ing that ®z = F° R4 and substituting first
from (5.14a), and then from (6.35b) into (6.35a)
we find

R S8 _ l:a_y-_ oF dy;
Tii T P 5y, R, oz,

li(%
2 8N, \oz,

w)] 0 e
Thus, it is clear that the antisymmetric portion
of the nondissipative part of the stress tensor is
derivable from an energy function and has just the
value required by the conservation of angular
momentum.

From (5.11), (6.2¢), (6.5), (6.35b)—(6.35d), and
(6.36) we may write the constitutive equations in
the invariant vector form

. oF oF *
= pYV:-BE'sz + %p<5‘ﬁ'VzYu>
d
+ yV.- (Z ——E) V.,

H" = —%-V,y + %%-V,y-w
- olgge o)
P\at¥ Y (6.37)
A= —2yV..0F/0G:V . u,
7= —0F/38, q = —yV.-x-V.0.
Thus, all that remains in the determination of

explicit constitutive relations is the selection of a
form for F.

7. SURFACES OF DISCONTINUITY

In this section we determine the jump conditions
at moving surfaces of discontinuity which may or
may not be material. To this end we begin with
3.1), (3.2), 4.2), (4.28), (4.29), and (5.22), re-
spectively, in the form

d
2 fv pdV =0, (7.1)



1312

g

Fra. 6. Diagram showing a surface of discontinuity moving
through an arbitrary region.

%fv pvay = Ln-eds+ Ln-TM s, (1.2

fn.Axpde+f ou x (H* + HY) 4V
8 : 14

da 1

=i,y v, (7.3)
55 H™.dy = 0, (7.4)

c
[nBas =0, @.5)

3

d 1
& mav+ [nfads - LAdV, 7.6)
where T™ is the Maxwell tensor defined by

™ = 217? BH — JH™.H"L), (.7)

and I, is the idemfactor e;e,. Note that
VvV, ™ = M-V H" =f,
so that

fn-'r“ ds = f £4V,
8 1 4

and (3.2) may be obtained from (7.2) when suitable
continuity conditions are assumed. Equation (3.3)
is not being employed since it.gives the same jump
conditions as (3.2).

The jump conditions are obtained by applying
(7.1)—(7.6) to a region R containing a moving surface
of discontinuity 8§ shown in Fig. 6 and then allowing
the region R to shrink down to $ in such a way
that the volume of R vanishes while the area of §
remains finite as shown in Fig. 7. Equations (7.1)—
(7.3) and (7.6) are presently written for a moving
material region. The procedure for determining the

H. F. TIERSTEN

jump conditions, consists of writing these equations
for a fixed region B which coincides instantaneously
with the moving region while considering the fact
that § is a surface of discontinuity moving with
a speed u,, which divides R into two parts B* and
R, in each of which the pertinent functions are
continuously differentiable.** Thus, Eqs. (7.1)-(7.3)
and (7.6) must first be converted to the proper
form and then applied as stated. On the other hand,
Eqgs. (7.4) and (7.5) are already written for such
a fixed region. We will give a detailed derivation
of the jump conditions resulting from (7.3), but
will simply write down the jump conditions resulting
from the other equations, since they are obtained
in 2 similar manner and are generally well known.
Equations (5.5) and (5.6) along with the divergence
theorem enable us to write (7.3) in the form

1
j;n-Ax,ode— Lvn-vwds

M L _i l
+fvp9x<H +H)dV—atL7de, (7.8)

in which S encloses a region ¥V in which v and pu
are continuously differentiable. Application of a
generalized form of Eq. (7.8) to the region shown
in Fig. 6 yields

fn-AngdS+ n-A x oy dS
S+ 8-
1 1 o+
_/;+7n-prdS+ ./;'YJ,u,.p v dS

1 1
- *n- dS_f—_:n—_d
'Yany et S

s-
+ fR pu x (HY+H") dV+ fR py x (HY+H") dV

19
R+ Y ot

Taking the limit of (7.9) as the volume R* + R~
approaches zero while the area of S remains finite

wav— [ 22 @av -0 @9

n-
F1a. 7. Diagram showing the limiting region considered in
obtaining jump conditions.

4 For an excellent discussion of the procedure see Ref. 2,
Secs. 192 and 193. :
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and assuming that p, y, HY, H" and d(peu)/0t
remain bounded, we find the jump condition

n*[A x pu] +uu[$ py] —n*. [v i py] =0, (7.10)

where we have introduced the conventional notation
[C] for C* — C~. Equation (7.10) must be satisfied
at any possible surface of discontinuity, be it
material or not. If the surface of discontinuity is
material, 4, = n*-v" = n" v~ and (7.10) reduces to

n*-[Axpu] = 0. (7.11)

The remaining jump conditions—which may be
obtained in essentially the same manner and cor-
respond, respectively, to (7.1), (7.2), (7.6), and
(7.5)—are given by

u[o] — 0" +[vp] = 0, (7.12)

n*fr + T] 4+ w[ov] — 0" -[vpv] =0, (7.13)
n*- [% Q] ~ Ufon] + 0" [vey] =0, (7.14)
n*.[B] = 0. (7.15)

The tangential jump condition corresponding to
(7.8) is obtained in the same manner as in mag-
netostatics and is given by

n* x[HY] = 0. (7.16)

If the surface of discontinuity is material, (7.12)
degenerates to nothing and (7.13) and (7.14),
respectively, reduce to

ntefr +TY] =

n+~[—lé q] = 0,

whereas (7.15) and (7.16) remain unchanged.

8. RECAPITULATION OF THE NONLINEAR
THEORY
In this section we set forth in one place the
complete system of differential equations and bound-
ary conditions at material surfaces of discontinuity
of the nonlinear magnetomechanical theory which
has been developed. These consist of the following:

7.17)
(7.18)

The dynamic equations
V.r + M-V HY = p(d/db)v,

<t = 3MH" — H'M), pJ = p,,

yx(HM — V.'A — %V,,WA + HL>

I

U,

Qe
s

1313
= _Vuﬁoy vv'B =0
1dE dE
itV ( ) %@
+ ge( —ou)- (3 o)
+ V.0:%x-V.80. (8.1ag)
The constitutive equations
aF oF 8
® = pyVygE'VJ + %p(a—N'szv)
+yv.(2:E).vy,
'3 1 oF
H' = -%ﬁ-vzy + = gN ‘V.y-uu
8.2)
d
- ool o),
oF
= _WVz'E'Vzvy
oF _ .
- ”5—9-’ q - YV: L V::e'
The relations
v =" 4 2t v=%y,
dE
Et' = %VJ'(V;.V + ‘Tvu)'YV:x
=1 - =
@ = Z(VVV VV,), J det sz; (8.33""3)
= %(V»Y'sz - I:)r
u= % s B = H" + 47M,
N=V.yu G=V.uyuV..
The auxtliary condition
¥y = s, 8.4
and the identity
VV = VuX'V=~ (8.5)
The boundary conditions
n+'[1 + (1/4'"')(BHM - %HM'HMIV] =0,
n"[Axpu]l =0, n"x[HY]=0, (8.6)
n*[B] =0, n*-[(1/6q] =0.

Equations (8.1)-(8.3) may readily be reduced to
seven equations in seven variables by employing
(8.4), (8.5), and making the appropriate straight~
forward substitutions. The seven equations cor-
respond to the three of (8.1a), any two of (8.1d),



1314

(8.1f) and (8.1g). The variables are the three com-
ponents of y, and two of the three components of
u, ¢ and 6. The seven variables must also satisfy
the nine jump conditions in (8.6), possibly
along with some statements about [y], [6] and
[(1/u%)u xdu/di] at every material surface of
discontinuity. However, these equations are hope-
lessly nonlinear and impossible to solve in their
present form, and consequently must be modified
before anything can be done with them.
9. SUPERPOSITION OF A SMALL DYNAMIC
FIELD ON A LARGE STATIC FIELD

The linear equations for a small dynamic field
superimposed on a large static field will now be
obtained from the system of nonlinear equations
recorded in Sec. 8. However, before proceeding we
must introduce the intermediate configuration £ in
addition to the natural (material) and present
(spatial) configurations x and y. The intermediate
configuration is the present configuration at some
time ¢ = .. Consequently, the brief discussion of
deformation theory given in Sec. 3 and Eq. (3.12)
imply that

& = L), z; = z:(&),
¥ = yil&, 1), & = Ly, D).

Since we are concerned with a small deformation
superposed on a large, we define the mechanical
displacement u by

yo‘(‘fy t) =&+ u-‘(E; t)’

with the restriction

©.1)

9.2)

|du./0%| << 1. (9.3)

Also, let o, ¢ and o8 denote the remaining portion
of a static solution of the nonlinear equations
referred to the intermediate configuration & More-
over, only situations in which .0 is constant are
being considered. Then we may define the dynamic
portions of the magnetic moment per unit mass g,
the magnetic potential & and the temperature § by

U(E; t) = Oy(z) + ﬁ(f, t)y (9434)
o€ 1) = () + 8§, 1), (9.4b)
0(2} t) = o0 + 5(5, t)) (940)
with the restrictions
{%Ll« 1, %« 1, %« 1. (95

We now wish to express the constitutive equations
(8.2) in terms of the small dynamic variables u,
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#, & and 6. However, before we can do this we
must first express all quantities appearing in (8.2)
in terms of the small dynamic variables and then
write the partial derivatives of F with respect to
E, N, G, and 6 as a power series in these newly
defined variables, retaining, of course, only linear
dynamic terms.

Now, from (9.1) and the chain rule of differentia-
tion, we may write

s _ 9%n s

dx,  ox; 9%, ©.6)
and from (9.2) we obtain
Byk/afm = 6km + 6uk/6£,,,. (9.7)

Substituting from (9.4a), (9.6), and (9.7) into (8.3f),
(8.31), and (8.3j), respectively, and retaining only
linear dynamic terms, we find

lé&f.éﬁg(@y_i

By = oy + 3 o, 9z,

ou,
a, T E) )

Ny = o, + S, 4 B, 20

oz, oz, "™ o, 9.8)

- 9 om 9E, 30%%)%
Goo = ol + (ax,, oz, = 9z, 9x,/ 9t ’

in which the static quantities have been defined by

_1(% % _ )
oo =5 (ax, 6z, %)

9.9)
_ _%_ _ 9 oy 9 oMk
N, = o, oMk, oG ox, oz,

Expansion of dF/dE,, in a Taylor series about the
£ configuration yields

oF _ aF) 9°F )
dE,, N aE,., ° + (')EM aE” O(Ew o pq)
T o, T )
¥ 3N, oF,, W = oNy) + 30, 35,
o’F

X (Goe = 30 oF,,

oGrd) + )(o—oo)+~--.(9.10)
)
Since only the equations which are linear in the
dynamic variables are considered here, terms of
higher order than the first may be ignored. Equations
analogous to (9.10) may be obtained for the quanti-
ties 8F /N ,, dF /0@, ,, and 9F /360 simply by replacing
E,, in (9.10), respectively, by N;, G,,, and 6. Sub-
stituting from (9.8) and (9.4¢) into (9.10) yields
oF 1

1 °F 3 3. (au,- %)

2 8 oE,.8 oB,, 9z, 0x, \E, @ O

oF
aEr- B a OEr'
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’F (agk
9 N3  E,, \dz,

" a°F (a ot O,
3 oG,0 oE., \ 3z, 3z,

8 oy %) om , _&F 4
oz, oz,) 0k ' 3409 JE. ©.11)

with analogous expressions available for 9F/dN,,
oF/8@,,, and 9F/36. From (8.1¢), (8.3¢), (9.6), and
the fact that the determinant of a matrix product
is equal to the product of the determinants of the
two matrices, we obtain

= po(det 9£,/3x:)™" (det 8y,/08a)",

in which p, (det 8%,/8z,)™" = § represents the mass
density in the intermediate configuration, Now, from
(9.7) and (9.3), in the linear approximation we obtain

E 6u,,>

+ oﬂk FYR

Bt

9.12)

(det 3y./0%,) " = 1 — Ou,/d%,. 9.13)
Thus, we may write
p = p(l — du/3L). (9.14)

From (9.2) we see that (8.3b) may be written

v; = au‘/at. (9.15)
From (9.2) and (9.1d) we obtain
Oim = 05/ 0Ym + OUL/OYn. 9.16)

From the chain rule of differentiation, (9.7), (9.15),

and (9.16), we find that in the linear approximation

(8.3¢) and (8.3d), respectively, may be written

d M@&i@%+%)
9t &/’

th 2 9z, Oz, ot

_1i@ﬂ_@q.
T 29t \8 9%
We may now substitute from (9.4), (9.6), (9.7),

(9.11), (9.14), and (9.17) into (8.2) and after some
tedious manipulation in which only static terms and

9.17)

Wi
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terms linear in the dynamic variables are retained,
we obtain

8 - .8 753 L = L L
Tl'i 0T|1 + To” H| 0H| + ﬁ” (9.18)
Ay =4, + Zm =1, ¢=§,
in which the static terms are given by
5 [ oF 3% 9
o d oE,, oz, 9z,
L1 oF (ag, 3, )]
29 oN or; oMj or; oki ’
L_ﬂﬂ%ﬁ_lh )
oH.‘ = 3 ONl o pf or, oMk oMki | (9-19)
_ g0 OF duy
odis = =2 T @ oGn 0T,
and the dynamic terms are given by
au, o
7.-;81 = éulcm aE,: + eku”k + ’Yukm a_g:;
Qs gu_,>
+ aug + 2Zuhl at (651 + aEk )
TY = 5.0 + g, D [
H; = Kirfle + Jikm 57 3k, + %ins ot;
-_-%wqﬁ_%)]
+ b6 "”[ ot _at\eg,  ok/M |
~ o _
Z:‘:‘ = Biim 5?; + Proifin
Oy
+ b o o, + 0,  (9.20a-¢)
n=00-+1r;,z +¢wk+pu 5
F. = —fF.. -aﬁ
ql KH aE' ?

where the unfamiliar coefficients in (9.20) are given
by

oG EE B e

3 oN, 08 E,, é:c, ax. 6.7:,,

2 F) oNa N oz,
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- . ,[ o°F 35 62, okz 62,,, azF _6_53 d oty (Qg«_ 4 §_§L )]
Yishm 3 6Gond oE.. 0z, 0z, 97, 0, | 8 oGoed oN: 9z, 0z, \dz: ™ T Bz, ) ]"
I &F ot oy 1 &F (as, 3 )]
Gis = [a 09  E,, oz, oz, + 23 .00 oN, \oz, M T oz az, ° !
- 0f; 9&; 05 0%
Zistr = Lyars oz, 9z, oz, o, ’
. _ |1 oF & &F ggi(_qg_ 1o, )]
Xix = [ oNt ax (0”1& ik + oM nk) - DN 3 ON! axp ax! u. ax OMn obbi []
" _[ oF ag,,(a 1 )_ OF gg_k‘gg_m(gg__}_ai )
™ 3 N, 3z, ki 3 oflk ofds '—""‘_“‘“"a Gqua N, oz, oz, \ox, s oMn ofts
O°F ok (as _ 1o )]
aNaoNl 83: axz ol ﬂf 3z, oMn oMb ol '
. g OF o duwm (ag 1o )
Tird 3 oGyud oN, 3z, Oz, \Oz, 4 3, oo
_¥F (ag 1 3 )
b = =300 N, oz ~ i oz, oM oM
_ OF 3 ok OF 3t 3% 9oy oﬂz‘J
Biwr = 2[ 3 oGy 0T, 02, b+ 23 0Ged oGmr 0T, 32, Az, Ox, |’
P
kéi 3 oN,8 &, Oz, 02, Ox, ’
By = —2[ OF 0 domyp o OF _ 0 O 06 9o OFF 0k 0k 0oy ]
dikl 3 oGor 32, 02, ¥ 3 oE,.0 oGur 2., Ox, 9T, 0T, © 8 oN,3 oGy 3z Oz, Oz, *]"
2F aEz 0”’3
fu==23 3 089 oGy 02, O,
I [ FF % ot O°F _OF ok ]
K 3 oF,.0 o0 9z, 0z, © 8 oN,0 o0 3z,
#F FF 9, &°F 0% 3 ots
¢= T .6 U = dNd.00x, ' 7 23 9 0G,ed o0 32, 07, ’
z 9 8 ©.21)

K‘. —3 K
1 ™ 8%, OLm

Utilizing the chain rule of differentiation, substituting from (9.18), (9.4), (9.14)-(9.16) into (8.1a), (8.1b),
(8.1d), (8.1e), (8.1f) and (8.1g), respectively, employing the static solution of the nonlinear equations
referred to the intermediate configuration ¥ and retaining only linear dynamic terms, we obtain

a‘f” aﬁf& (3 07if 8 Hiﬁ - oH )__ ()Hiu - 62'11«,-
3% + o 3, 3. + B om N Oim + B ok o | ot + 5 ok PP
A = 35| m oHE — oY — JHY, — o -, 9
Fii = 36| B ol — o oH i — o P — (otti o HY op; 3,
M Y. L 0"t (6 oAu _ oAu gé_)% _ é_z_riﬁ_é:l
€4k o#;[Hk 3t, + H; ol e 3%, ot + 3E., 5 ot ok 5 Ok
1 d oA, 1 9g;
+ ;Ees‘ikﬁf ofti oﬂr[onl - "%E;—l“] = ;J‘_t s

b gm0
O, b ook’
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Y
ok

d d

M
+ %55 plis) —

d

9
005 5—:’- AP EEE" 4 Ey 4+ op ( tﬂ" — Wy o#z)(’& B — oy o#i)

where dE/dt and o are given by (9.17) and ', H”,
&, 7, and § are given by the constitutive equations
(9.20). Thus we see that if the dissipation equation
(9.22f) is coupled to the others, the system is still

nonlinear even in this simple case, However, if either
’F _ _¥F ___F
3 409 JE,, 3 203 N, a 403 G.,

or

=0, (9.23)

Zsm =g o= {): (9-24)

the system can be linearized. If all of (9.23) are
satisfied then (9.22f) and (9.20d, ) uncouple from
the remaining equations, none of which then con-
tain §. The remaining equations can then be solved
independently of (8.22f) and (9.20d, e), after which
these latter equations, which are linear in 4, may
be satisfied to find 4. If on the other hand all of
{9.24) are satisfied but some of (8.23) are not the
system remains coupled, but (9.22f) becomes linear.

The boundary conditions are obtained by sub-
stituting from (9.4), (9.14), and (9.18) into (8.8),
employing the static boundary conditions while
assuming that the configuration y is approximately
the configuration ¥ and retaining only linear dynamic
terms with the result

n'-[7 + (1/4m)(@BH" 4 BH"

— JHM.HYI)] = 0,
n"[A x 55 + K % oy — A x 5uV;-u] =0,
n' x[H¥] =0, n-[B] =0, n"-[4] =0,

where

9.25)

B = HY + 4rj oy,

B=H"+ 4ri — 475 wVu,  (9.26)

V. = e; 8/8%.

Along with (9.25) there may be some statements
about [u], [6] and [1/uZ.u x 3g/0t].

We now take a polynomial approximation for F
in the form

F = i cnk!EuEkI + %pﬂthNN + %p&au 7

+ 3¢6® + a@iEiNi + pobiinE NN,
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5o GHY + 4 p) B _ g 2 (M""“)=0
o 0 okk; 85 at, oix 3%, 3
3g: _
3% (9.22a~f)
+ pgfkiiGiiNk + Pa‘kamEqum -+ V.’fEﬁe
+ higher-order terms in N, 9.2

where the constants Cesnty Xisy Qsgy Cy €rigs b.',-;-,;, fk,';,
Yiiemy 80d »;; will be referred to as the elastic,
anisotropy, exchange, thermal, piezomagnetic, mag-
netostrictive, magnetoexchange, exchangestrictive
and thermoelastic constants, respectively, Note that
no thermomagnetic coupling term has been included
in (9.27). We are now in a position to formulate
and solve boundary-value problems, which we will
do in a forthcoming paper.

It is interesting to note that the material con-
stants In (9.20) are composed of combinations of
the material constants in (9.27). However, on the
basis of existing experimental evidence for yttrium
iron garnet, one term in each combination is domi-~
nant and all other terms in that combination
are negligibly small compared with it. On the basis
of the same experimental information the anti-
symmetric portion of the stress tensor turns out to
be negligibly small compared with the symmetric
portion. On the other hand, it does not seem evident
a priori that such terms will always be negligible.
These matters will be discussed in detail in a forth-
coming paper,
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APPENDIX A
To derive (6.22) consider the scalar
det D,.. = ¥:080m D Dy Din,
from which, with (6.16¢), we obtain

Ope Qs Opry ,  3Y; O Oye
- 1
det Duw = it 55 2, 02, '™ o2, oz o,

whence, with (6.16g) and (6.16h) we find

det Dmn = %eruLeruJ = LJ. (Al)
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The relations in (6.23) are derived with the aid
of some of (6.16), (6.17)—(6.19), and the well-known
tensor identity e;,..¢i., = 29,, as follows:

Prn

Qfﬂ

= 1p.. ¢ 6_y.~___8y,- 6:0,,_
2Cii k% lmr axl axm np ayk ]
3Y: OYs M -
= %eiikelrnf azl ;%: a—i/;’: C!;an;
= %elaneler:;an = JC_,:,D,,,;
Y. oz or
1e.. -2 == i )
2enkelmr axl mp ay1 ne ayk )
dz, 9, Oz
1, . it Tp e D
Zeukelmr ay' ay’ ayh Clt mpo)
1 .
é—j etznelerHDmpo )

(A2)

(A3)

R,

Wlm

_ Y oz, or,
== e.‘jk axl mn ay1 N, ayk y
z, 0, 0z,
= 6,-,-;, ay' ay1 ayk Cz,D,m.N”
1
_j ecanlaDmnNr;
3€:1181mr a_yl éy’" a—x—’
dx, 9z, T Ay’
8y Y; O e
= 16,61, 2Lt Y1 O CIN,,

L
2€;

1
2J

ox; 9z, oz,

%elmuJeler_a;Np = JC:;N,;

oa, 9, 9z,
ipelmk ay' ay, ayp DermaNt,

eratelmlerDmnNt .

(A4)

(A5)

(A6)
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The so-called axial gauge condition A;(x) = 0 is shown to be inconsistent with the condition of
Lorentz invariance. This inconsistency is resolved herein.

INTRODUCTION

ECENTLY, it was pointed out by Schwinger'
that the description of non-Abelian gauge fields
in the axial gauge cannot be complete. In fact, such
a gauge condition, namely 4;(zx) = 0, cannot lead
to a complete and consistent theory in electrody-
namies either. We here explore the necessary modifi-
cations, which must be made, so as to have an ac-
ceptable formalism.

The inconsistency is resolved once we are able to
unite the assumption that all local field quantities
must vanish at spatial infinities with the re-
quirement that the electromagnetic field has two
and only two independent degrees of freedom. We
shall also show that these conditions are enough
to eliminate the two-dimensional gauge arbitrariness
inherent in the condition A;(z) = 0.' These con-
siderations can be extended to non-Abelian gauge
fields.

GAUGE CONDITIONS

We shall use the Hermitian Dirac field ¥. The
Lagrangian density is

—3F*0.4, — 3,A,) + iF"F,,
+ 3By -0.¥ + (B)m¥BY + A,

where the current is

7 = —(G)e¥py'q¥,

and

=G,
is the antisymmetric imaginary charge matrix.
B = y° (and 8v*) are real (imaginary) and antisym-
metric (symmetric), and

-1
Wyl = —29" = —2< Y )
1

In this paper, all Latin indices run from 1 to 2;

* John Parker Fellow. Present address: Institute for Ad-
vanced Study, Princeton, New Jersey.

1J. Schwinger, Phys. Rev. 130, 402 (1963); R. L. Arnowitt
and 8. I. Fickler, Phys. Rev. 127, 1821 (1962).

¢ =1

all Greek, 0 to 3. Repeated indices are to be summed
over properly, unless specified otherwise.

We tentatively assume that A,(x) = 0 is a com~
plete and consistent gauge condition. The Euler’s
equations, which result from the above Lagrangian
density, are divided into two sets: equations of
motion and equations of constraint. The former
set includes all those which contain explicit time
derivatives, i.e.,

['y“(-;- 9, — qu,,) -+ m]\!' =0,

aOAi = aiAo 4 Fon
aoFio = ji - a;.;Fia - ajF”, (1)

except one,

8 F* = — 9,F%, @)

which can be shown to follow from (1) and the
continuity equation

34" = 0.

Equation (2) is therefore a member of the latter
set, which, in addition, consists of

F03 = —a3Ao, (3)

F“- - a,-Ai - 3,-A,-, (4)

Fy; = asAh (5)
and

aiF[” + 63F03 = jo. (6)

The significance of this separation is that all field
quantities in (1)—A°*, F*, and y—are independent
dynamical variables. The rest of the field quantities
are dependent; they can be expressed in terms of
A% F% ) and ¢.

The integrated form of (6) is

%) = %fdx’e(xa — z)d’(xz — z')

X [P@) — oaF@), ™)

where
¥ — ') = 8(x, — z)8(x, — zh)
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and
1 >0,

e(x)={
-1 <0,

while its Fourier transform is
ik (R) = (k) — kF k), ®
wherein we have also defined

0@ = T w570k, ) = X 5 ¢™*"0)
k k
for any field quantity O(z), V = L’ being the
volume within which we enclose our system for
quantization.
When k; = 0, if F® (k) is finite, (8) becomes

ks = 0: (&) — k% = 0.  (9)

This is equivalent to the assumption that in (7)

F) = +3 f dx' 5z — )
X [f'(') — 8iF"(z")] = 0
(10

In turn, if we accept (10), we obtain (9). These
two equivalent conditions assert that the longi-
tudinal components of F* (k, = 0) [denoted by
F**(k;, = 0)] are not independent degrees of
freedom. We here see a contradiction, because (1)
expresses that all Fourier components of F°(z) are
independent.

This alarm is, however, not completely unpleasant,
for (2) leads to

T3 = = -

3L
Aoz) = 3 f dx(|zs — ai| — L/2)6%@ — )
—3L

lim Lo
X [z) — 9iF* ()]

If (9), or its equivalent (10), does not hold, then
Ao(x) — . To have a convergent theory in the
axial gauge, it is mandatory that (9) and (10)
should be a part of the gauge conditions. On the
other hand, if this is the situation, we have yet to
overcome the contradiction we just mentioned.
There is one way out of this dilemma. We shall
first of all show that A;(k) = 0 cannot be main-
tained when k; = O for the class of potentials
A (z) which have finite Fourier transforms around
k; = 0 and over a certain domain of %, and %,.?
Under an infinitesimal Lorentz transformation,

z—E=lIlr =z + e,

2 The requirement here is more easily matched when we
consider quantization in a finite volume.

YORK-PENG YAO

and
Afz) - 4,@) = A,@ + ¢A,@) + 3.A1),

where A(x) is an infinitesimal gauge transformation,
which must accompany the Lorentz transformation
l1in order to guarantee that the same gauge condition
holds in the other Lorentz frame. To have an in-
variant gauge condition, we must have

Ay (@) = 0 = 4A;(2) + €4,(2) + 3:4@)
or, in Fourier components,
e: A (K) + e04°k) + iksA() = 0.

For the class of potentials we are considering,
when k; = 0, A(k) must be finite in order that

Ak) = A(®) + €A,&) + kAR
be consistent. Therefore, we have
ks = 0; e A'(K) + €0A4°(K) = 0,

&; and e, are arbitrary; the above condition can
be matched only if

ks = 0; A'k) = A°(k) = 0. (11)
But this is too stringent; therefore, necessarily,
ks =0; Ak =0
although
ky #0; Ayk) = 0. 12)

A new gauge condition is now needed, which must
be compatible with (9), when k; = 0. In fact, (9)
already suggests what this new condition may be,
namely the radiation gauge condition

ks = 0; k. A*k) = 0. (13)
There are still other advantages in choosing (13):

(1) We can have a Lorentz-invariant theory; e.g.,
it can be shown that?

_i[To(x)y To(x,)]zo=zo’
= —[T*@) + T*@))%éx — x) (k=1,2 3

in the modified axial gauge which we propose here,
but

—i[T°(@), T"@")]z0mz,-
= —[T*z) + T*=x")]8:.6(x — x)
— [G/2L)F*(z)¥(2")B8y eq¥(a’) 'z — &) + & > &']
-+ additional terms.

3 To be presented as a part of the Ph.D. thesis (Physics
Department, Harvard University).
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in the unmodified axial gauge. T° and T* are, re-
spectively, the energy and momentum densities of
the electromagnetic together with the matter fields.
The extra terms in the latter case make it im-
possible to have a Lorentz-invariant theory in a
finite volume.*

(2) The gauge arbitrariness mentioned by Sch-
winger' is eliminated. That is, if A5(z) = 0 were the
only gauge condition, we would have the freedom
of making any arbitrary gauge transformation
A(z,, z,, 7o), independent of x;, and the gauge con-
dition would still be maintained, i.e.,

Aa(x) - A3(x) + 33A(x1, Za, xo) = 0.

However, if we accept (13), under such a gauge
transformation,

ks = 0; B A k) — E°Ak) + ikk'AK) = 0
or
a.'aiA(xl, T3, xo) = O. (14)

The only gauge arbitrariness now is A(x;, ., o),
which is a solution of (14). Just as in the con-
ventional radiation gauge, we choose as the standard
gauge A(k), which makes

ks =0; A%k =0.
¢+ J. Schwinger, Phys. Rev. 127, 324 (1962).
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In this way, the two-dimensional gauge freedom is
completely eliminated.

(3) It will be shown in another context® that
the spectral density of the one-photon Green’s func-
tion, (vac |4,(k) A,(—k)| vac) (no summation),
is nonnegative for ks # 0. (13) is naturally the
logical choice, among all the gauges we know of,
to continue this property to ks = 0. To phrase it
differently, the vectors in the Hilbert space, sup-
plemented with conditions (12) and (13), have finite
positive-definite norm and thus allow for probability
interpretation.

In closing, it may be remarked that here is an
example, which stresses once again that the electro-
magnetic field has two and only two independent
dynamical degrees of freedom. Any violation of this
aspect will lead to difficulty in formulating a con-
sistent theory.

The results will be used in a separate note®®
to give a proof of the connection between spin and
statistics with an electromagnetic field.
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Because of the impossibility of simultaneously satisfying the requirements of manifest Lorentz
covariance and positive-definite (finite) norm in the Hilbert space, no simple proof of the connection
between spin and statistics with an electromagnetic field has been given, This note is to point out that
it is indeed not necessary to have manifest Lorentz covariance in the full 3 4 1 space to show such a
connection. Using the axial gauge 4; = 0, we have succeeded in constructing a simple straightforward

proof.

INTRODUCTION

N the proofs of the connection between spin and
statistics, it is generally assumed that'"?

(1) There is a unique invariant vacuum, the
lowest energy state.

(2) The spectral density is semipositive-definite,
so that probability interpretation exists in the
theory.

(3) The theory is manifestly Lorentz covariant.

These assumptions are not entirely met by the
electromagnetic field; we have the annoying situa-
tion that, in any manifestly Lorentz-covariant
gauges, (2) is violated; while, in the radiation guage,
(2) is restored at the expense of (3). The relationship
between spin and statistics is known to hold, how-
ever. It is therefore urgent to re-examine whether
all these three assumptions are necessary to con-
struet a proof.

In the axial gauge, A; = 0,°>** Assumption (3) is
given up. We shall use this fact to show that (3) is
actually not needed to show the connection between
spin and statistics.

The proof given here may be considered as an
extension of the work of Brown and Schwinger.

There has been a paper by D. Boulware,” which
deals with the same problem we are considering here.
However, he had to work in both the radiation guage
and the Lorentz gauge in order to make use of all

* John Parker Fellow. Present address: Institute for Ad-
vanced Study, Princeton, New Jersey.

1 N. Burgoyne, Nuovo Cimento 8, 607, (1958); G. Luders
and B. Zumino, Phys. Rev. 110, 1450 (1958).

2 1. Brown a,ng J. Schwinger, Progr. Theoret. Phys.,
{Kyoto) 26, 917 (1961). This paper will be referred to as L. It
is suggested that the readers go through this paper first,
since we shall follow the notations and the basic concepts
presented there.

3Y. P. Yao, J. Math. Phys. 5, 1319 (1964) (previous paper).

+Y. P. Yao, Ph. D. thesis (1964), Department of Physics,
Harvard University. Consistency, Lorentz invariance, etc.

of quantization in a finite volume have been verified here.
5 D. Boulware, J. Math. Phys. 3, 50 (1962).

the three requirements stated above. We are of the
opinion that our proof is more straightforward and
can be easily generalized.

SPIN AND STATISTICS

Let x be a Hermitian field of finite multiplicity. In
the proof of the connection between spin and statis-
tics by Brown and Schwinger, it is essential that
the spectral density m(p, «*) (see later for definition)
depends on p only algebraically. For this reason,
their proof cannot be earried through to include
electrodynamies in the radiation gauge,

V-A=0.

Similarly, in the axial gauge, 4; = 0, we fail to
establish that m(p, «*), depends on p; only algebraic-
ally, as the second-order mass operator indicates.*
It is then necessary to modify the proof given in I
somewhat.

We use the notations

73" = (pO’ pls pﬂs O): = (xoa xlx x27 O)y
and
BE = plml + pzxz _ poxo’

ie., the Lorentz metric is (—1, 1, 1, 1).

Using the conditions that the vacuum i3 invariant
under translations in space and time and that only
positive frequency timelike energy momentum
vectors [p> can exist in the physical quantum vector
space, we write

K@=y = e’ %)
= L dﬁzi(pz + Zéips(z‘—zs’))

20 pa=0
e ) 80 + o, ), ()

where P are the translation (energy-momentum)
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operators, and
1 >0
n4(@) = 1-(—p) = { P
0 p°<O.
The Hermitian spectral density
mlp, &) = m*"(p, ) = @ry’CLYGMP)) ()

must be a positive matrix over some region of the
momentum space; at least over p° > 0, in order to
have probability interpretation in the theory. 2L is
the extension along the third direction in which we
enclose the system and M(p) is a nonnegative
Hermitian projection operator. (With proper nor-
malization, it is |p> <p|.)
The complex conjugate of (1) is

& x(@) = lex@))*
— ‘/;m d 2 Q% (”Z + Z 6ip:(z;—z.')>

s#0 ps=0

% fé_i%eeb-(:—z')n_(p) 8(p* + )m*(—p, ). 3)

Using
ﬂt(p) = %(1 + e(p)))

we combine (1) and (3) to yield the commutator [ ]-
or the anticommutator [ ],

B@, 3@ = (T + T o o)

3#0
J

+ m*(—p, &) + p)mlp, ) £ m*(—p, )] @

We shall examine the structure of m(p, «°).
To each homogeneous, proper, orthochronous
Lorentz transformation

deti=1, B>1,

there correspond a unitary operator U(l) and a finite
real matrix L(I), such that

x@) = L{x()

(ggz dICz eii'(t-—t’) 6(])2 + K2)%[m(p, KZ)

' = Iz,

and
x@) = U Ox@)U®). (5)
For an infinitesimal transformation
I, =8, + b, dw,, = —bw,,,
we have
U(bw) = 1 + 3ioa™'J,,
and
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L(bw) = 1 + 326" 8,, + 8"0,,(4),
Onv(A) = O; by = Oy 11 2,

where 0,,(A) is a function of the gauge transforma-
tion A, which must accompany the Lorentz trans-
formation [ to maintain the gauge condition in the
new coordinate system. For example, in electro-
dynamies, expanding

A@) = [ e 4w
and
¥e) = [ e v,
we have*
(LA®)). = LA.(p) + ip\p)
and

L¥(@) = (1 + }i0,.e")¥(p)
+iog [ (—;’f—y \p — H¥E), 6
where
Ap) = ;‘51- 5™ A.(p)

and

o’ =iy, B FE .

Equation (6) can be integrated to a finite rotation.
Let us consider a specific case when we make a rota-
tion in the 1-3 plane through an angle . It can be
shown that®

A = A%) + o,
A'(z") = (A'(x) + ™) cos @ + (A%(z) + 6°\) sin a,
A@) = A*@) + o™,
Az’) = —(A'(@) + 8"N)sina + (A°(x) + 0°N) cos e,

and

T(x') = """ N (z), )
where the accompanying gauge transformation is
N = —A'(z) sin o/} ®
and
z' = z' cosa + 2°sin a,
2 = —z'sine + 2° cos a.

(We have tacitly avoided mentioning the complica-

¢ D. Boulware, Ph.D. thesis (1962), Department of Physics,
Harvard University.
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tion caused by p; = 0. This does not, however, cause
any limitation on the following proof.”)

The differential characterization of (5) is (See I,
p. 920)

Hoo 2 = 0. Zhnio, ) + Sumip, )
dp ap

+ mp,)Ss, =0, u,r=20,1,2, )

since no gauge transformation is needed if we do not
disturb the third axis. After we introduce p, = ip,
and Si;s = ©Su, as far as the dependence on 7 is
concerned, (9) is a statement of the rotational in-
variance of a system in the 0-1-2 Euclidean sub-
space. m(p, «°) is therefore a sum of products of some
arbitrary functions of «* and ps;, finite numerical
matrices, and three-dimensional spherical harmonies.
These spherical functions are homogeneous algebraic
functions of 7, of degrees no greater than 28, S being
the highest spin value associated with x, and irreduci-
ble with respect to the contraction —p* = «*

When « = , (8) gives A = 0. This result is very
important, because it means that no gauge trans-
formation is needed if we rotate the coordinate axes
in the 1-3 plane by ,® (although this result is proved
for spin-1 electrodynamics, we believe it to be true in
all other cases.) If, after this operation, we further
rotate the coordinate system in the 3-4 plane by =,
the combined effect is the total reflection z* — —z*
and the corresponding matrix L(I) is®

R” — eriSueriS...
Using the properties
fl = 1:

18,5 being real, and ¢S,, = — 8,; being imaginary, we
have
R:k‘ = (_1)2SR,¢.

This last relation and (5) lead to
m(—p, x2) = R, m(p, Kz)R.T, = (—1)”R.,m(p, xz)R’,",T.

On the other hand, m(p, ) > 0 for p° > 0, and
therefore we have analytically continued m(p, «*)
to negative value of p° supplying the property

p° > 0:(=1)**m(p, ) > 0. 10)

7 As we shall see later, if the system is enclosed in a
finite volume, we shall avoid using the spectral density
around py = 0. When the volume becomes infinite, then
points with p; = 0 have measure zero and thus should not
complicate matters.

8'We believe that this result is also true, if we have a
guage condition which distinguishes two of the spatial axes
from the other one (but does not involve the time component.)

¢ J. Schwinger, Lecture Notes, Summer Institute in Theo-
retical Physics, Brandeis University (1959).

YORK-PENG YAO

We return to (4). We have just shown that m(p, «°)
depends on p algebraically. For this reason, it is
legitimate to write (4) as [in other words, we replace
P by 1/i 8 to emphasize the algebraic structure]

{x(@), x(=")]+)

= ® 2 __1__ ipal{zs—zs’) l I (_];_ 2)
fo dx 2L,§e z_mz.a,p3,x

+ m*(— 3, —pa, Kz) N 3@ + )

1 @)’
“ 1 ips(za—za’ 1 i 1<
+ j; dKz'z_I‘J‘pZe ‘ > S _m(;'a:psx "2)

3 #0

2
F m* 1 5 . 2 i _E ipe(2—2') 32 2
m P Ps, K ] (27r)2 € 5(1’ + « )6@)

1 p ipe(2—g’ 2
+ 57 | Gl de ¢ 6 + Dilmp, ¥)

+ m*(—p, ) + p)(m(p, ¥') F m*(—p, )], = 0.
(11)

The function, designated as
= - d— ipe(2—2"
2@ = &+ i) = [ 5™ + e

is odd with respect to z, — zj, because of ¢(p), i.e.,

A—(xo — zb), 8 — &,&) = —A@E — &, ().
This results in
A — #,£) =0 when 2° = z".

But A(Z — &, «°) is an invariant function in the
0-1-2 subspace; the invariant statement is then

A — &, 4 = 0, & — %) > 0.

It is at this kind of spatial separation from each
other, namely,

@—2V>@E— )7 = (z, —z))°
+ (@2 — 23)* ~ (@0 — 23)* > &,

that we assign the two x fields in what follows. a is
some arbitrary but sufficiently large real number.

The vanishing of the commutator or the anti-
commutator for spatial separations is now assumed.
Because z; — z} can run over all values, the unique-
ness of Fourier expansion ensures that each indi-

vidual component of the Fourier transform in (11)
with respect to p, is null. Thus, when p; 5 0,

[ ol ) )]

_iﬁ_ $pe(2-2') 2 2\ = =7\2 2
Xf(QW)ze '+ =0, @ —2)P>d.
(12)



SPIN AND STATISTICS WITH AN ELECTROMAGNETIC FIELD

We have the representation, for (£ — ')® > o

_@_Gii'(z-—a') 6(p2 + Kz)

Al(i - 27—', K2 + pg) = (271')2

. 1 md)\ _ -2__K2+29§>
_WJ;WGXP( AE /)

and (12) becomes

j; dkz[m<li 5, D3, K2) = m*(%. 5, D3y Kg)]
© 2 2
X j; -(C%; exp (—}\a‘? - K—g\j-‘"i) =0. (13

The proof from here on duplicates that of I.
Because of what we said about the structure of
m[(1/5)8, ps, «] after Eq. (9) and because
ANE — &, & + p?) is a function of (£ — #')” only,
we expand

[l )=l ]
28

X AY@E — &, 4 + p;) = Z My (Ds, )Y, (E ~ &)
=1

i

X (—5(—90_—_—%3_,—55) AYE — &, 8 + pd) (14)
into harmonic series where Y (£ — &') are three-
dimensional spherical harmonics, and m, . (ps, «°) are
the associated expansion coefficients, being scalar
functions in p; and «*.

Because (3/3( — #)*)'A'(F —
we must have for each ] = 0, 28

fo e j; " e

X exp [— (& + pD/ANN m(ps, ) = 0.

We restrict ourselves to the class of functions
m,.(ps, k°) which can grow at most algebraically
with «*.* We now invoke Laplace’s lemma,” which
states that if

8+ ) #0,

[[@em =0 w2
for f(z) such that

[ @eor < =,

10 This condition can always be satisfied, if we have some
finite equal-time commutation relations of the x [i. e., finite
coefficients multiplied by §(x — x')}, because then we can
show that there are finite sum rules (integrals with respect to
x?) that m(p, «%) have to obey. See, for instance, the Appendix.
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then

fl@) = 0.

We apply this lemma first with respect to the A
transform and then the «* transform. We come up
with the conclusion

mlt(pS; Kz) = 0, = 0, 2,S.

Therefore it follows from (4) that the vanishing
of the commutator (—) or the anticommutator (+)
for sufficient spacelike separation requires

m(p, ) F m*(—p, «¥’) = 0, respectively.

Comparing this with (2) and (4), we see that
m(p, x*) = 0, if we assume the wrong connection be-
tween spin and statistics. This cannot be so, for
m{p, ) = 0 implies x = 0. Thus, we must demand
the commutator condition (Bose—Einstein statistics)
to go with integral spin fields, and the anticom-
mutator conditions (Fermi-Dirac statistics) to go
with half-integral spin fields.

We also see that the same proof can be carried out,
if we have a theory which is manifestly Lorentz-
covariant in a plane containing the 0 axis and one of
the spatial axes.
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APPENDIX FE

The one-photon Green’s function has the spectral
representation

F — dsﬁ ___1___ ® 2  spr{z—2’}
A@aen = [ GELg T [ ate
X "7+(p) 6(}’2 + "z)Am(p)y
where
P2 =0: 4,0
— — &P' - (n~p)('n,, » + nvpn)) P
(gm (p F n(n-p))’ Al(" ))
n = (1, 0, 0, 0) a timelike unit vector;
ps # 0 : Aw(p)
_ P.Ps ( 1 1 )
("“' T \ip =i T tmp T3
— mﬁ‘p’ + m”pi‘ ( 1 1 ))
2 \mp—io * tmpFig)A®)



1326

(lim e > 0). m = (0, 0, 0, 1) a spacelike unit vector,
with

AI(K2) >0,

f A() dé = f A d = 1;
0 0

Az(’fz) = 0,

it is apparent that

(semipositive-definite)

Aulp) 2 0 (no sum).

The one-electron Green’s function has the spectral
representation

YORK-PENG YAO

&p e 1 ipe(zmz’
(273“’[, dzﬁ{:;e o

X 71.(p) 5(1)2 + Kz)iﬁ[(’Yopo + 'Ylpx + 'szz)

X A(p;, Kz) + 'YspiiB(p;) Kz) + mo(sz Kz)]'
We have the properties

(Y@@ = —

A(ps, ¥) > 0 (semipositive-definite)

and

f AP, ) ddé = 1.
0
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In studies of electromagnetic wave propagation and radiation in magnetoplasmas, the wave equation
takes the form of a dyadic—vector Helmholtz equation. The investigation here shows that the dyadic—
vector Helmholtz equation is solvable by the separation method in four cylindrical coordinate systems.
Solutions in the form of complete sets of eigenfunctions are possible when boundary surfaces are
present. For problems involving current sources in the plasma, the Green’s dyadics for finite or
semifinite domains can be constructed from the complete sets of eigenfunctions which are solutions to
the homogeneous equation. The Green’s dyadic for infinite domain is also shown to be obtained from
that for a semifinite domain through a limiting process.

INTRODUCTION

HE presence of a static magnetic field in a

plasma region results in an effective electric
conductivity which is of dyadic form. Assuming
monochromatic waves, the equation describing the
waves, generated by a source, J,, in such an aniso-
tropic medium may be written as

VxVxE — k-E =]J.,. @
Written in matrix form, the dyadic k is
ky kr O
k=|—~kr k. O @)
0 0 k&

Assuming spatial homogeneity, the parameters &,
kr, and k; are constants with respect to time and
space coordinates.

Solutions for Eq. (1) in terms of auxiliary Green’s

function for infinite domain have been discussed
by Bunkin' and subsequently extended by Chow?
and Brandstater.” However, the solutions of Eq. (1)
for a bounded region have proved to be more
difficult to obtain. The studies dealt with here
reveal that, in order to solve for a finite-domain or
semifinite-domain Green’s function, a better under-
standing of the free wave equation, J, = 0 in Eq. (1),
is needed, and that the Green’s function may be
constructed from the solutions of the homogeneous
equation,

THE HOMOGENEOUS EQUATION

The homogeneous equation describing free wave
propagation is

1 F. V. Bunkin, Zh, Eksperim. i Teor. Fiz. 32, 338 (1957)
[English transl.: Soviet Phys.—JETP 5, 277 (1957)].

*Y, Chow, Trans. IRE trans. Antennas Propagation 10,
464 (1962).

3 J. J. Brandstater, An Introduction to Waves, Rays, and
Radiation in Plasma (McGraw-Hill Book Company, Inc.,
New York, 1963) Chap. 9.



1326
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VxVxE — k-E =0. 3

Equation (3) is seen to resemble a vector Helmholtz
equation except that k is a dyadic. It is well known
that the scalar Helmholtz equation is separable in
eleven coordinate systems, and that the vector
Helmholtz equation is separable in only six coor-
dinate systems.® Despite the fact that the dyadic—
vector Helmholtz equation has been frequently en-
countered in connection with the studies of crystal
materials and plasma fields, and that its solutions
have been obtained and used extensively for prob-
lems involving boundaries in the rectangular coor-
dinate systems and the circular cylindrical coordinate
systems,®®"” additional investigation into the separa-
bility of the dyadic—vector Helmholtz equation is
desirable. The separability of Eq. (3) will be studied
here, since by determining the coordinate systems
in which this equation is separable one not only
gains the knowledge of exactly in what coordinate
systems the equation is solvable by a separation
method, but one also hopefully attempts solutions
in the form of eigenfunctions when boundaries are
involved. The eigenfunction solutions will be of
great help in constructing the finite-domain or
semifinite~domain Green's dyadics.

In the application of boundary-value problems,
separation into the form that conveniences the
fitting of boundary surfaces is most desirable. Hence,
it is advisable to separate this dyadic—vector Helm-
holtz equation in terms of longitudinal L, and
transverse M and N vector components.

The first term in Eq. (3) is a vector operating
term, V xV xE. A review of the separability of a
vector Helmholtz equation shows that the coordinate
system in which this vector operating term facilitates
separation must be a coordinate system in which
one of the seale factors is unity, and that the ratio
of the remaining two scale factors must be independ-
ent of the coordinate corresponding to the unity
scale factor. The six coordinate systems which meet
these requirements are the spherical, the conical,
and the four cylindrical coordinate systems.

Pertaining to magnetoactive plasma, Eq. (2)
implies that the static magnetic field is in the direc-
tion parallel or antiparallel to the coordinate cor-

¢ P. M. Morse and H. Feshbach, Methods of Theoretical
Physics {McGraw-Hill Book Company, Inc.,, New York,
1953) Vol. IT, Chap. 13.

8 W, P. Allis, 8. J. Buchsbaum, and A. Bers, Waves in
Amngsotropic Plasmas (Technology Press, Cambridge, Massa-
chusetts, 1963) Part I1.

¢ H. Subl and L. R. Walker, Bell System Tech. J. 33, 579,
939, 1133 (1954).

7A. A. Th.M. van Trier, Appl. Sei. Res. {Netherlands)
B3, 305 (1953).
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responding to the unity scale factor. Without losing
generality, this coordinate is denoted &, and its
unit vector, a;. A close examination shows that only
four out of the six coordinate systems are physically
realizable for such alignment of the static magnetic
field ; namely, the four cylindrieal coordinate systems
including the rectangular, the ecircular cylindrical,
the elliptical ¢ylindrical, and the parabolic cylindrical
coordinate systems. In each system, £, corresponds
to the 2 axis.

It may first seem to be pessimistic that the number
of permissible coordinate systems has been reduced
to only four from eleven right at the onset. Fortu-
nately, however, it turns out that no other restriction
will be imposed that further reduces the number
of permissible coordinate systems.

In attempting the solution of Eq. (3), the diffi-
culty lies in the fact that each term in the equation
is a purely transverse vector, while due to the dyadic
k, the vector field E, in general, is not entirely
transverse. Since it is desirable to separate the equa-
tion in terms of transverse and longitudinal compo-
nents, E must be expressed in terms of all three
vector components L, M, and N, i.e,,

E=L+M+N,

L=-V.®-—~ V9,

M = V.,¥ xa,, @
N = V.(Vi-a,X) — (ViX)ay;

where ®, ¥, and X are three scalar functions to be
determined. The subscript .| indicates the compo-
nents of operator or veetor which are perpendicular
to a;, whereas || indicates parallel to a,.

Expanding k-E into vector form, Eq. (3) may
be broken into two equations, one contains the
L vectors, the other contains the || vectors. It is
also recognized that Eq. (3) implies

V- (k-E) =0, ®)

which yields a third equation. After some manipula-
tion, the three basic equations become

UVI®) + ViVIY) + krVy-a(ViX)
— kr Vi@ 4k (VIV) = 0, (6)
UVIX) + VIVIX) + 5 ViX
+ £,V ira:@ = 0, @
k(V0%) + (b — k.)Vy-a(V3iX)
+ £k, Vi® + Ve = 0. 8
Close examination of Eqs. (6)—(8) shows that
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solutions may be obtained if the three scalar func-
tions each satisfies

Ve, v, X) + To(8, ¥, X) =0, ©
or
13,9, X) +45(8,¥9,X) =0 (10a)
and
Vi@, ¥, X) + k8,7, X) =0, (10b)
with
Ko = Ta — ki, (10c)

where k? is the separation constant for separation
of . T2 in Egs. (9) or (10¢) must satisfy an eighth-
order determinant equation

Tn—k.) ~kr kr
0 (To—kon) (T —ky) —kyk,
ke(To—kn)  (oy—k)(Tn—kr)  k(Tn—kn)+kikn
=0. (1)

The order of Eq. (11) appears to be too high to be
readily solved at first, but it turns out that the
resulting secular equation is only of fourth order
in T,, since the other four roots, T} = k2 and
T2 = 0, are trivial and may be discarded. The
secular equation yield by Eq. (11) is

(T:z - kf,, - ku)[k; - ’QL(TZ - kJ.)]
— kAT — k) =0. (12

Equation (12) may be readily solved for T2 in
terms of k2, or for k? in terms of T2, depending
upon the manner of the boundaries set up in the
problem. Let the solutions of the scalar functions be

¥ = AV, (&, &, kn)¥i(Es) kn), (13)
X = BX, (&, &, &)Xy, kn), (14)
® = Co.(5, &) km)Bulksy k) (15)
If the boundaries are parallel to the £ = constant

surfaces, ¥, X;, and &, are sets of eigenfunctions
and k, are the eigenvalues with index m; then «,,
obtained from Egs. (12) and (10c), will describe
the dispersion relation for propagation in the (£, £)
space. Conversely, if the boundary surfaces are
perpendicular to £ = constant surfaces, ¥,, X,
and ®, will consist of sets of eigenfunctions with
kn consisting of the eigenvalues. ¥,, X,, and &,
describe the propagation in a; direction with %,
being the parameter describing the dispersion rela-
tion. In either case there will be another eigenvalue

Y. J. SETO AND A. A. DOUGAL

with index n, resulting from the separation of Eq.
(10b), which is not apparent in Egs. (13)-(15).
Of course, when the boundary is a completely
self-enclosed one, there are three sets of eigenvalues
with indices m, n, and I. The solutions ¥, X, and &
are not entirely independent. By substitution of
Egs. (13)—(15) into Eqgs. (6)—(8), it is possible to
obtain a functional relation between the constants
A, B, and C, thus reducing the number of arbitrary
constants to one.

Without restricting the generality of the two
succeeding sections on the inhomogeneous equation
and the Green’s function, and on the infinite-domain
Green’s dyadie, a readily understandable illustration
is that of a plasma region bounded by two parallel,
infinitely large, conducting plates of finite separation
d, with a static magnetic field imposed upon the
plasma in the direction normal to the boundary
plates. The solution for outgoing waves can be
found in a circular cylindrical coordinate system.
Assuming the origin of the coordinate system is
located midway between the plates

T = > AP (g™ cos knz, (16)
X = 3 B H®(k.1)e™ sin k.z, an
® = 3 CnHP ar)e™ co8 kn2; (18)
with two sets of eigenvalues, i.e.,
n=0,=*xl1,+2 ...,
kw = mx/d; m=0,1,2, ..., 19

As stated above, functional relations between A4,..,
B,,, and C,, may be obtained by substituting
Eqgs. (16)-(18) into Eqgs. (6)—(8). Since cos k,z or
sin k,z when summed on m constitutes a complete
set of eigenfunctions, this complete set is a complete
solution of Eq. (10b). Also, the functions ¢™’ when
summed on n yield a complete set of eigenfunctions
which satisfies an equation resulting from separation
of ¢ from Eq. (10a). Therefore, by virtue of the
completeness theorem for several variables,® the
functions ¥, X, and ® as shown in Eqgs. (16)-(18)
are complete sets which satisfy Eq. (9). Conse-
quently, the wave field E, obtained from Eq. (4),
having three orthogonal components, namely,

v.v X aa, V;_(VraaX—CP) and aa(VfX-i—Vu-aa@),

with each component consisting of complete sets,

8 See for example, R. Courant, and D. Hilbert, Methods of
Mathematical Physics (Interscience Publishers, Inc., New
York, 1953), Vol. I, p. 56.
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must by itself be complete. Hence, E so obtained
is a complete solution to Eq. (3). In addition, it can
also be shown that for a physically realizable prob-
lem, the boundary conditions require that either
the tangential component of electric field or the
tangential component of the magnetic field vanishes
at the boundary; from this, the solution obtained
by Eq. (4) can be proved to be unique.’

INHOMOGENEOUS EQUATION AND THE
GREEN’S FUNCTION

When a source J,(r) is presented in the bounded
region, it can be shown that Eq. (1) is solvable
in terms of an integral representation

E() = [ G0 |m)Jw) dn,  (20)
where the kernel G(r | r,) is the usual Green’s
dyadic function except that instead of satisfying
Eq. (1) with a dyadic impulse source, it satisfies
the following:

V xV xG — kG = I5(r — 1), (21)

where I is the idemfactor and k is the conjugate of k.
The use of the conjugate of k in Eq. (21) is necessary
if it is desired to include the cases where k is not
Hermitian, (see Appendix). In addition to satisfying
Eq. (21), the Green’s function must also satisfy
the same boundary condition that the field satisfies.

The derivation of a Green’s function to be dis-
cussed here depends upon whether there are bound-
ary surfaces parallel to the £ = const surface. For
brevity, only the ecase with boundary surface
parallel to the ¢, = const surface will be derived
here. It is assured that the Green’s dyadic for
the case of no boundary surface parallel to & =
const surface may also be derived with the same
technique, except for some minor modifications.

In view of the form of the solutions to the homo-
geneous equation, and in view of the fact that the
three scalar functions are not independent functions,
it is proposed that the Green’s dyadic takes the form

4 G = Gy + Gy + Gy, (22)
where
G = 2 {(Vapm *x85)fn) Feunltl, 5, ), (23)
Gy = g {(V 10m)(V1*830m) — (ViPna)gnas}
X G, &, 8), (29

? See for example, J. A. Stratton, Electromagnetic Theory
(McGraw-Hill Book Company, Inc., New York, 1941) pp.
486-488.
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G = Z {VJ.Somnfm + ‘Pmn(VIlffn)}Hmn(E(l’; 'Egy Eg)r (25)

m,.n

and where F,,,, G,,., and H,,, are functions of source
coordinates only. ‘

@mn 18 8 two-variable function of variables £, and &,,
satisfying Eq. (10a). The £ dependent functions
f» and g, are the two independent solutions of
Eq. (10b); their relation is dictated by whether there
is a closed or open boundary in §;. For the case
of closed boundary in &,, the relation is

vll'a'3gm = :kafmy vll'asfm = :l:kmgm' (26)

The choice of upper or lower sign in Eq. (26) depends
on the type of boundary condition and the choice
of coordinate origin in the problem. To be general,
both signs will be kept throughout this derivation.
Finally, the index n in Egs. (23)—(25) may be a
single index or a double index, depending upon
whether the boundary perpendicular to &; is open
or closed.

The vectors M, N, and L are not necessarily
orthogonal in space, but V,¢,..%as, V.i¢,.., and
az are three orthogonal vectors. If a unit vector b,
and a two-variable-dependent function p,..(¢;, &)
are defined such that

VJ.‘Pmn(El} 52) = pmu(El) Ez)bg (27)

then the unit vectors b, b xa;, and a, are mutually
orthogonal in space. Multiplication of these unit
vectors b, b xa;, and a; in turn into Eq. (20) yields
a set of three mutually orthogonal equations:

";l {_(v2 + kl)(pmnfM)an h kT(pmnfM)(kamn)

+ Er(pmafm)Hana} = b xa;8(r — 1o), (28)
mZ.n {kT(pnmf"')an - (v2 + kJ.)(pmnfM)(kamn)
+ k.l.(PmnfM)Hmn} = ba(r - ro); (29)
2 AV + B)(V* + 52 (nnlin) (6 Gr)
- kllkfn(‘Pmngm)Hmn} = kma:ia(r - rO)- (30)

In Eqs. (28)-(30), the relation given by Egs. (22)-
(26) has been substituted. The operator V* is a
three-dimensional operator operating on the observer
coordinate functions only, i.e., (punfa) OF (Crnlm)-
When operation on the source coordinate is needed,
the operators will be distinguished by a super-
script o.

In order to express the £ dependent functions
explicitly, and to express the source coordinate
functions in component form, F,. G, and H,,
may be assumed
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F,. = FX(&, £)FED xa, + FLE, )L
+ FL.(&, £)fn(E)as,

Grn = Gual85, E)ON(EDD X8, + Gralf, £2)am(E)D
+ Gra(®, £)am(E)as,  (31b)

H,, = H(&, £)ha(E)b xa; + Ho (&, £)hxE)b
+ Hou(8, £)bnEas.  (3le)

After some vector manipulations, Eqs. (28)—(30) are
broken into a set of nine sixth-order equations

Z m(pmufm)z(ﬁomngm)F:n 7>r<5

= DallkiV? — k. V(V? + ky + kD))

(31a)

X (pmafn)(Pmng) 8T — To), (32)

2 Dpunfn) (Prng) Fralm

N = 2 (kYA o+ b+ )

X (Bmnfm) (Prngm) 8T — Lo}, (33)

;‘: TPt ) (Cnon) Frunim
| = 2:» th 7k *(pnafn) 8 — To),  (34)

m; DU uinf ) (Prin ) Frnli
= ME;. hrkikn(@nagm) 0 — To),  (35)

PIRLCRACAAL
= mE Fhikn(V* + k) (@nngm) 8 — 10),  (36)

2 Dpusta) @) Gl
= 2 (K + BV + %)} (punfn)O — 1), (37)

2 Dpufu) @mam) Hnnlim
= ; ko(V? + 5)(V? + ko) (@mngm) 8 — 1o), (38)
ME We(pmafm)(ﬂomngm)Hinbi = Z _(v2 + kll)

X (V? + E)(V? + §2)(@nnga) 8 — 1o),
"Z:, DD mnf) (PrunGon) H B

= ,,.E :Ekm{sz‘ + (v2 + k_L)Z}(pmnfm)a(r - ro); (40)

(39)

where the operator It is an observer coordinate
operator, it can be considered to be operating on
any one of the two or three observer coordinate
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functions immediately to its right,
™ = {lefn(T?,. — TV = T2,
by ToTn — TH)(V° — Th),

i T — T
i T — T
(41)

where T2 and ,T? are the two nontrivial roots
of Eq. (12). In view of Eq. (9), all operators V*
to the right of the equality sign in Eqgs. (32)-(40)
are replaced by (—T2). Substitute Eq. (41) into
Eqgs. (32)-(40) and drop out the functions common
to both sides of the equality sign. Multiply both
sides by f* or g* whichever one is appropriate.
Then integrate over the entire bounded £; space,
utilizing the orthogonal properties of the eigen-
functions {,, and ¢,
ffmf: dl)g, = A?m

(42)
f gng% dve, = An,
where A? is the normalization factor. The asterisk (*)
indicates the complex conjugate. The integration
yields distinet solutions for the £3-dependent func-
tions,

fn(E3) = DS = gn(s) = (1/A%)g%(E),
(&) = ) = 8nlE) = gn(3)

= baE) = 53 = (1/AL)fAE).

Equation (42) together with Eq. (43) indicate that

the functions f.(&)f*(&) and ¢.(&)g* () are one-

dimensional scalar Green’s function, both satisfying a
one-dimensional equation:

Vilnfts gugt) + En(fuft, gngt) = 86 — £). (44)

After integrating out the £,- and ¢}-dependent
functions, Eqgs. (32)-(40) become convenient two-
dimensional simultaneous equations involving (¢,, £2)
and (£, #3) only. It may be demanded that

{V1 + K0} (0naBrn) (b x 25)(b x25)

43)

= =V + &) |lom®rl| (b xas)(b xa;),  (45)
and
{VL + Ko (pmaTma)bb
= kn(VI + 2) ||0un®ua|| DD,  (46)

where the two double bars bracketing a function
indicates only the scalar is being considered. {..
and ©,., represent anyone of the (¢, £3) functions
corresponding to p,. and ¢,. respectively. With
Egs. (45) and (46), all nine equations in Egs.
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(32)-(40) may be represented by one symbolic
equation,

{vi + T?n - k?n}gmn(gly EZ lsg) ‘Eg)

= (constant)d(, — ":'(1))5(52 — £). 4"
One thus has reduced the problem of solving the
Green’s dyadic to one of searching for an appro-
priate two-dimensional scalar Green’s function.
Exact solutions of Eq. (47) depend upon the coor-
dinate systems employed and the type of boundary
perpendicular to £, = const surfaces considered.
In general, it can be written symbolically

(constant)

Iun = 5 @matlt1, E2)0mmi (&7, £3),
for closed boundary in L ; (48)
constant,
—(—_———_} ﬂomn(sly E2)¢mn(£1; 52),
for open boundary in 1.
In the case of a closed boundary in L, @.m = 0¥,
is the complex conjugate of ¢,.,;; and »* = A2A

AZ and A? are the two normalization factors. In the
case of an open boundary, ¢,. and &,, are the two
independent solutions of Eq. (10a) and »* is a
constant involving the Wronskian of the two in-
dependent solutions. Let

tmn(‘El) & | Eg: Eg) = ‘Pmnl(&; Ez)ﬁzmul(gy Eg);

IN
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4+ 2"’* @ — )V )V

k

+ m (k7 — (b

_kr ("_3» — K
k_]_ Kf,,

— ’]:—: (VL xa)(V}) + (V)(V1 xa,)]

— E)(T5 — EDNV (V)

). %8V + (VT xa0)]

+ b 9 )9 + (Vv
X tuallss & | 8, B)fnE)fA(E); (50)
where
e = {IT,,, — I, if T,—.Tu; (508)
2T72n - 1T12n, if Tvzn - 2T3)'
Symbolically, Eq. (50) may be written as
= 22 XX 2 {8V, <))
X (L) tmafuft},  (61)

where ¢ are the space coordinate differential op-
erators, i.e., V. x a;, V;, and V; and S* (k2 «2)
are the algebraic functions shown in Eq. (50); the
indices ¢ and j run on the terms corresponding to
the vectors a;, b, and b x a,.

In the circular cylindrical coordinate system with
open boundary in r and 6, the solution for Eq. (47) is
(constant) ;acs—s.)

ACOnStant) ¢

gm(n lroJ.) =
v

X {Jn(KmTO)HEIZ) (Kmr)) T Z TO;

HP (ko) ulku), 1 < 10.

Identifying f,.(¢s) with cos k,z and g,(¢) with
sin k,z, in line with Eqgs. (16)—(18), the Green’s

dyadic valid for the case of two parallel conducting
plates is (for r > 7, only)

(52)

) (V. HP xa3)(V3J,) €08 ka2 cos knzy + (V HP)V5JT, xa;5) €08 k2 008 kn2o}

(63)

for closed boundary in 1 ; 49)
‘pmn(gly EZ)&m»(Ez; E:);
for open boundary in 1.
The complete Green’s dyadic is found to be
G(r | 1o)
1 km — Ky + I]zu k.
= Zt TP A2 2 L (V. xa,)(V] xay)
k2
j kll + kll k
G(r|r) = y Z ey L (V. HP xa;) (VT , %2;) €08 k2 €08 ko)
i (K?n ku)(Tfn - kL) (2) o
+ 42 hed (V.H,”YV31d,) cos k,z cos k,z
. 2 _ 2 2
+iyBol o bl = b oy, ke sin b
_ i_ kT(K?,. - k
4 m.,n ﬁka.K?nd
+ z]I :’k {(V . H® xa,5)(J,a;) cos k.2 sin k.2, + (H‘z’aa)(VLJ xa,) sin k,z cos k,z,}
2
i @”—(q;—k—dLl) {(V L H)(J ,a3) cos k.zsin k.2 + (HPa5)(V3J,) sin k.2 cos k,z,) .
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THE INFINITE-DOMAIN GREEN’S DYADIC

The transition of finite- or semifinite-domain
Green’s dyadiec to the infinite-domain Green’s dyadic
may be obtained through a limiting process. Since
the infinite-domain Green’s function has been de-
rived by a number of authors and employed exten-
sively,’'*"® no attempt will be made here to derive
the infinite-domain Green’s dyadic into its final
form. The main purpose here is to show that such
transition is possible.

As an example, take the Green’s dyadic of the
two-parallel-plates case given in Eq. (53). As the
plates recede to infinity, i.e., d — «, the summation
on m goes over to an integral. Written in the symbolic
form of Eq. (51), the transformed infinite-domain
Green’s dyadic g(r | 1) is

06 [0 = T T @8 [ SR k. (54)

In Eq. (54) the order of integration and differentia-
tion operations has been interchanged and the sub-
seript m has been dropped. Evidently, the Green’s
dyadic for infinite domain can be obtained through
a set of auxiliary scalar functions, ‘', as represented
by the integral in Eq. (54). In view of Eq. (52),
Eq. (44), and the fact that ff* is an even function,
after using the addition theorem to perform the
summation on n, I**' may be written

I —% S™H (er)e” ™ dk,  (55)
where
rh = [r, — tor], 2 = |z — 2.

It should be noted that the new coordinate system
has its origin at the source point. This choice of a
new origin may require subsequent transformation
back to the original origin,

An exact solution of Eq. (55) is tedious and is
not easily attainable; however, an asymptotic solu-
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tion which is valid for waves at large distance from
the source may be obtained through the method of
steepest descent.

Assuming that interest is in the accuracy of the
solution only to the order of 1/r{, the zero-order
Hankel function may be expanded into its asymp-
totic form. Retaining only the first term, Eq. (55)
then becomes

—i}r S: Wi ~iks’ —:xr n
.[ (mxr, )l'

At this point, it would deem more convenient to
change the coordinate system from that of circular
cylindrical coordinates to that of spherical coor-
dinates (R, ¢, a); where

dk. (56)

ri = Rsin ¢,
2’ = R cos o.

Under the new coordinate system, Eq. (56)
becomes

—1(1/4) i, 7

I''®) = f (MR sin o)t
X exp [—jR(ksin ¢ + k cos ¢)] dk. (57
It is recalled that
T =« 4+ k. (58)

T is therefore the total propagation factor. Now
for the sake of convenience, instead of k, a new
integration parameter, =, may be employed, such
that

= Tsin 7,
k =T cos r.

The parameter r has the same significance as the
angle which measures the wave normal if T is a
constant; however, in the present case T is not a
constant. In fact, combining Eq. (12), Eq. (59) and
Eq. (58) yields an expression for 7 in terms of r,

(59)

3 _ —[k (b — k) — ki] sin® 7 + 2k, by £ {[k.(ky — ky) — k;]25m47 + 4k||2k72' cong}i (60)
1.2 2[k, sin® 7 + ky cos’ 7] !

where, the subscript 1 and 2 on 7 represents the where

choice of plus or minus sign in Eq. (60). For sim- Ur) = §T(r) cos (r — o). (62)

plicity, the subsecripts on 7* are dropped, assuming
that it is permissible tolv.vork with one wave at
a time. The integral for I**’ becomes

o |
(AR sin ¢)* Jo [rT(r) sin 7)1 ©

=

—RU(7) dT
’

(61)

Examination of the exponent shows that the real
part of U(r) approaches -+ « as k approaches + o,
The saddle point of the integration is determined by

dU/dr = 0, (63)
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which yields

17(ro)/[(d/d7)T()];mr, = tan (70 — ¢).  (64)

The contour of integration, C, is then chosen such
that the path goes through the saddle point, =,
and that the imaginary part of U is constant.
Following the method of steepest descent, the solu-
tion for Eq. (61) is therefore

Si . 5(1_0) e—RU(ro)

I = otz Riemo)’

(65)

where
(7)) = {2T gin T[(g_z; - T) cos (r — o)

— 2 %—'sin (r — go)]}i 66)

The electric field intensity E in infinite domain may,
therefore, be obtained from

o i g BT
E= ; j:. [(8 )(80) 2—‘_“7'11(1’0) W]‘J' dvm (67)

providing that all parameters, including the dif-
ferential operators are properly transformed to the
correct observer and source coordinates in the
spherical coordinate system.

CONCLUSION

The results of separability studies in this work
indicate that the dyadie-vector Helmholtz equation
is solvable by the separation technique in four
cylindrical coordinate systems. It may be noted that
the solutions obtained by the separation technique
are uncoupled, i.e., it i8 possible to solve for one
field of the waves without explicit knowledge of
the other field. Such simplicity may be contrasted
to the coupled field solution that often prevailed
in the past. In the past, free wave solutions in a
bounded anisotropic plasma often has been ob-
tained by direct manipulations of Maxwell’s equa-~
tions and the generalized Ohm’s law. Such manipula~
tions often led to second order differential equations
such that the fields are coupled, ie., the electric
field is solvable in terms of the magnetic field and
vice versa. Except for some special cases, to un-
couple the fields, the order of the differential equa~
tions must be raised beyond two and thereby in-
creases the difficulty in obtaining solutions in simple
form.

The Green’s dyadic constructed through sets of
eigenfunctions for finite or semifinite domain prob-
lems is expressed in terms of differential operators
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which have the advantage of ease of operation over
integral operators.

The form of solutions for infinite domain problems
as shown in Eq. (67) is not exactly of the same form
obtained by Bunkin.’ The most noticeable difference
lies in the manner of operation. Bunkin’s solution
requires two second-order differential operations,
while Eq. (67) requires only two first-order differ-
ential operations. However, the result of Eq. (67)
compares favorably with that obtained by Bunkin.

APPENDIX A

The inhomogeneous equation is

VxV xE — k-E = ]J.,. (AD)
A Green’s equation is assumed
V xV xG — K:G = 1@t — 1,). (A2)

Multiply G from the right into Eq. (A1) and multiply
E from the left into Eq. (A2), subtract and integrate
over the entire space on the source coordinate
yielding

E@) = fG‘J. dv,
+ f {E-V xV xG — (V %V xE)-G} dv,

- f (EK-G — k-E-G} db. (A3)
Using Green’s theorem the second integral can be
transformed into a surface integral. If the Green’s
dyadic satisfies the same boundary conditions the
E field satisfies, the surface integral vanishes.

The dyadics k and K in the third integral may
be expressed in terms of their symmetrical compo-
nents (subscript s) and antisymmetrical components
(subscript a)

k =k + ki, (A4)
K =K, +K.. (A5)

Substituting into the integral, assuming G being
symmetric and reciprocal with respect to r and
I,, it is found that

EK, G — k+E:G =0, if K, =k,;
and
EK,+G — ks E-G =0, if K, = —k,.

Thus, it is shown that for Eq. (20) to hold, the
third integral must also vanish, or

K = k. (AB)
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APPENDIX B

Equations (45) and (46) in essence demand that
the Green’s dyadic be symmetrical. They also imply
a condition for the (&, &) functions such that the
solution for Eq. (44) must be chosen to satisfy

VAV (Fnlts Gngt) = kn(fuft, gnghlasas . (B1)
Equations (45) and (46) along with Eq. (B1) imply

Vi xa; = —V.xa, (B2)
Vi=—-V. (B3)

and
Vi= -V, (B4)

The symbolic form of the Green’s dyadic, as is
given in Eq. (51), cannot be symmetric unless the
source coordinates operator ¥ and the observer
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coordinates operator &' can be interchanged. Of
course, Egs. (B2) through (B4) are not the only
possible conditions that may force the Green’s dyadic
to be symmetric.

The Green’s dyadic is symmetric only in the
coordinate system for which the Green’s dyadic
is constructed. Using variational technique, a given
Green’s dyadic may be transformed to one that is
valid for a problem of different boundary configura-
tion in a different coordinate system. But the sym-
metrical property of the original Green’s dyadic is
not necessarily retained in the transformation. This
is especially true in the case of the Green’s dyadic
for the infinite domain.
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Within the context of an extension of the SUs-symmetry theory recently suggested by Gell-Mann
and further developed by the authors, certain aspects of the theory of the special unitary groups
are examined. The plurality type of a given representation is introduced as the generalization of the
triality concept to SUni: and is shown to be associated with a multiplicative conservation law.
Theorems for the reduction of representations of SU,.: with respect to SU, & U,™ are derived
which are subsequently used to relate plurality type to the existence of fractional eigenvalues for

the generator Y™ of U™,

I. INTRODUCTION

N a recent paper, Gell-Mann' has raised the

question of the possible occurrence in nature of
particles (quarks) which can be associated with the
states of the triplet representations of SU;. Such
particles must necessarily have nonintegral eigen-
values of Q/e if their quantum numbers are to
satisfy the Gell-Mann—Nishijima formula

Q/e =1+ 3Y. (1.1)

In the language of Biedenharn and Fowler,” we
may say that the triplet representations of SU,
have triality type® ¢ # 0, and that the nonintegral
charge associated with the basic quark is a charac-
teristic of all states belonging to representations of
SU, with ¢ # 0. Of course, all particles known at
present have been accommodated within repre-
sentations of SU; with ¢ = 0 for which integral
eigenvalues of §/e follow from Eq. (1.1).

More recently, the authors® have suggested a
theory of strong interaction symmetries, wherein
representations of SU, with { 3 0 can be used for
particles whose charges are integral multiples of
e. It is the purpose of the present paper to provide
the mathematical background necessary for this
theory. Although we believe that much of the
mathematical work to be exhibited is of intrinsic
value, we wish to present it in its physical context.
Accordingly we begin with a review of the content
of our previous paper.*

If new particles are discovered whose isospin and
hypercharge suggest that they belong to representa-

* This research was supported in part by the U. 8. Atomic
Enpergy Commission.

1 M. Gell-Mann, Phys. Letters 8, 214 (1964).

2 L. C. Biedenharn and Earle C. Fowler (preprint, 1963).
See also G. E. Baird and L. C. Biedenharn, paper presented
at the Conference on Symmetry Principles at High Energy,
University of Miami, January, 1964.

8 The definition of triality type for a representation of
SU is given as the n = 2 case of the definition (2.6), below.
( 9‘ C) R. Hagen and A. J. Macfarlane, Phys. Rev. 135, B 432

1964).

tions of SU; with ¢ # 0, then one can postulate
that there exists a new conserved quantum number
for the strongly interacting particles. We refer to
it as Y, to distinguish it from hypercharge
Y = Y™, and specify the following assignments:

(a) Y® = 0 for representations of SU; with {=0,
(b) Y® 3 0 for representations with ¢ = 0.

From (a), we see that Y® = 0 for all particles
known at present. From (b), it follows that one
can arrange that states of representations of SU,
with ¢ 0 correspond to integral eigenvalues of
Q/e by replacing Eq. (1.1) by

Qle=1,+3Y® +31Y®, (1.2)

In order to provide a definite framework within
which our postulates can be realized, we propose
the extension of the symmetry group of the strong
interactions from SU, @ U®, where U® is the
gauge group generated by Y, to SU,. This ex-
tension, of course, is the analog of the previous
extension of the strong interaction symmetry group
from SU, @ U™, ie., isospin and hypercharge
symmetry, to SU,. The realization of the above
ideas follows if one assumes that the SU, theory
uses only representations of SU, with quadrality
k = 0. We see this by noting that the representa-
tions of SU; @ U;¥ contained within such repre-
sentations of SU, always associate Y®’ = 0 with
t = 0,and Y > 0 with ¢; 5 0 in such a way that
(1.2) leads to integral eigenvalues of Q/e. The SU,
theory thus developed resembles SU, theory as
it now stands. The question of the occurrence of
representations of SU, with &k > 0 arises, and the
same sequence of ideas repeats. Equation (1.3) leads
to nonintegral eigenvalues of /¢ for states of repre-
sentations of SU, with & # 0. So one can postulate
again & new quantum number Y’ whose assign-
ments, made in analogy with those for Y ®, are
such that replacement of (1.2) by
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Qe =L +3Y® +37¥ +1r%  (13)

obviates the occurrence of nonintegral eigenvalues
of @/e. Then as before we can realize this situation
by extending the strong interaction symmetry group
from SU, ® U®, where U® is generated by ¥,
to SU,, agreeing to use only representations of SU;
of quintality ¢ = 0. In this way a finite hierarchy
of unitary symmetry theories can be generated,
each with its appropriate definition of Q.

Of central importance in the theory outlined
above is the concept of triality type for representa-
tions of SU; and its generalization to SU,.,, which,
for want of a better alternative, has been given the
generic name, plurality type.” In Sec. II, after a
preliminary discussion of notation, we define plural-
ity type and obtain its most important property,
namely its conservation modulo (n 4 1). We also
define a multiplicative quantum number closely
related to plurality type. In Sec. III, theorems are
derived for the reduction of representations of SU,.,
with respect to the subgroup SU, @ U™. These
are used to relate the occurrence of fractional eigen-
values of Y™, canonically defined by such a sub-
group ineclusion, to the plurality type of representa-
tions of SU,,,. We then prove that the successive
definitions of Q/e have the properties claimed above.

II. DEFINITION AND PROPERTIES OF
PLURALITY TYPE

We begin by discussing the relationship® of ir-
reducible representations (IR’s) of unitary groups
to Young diagrams. It is well known that IR’s of
U,,, may be uniquely characterized by a set of
integers

[f]nn = [fu 12; fn+1] (2-1)

such that f; > fi. fors = 1, - -+, n. It is sufficient
for present purposes to note that those IR’s with
fs+1 = 0 can be placed in one-to-one correspondence
with Young diagrams of (n 4 1) rows, f; being
the number of boxes in the sth row. On restriction
from U,,, to SU,.,, IR’s of U,,, remain irreducible,
but no longer do inequivalent IR’s remain inequiv-
alent. Indeed, the representations [fl,.,; and [f']...
of U,., become equivalent representations of SU,.,
if

¢ The concept of plurality type is implicit in the work of
H. Weyl, Lecture Notes, Princeton University, Princeton,
New Jersey, (1935). See also E. Stiefel, Commun. Math.
Helv. 14, 350 (1943). We thank the referee for having drawn
our attention to these sources.

8 For proof of the statements made in this paragraph, see

M. Hamermesh, Group Theory (Addison-Wesley Publishing
Company, Inc.,, Reading, Massachusetts, 1962), Chap. 10.

AND A. J. MACFARLANE

fi—fi=e 2.2)
for all 7 and some integer ¢. Hence we can and
always do arrange to have f,., = 0 for all IR’s

of 8U,.,. In other words, the IR’s of SU,.; can
be put into one-to-one correspondence with Young
diagrams of n rows and can thus be characterized
by the more appropriate notation

{l}n = {ll; v ln}l (2'3)

where

;2 0l for 1=1,---n—1,

and
I, >0.

In view of the common usage of the highest
weight notation” for IR’s of SU,.,, it is desirable
to make explicit its relation to the notation (2.3).
An IR of SU,,, can be uniquely characterized by
the valuesA; > 0,7 = 1, - -+ | n of the n components
of its highest weight

W = Ay Ay o0, A (2.4)

If {1}, and (A), are the respective notations for the
same representation of SU,.,, the I, and A; are
related by

)\i=li—li+1y 'i=1,2,---,n——1 (253')

and
M=l (2.5b)

One can regard the A; as giving the number of boxes
by which the ith row of the Young diagram of {i},
projects beyond the (z 4+ 1)th row.

We may now give the definition of the plurality
type p{l}. of the IR {i}, of SU,,, in the form

p{l}» = i L,

i=1

modulo (n + 1),  (2.6)
which for the special case of SU; reduces to the
definition of triality type given by Biedenharn and
Fowler.” The importance of the concept of plurality
type in the representation theory of SU,,, stems
from the following theorem.

Theorem. For all {k}, that occur in the direct
product

{1}, @ {m}., 2.7

one has

pikls = p{l}. + p{m},, modulo(r +1). (2.8)
"See G. Racah, “Group Theory and Spectroscopy,”’
Lecture Notes, Princeton University, Princeton, New Jersey

(1951).
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The proof follows directly from the Littlewood
method® of performing the explicit reduction of
direct products, a technique which has been applied
by Edmonds’® in the n = 2 case (SU;). This method
involves the addition, in as many different ways
as are allowed, of a total number m = D 7., m;
of boxes to the Young diagram of {l}, to form a
Young diagram with (I + m) = > ., (; + my)
boxes and at most (n 4+ 1) rows. Allowed ways are
those which are in accordance with a clearly stated
set of rules, whose precise nature need not concern
us here. To each one of the distinet allowed ways
of obtaining a suitable Young diagram, there cor-
responds one and only one irreducible constituent
of the direct product (2.7). If the Young diagram
of any such irreducible constituent {k}, has n rows
or less, we have k = Y "_, k; = 1 + m, so that the
result (2.8) follows directly from the definition (2.6).
However, if the Young diagram has (n + 1) rows
with z (x > 0) boxes in the last row, we can replace
it by an equivalent Young diagram with z less
boxes in each row, and in particular, no boxes in
the last row. Calling the IR of SU,,, to which the
latter Young diagram corresponds {k},, we get k =
{ + m — (n + 1)z, which again implies (2.8), thus
completing the proof of the theorem.

Instead of introducing plurality type as a quan-
tum number which is conserved modulo (n + 1)
for IR’s of SU,.,, we may introduce the conserved
multiplicative quantum number

P{l}, =

exp [2mip{l}./(n + 1)]. 2.9)

Clearly the result
P{k}. = P{l}.P{m},

follows from the theorem.

Finally, in preparation for the next section, we
fix a suitable notation for the IR’s of the group
U, to which the remarks made at the start of this
section do not apply. The group U, is a one param-~
eter Abelian gauge group, and, in general, the
quantity e** for any real number y is an IR of U,
corresponding to the element ¢** of the group. We
refer to the IR as y without any brackets. In the
case of the hypercharge gauge group discussed in
the next section, the allowed numbers y are the
eigenvalues of the generator Y of the gauge group.

8 See D, E. Littlewood, Theory of Group Characiers and
Matriz Representation of Groups, (Oxford University Press,
Oxford, England, 1940), pp. 91-98.

( 9:5 éA) R. Edmonds, Proc. Roy. Soc. (London) A268, 567
1 .
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We now turn to the derivation of an important
theorem for the reduction of a representation of
SU,.,, with respect to the subgroup SU, Q U™
of SU,,,. It will be noted that the intended theorem
contains a statement of the allowed values of Y™,
the generator of U{™, within any representation
of SU,,,. It is also worth pointing out that the
subgroup SU, @ U™ is precisely that used by
Biedenharn® to provide a canonical method of
labeling basis states of representations of SU.,.:.

It is sufficient to give a detailed treatment of the
special case of the reduction of a representation of
SU; with respect to SU, ® U, Y* = Y (hyper-
charge) being the generator of U{*. The generaliza-
tion of the result to the case of SU,,, and the
method of obtaining it, can in this way be made
obvious. The problem for SU; has, of course, al-
ready been solved by many people, some of whom"!
employ methods related to ours, while others'
utilize completely different approaches.

The essential tool is the Weyl formula for the
character of an IR [I]; = [l,, I, 5] of U; corresponding
to an element of U, with eigenvalues ¢; (Je;] = 1,
1 =1, 2 and 3). We use only the I; = O case of this
formula, so that the IR [I}, I;, 0] — {l, I,} = {i}.
on restriction to SU;. In terms of the ¢; this re-
striction is expressed by

aeey = 1. (3.1)
The formula in question is obtained from"
X([l]3: €1, €2, 63)
1.+2 lst+1l 1 2
€1 € € € € 1
=l & el +la e 1 (3.2)

1,+2 la+1 1 2
&' &' € €3 €3 1

for general [I}; by setting I, = 0. A simple manipula-
tion on the rows of the determinant in the numerator
casts the right side of (3.2), with I; = 0, into the form

107, C. Biedenharn, J. Math. Phys. 4, 436 (1963). See
also L. C. Biedenharn, “Group Theoretical Approaches to
Nuclear Spectroscopy’’ in Lectures in Theoretical Physics,
edited by W. E. Brittin et al. (Interscience Publishers, Inc.,
New York, 1963), Vol. 5.

11 J, E. Wess, Nuovo Cimento 15, 52 (1960); M. Ikeda,
8. Ogawa, and Y. Ohnuki, Progr. Theoret. Phys. (Kyoto)
22, 715 (1959); S. Okubo, Progr. Theoret. Phys. (Kyoto)
27, 949 (1962); A. J. Macfarlane, E. C. G. Sudarshan, and
C. Dullemond, Nuovo Cimento 30, 845 (1963).

127, C. Biedenharn, Phys. Letters 3, 254 (1963) and
lectures cited in Footnote 10; D. L. Pursey, Proc. Roy.
Soe. (London) A275, 284 (1963); N. Mukunda, (private
communication).

1 H. Weyl, Theory of Groups and Quantum Mechanics
(Dover Publications, Inc., New York, 1931), p. 381.
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141 1
(51 - 52)_l g ;) (€;€; - 616;)6:51“’—1_'_', (3.3)
formulas of the type
a™t =" = (a — b) f,: a’b™’
having been used to cancel the factors (e, — ¢)

and (e, — ¢) of the determinant in the denominator.
We can replace the summation in (3.3) by a sum-
mation D ' .. Dl since the part D'z, Dl
of the summation in (3.3) is a symmetric sum over
an antisymmetric summand and thus vanishes. Then
setting m, = r, — 1 and m, = s we get

x([l1, lz; 0]: €1, €2, 63)

I Ia

= Z Z x([my, m.], e, fz)félﬂ'_m’—m', (3.4)
my=ly Mma=0
where
ettt o 6 1
x([my, ms), &, &) = - (3.5
et e e 1

is the character of the IR [m,, m,] of U, correspond-
ing to an element of U, with eigenvalues ¢ and e,.
We use (3.4) only for elements of SU, and write

X({ln lz}y €1, €2, 53);

the restriction (3.1) being implied by the fact that
the IR argument of x is an IR of SUs,.

We now go on to consider the restriction of the
element of SU; to an element of the subgroup
SU, @ U® of SU,. In physical language we re-
strict attention from the general SU;-symmetry
transformation to the product of isospin and hyper-
charge gauge transformations. Isospin and hyper-
charge transformations are described by matrices
which when diagonalized have the respective forms

d 0 offxt 0 0
0 & 00 o 0 3.6)
0 0 1l o 4%
with |¢] = [9] = 1. The corresponding product
matrix is
e*n* 0 0
0 iyt o0, 3.7)
0 o0 g

so that we must examine the element of SU; with
eigenvalues

a=¢p, e=¢ht, &=1q7 3.8

A. J. MACFARLANE

restriction (3.1) being automatically satisfied. We
thus obtain the character of the IR {l,, I,} of SU,,
corresponding to the element of SU; specified by
(3.8), as a compound character of SU, Q U??,
and hence discover that IR’s of SU, & U{® are
contained in the IR {I,, I} of SU;. Equations (3.4)-
(3.8) give

X({ll; ZZ}: 5*77*) é_%fl%, 77‘%)
ll

= E 3 X({ml -

Mmy=ly ma=0
We conclude that the IR {I;, l,} of SU, contains
within it the IR {m, — m,} @ Y of SU, ® U,
where

mi+me—3(la+ls)

mZ} ’ 5*7 e_%)ﬂ

(2)

yoo=myt+me— 3+ L) 3.9)

once and only once for each pair of integers m, and
m, allowed by the inequalities

Lzm >1L2>m>0. (3.10)

This is to be recognized as a nontrivial refinement
of a result given by Weyl."*

Since in particle physics, it is customary to use
the highest weight notation for IR’s of SU;, we
use Eq. (2.5) to translate this last result into the
statement that the IR (A, A;) of SU; contains within
it an (I, Y) multiplet with I and Y values given
by

2 = m, — m,,

Y =m + m; — %()\1 + 2)\2) (3-11)
for each pair of values of m, and m, allowed by
)\1 + )\2 _>_ m,y _>_ 7\2 Z ms 2 0. (3.12)

We note that Eqgs. (3.11) and (3.12) exactly re-
produce the result stated without proof as Egs.
(2.8)-(2.10) of the last-named paper of Footnote 11.

The derivation of a reduction theorem for SU,,,
analogous to that contained in Eqgs. (3.9) and (3.10)
for SU, proceeds along the same lines and we there-
fore confine ourselves to a statement of the result.’

The IR {l}, of SU,,, contains within it the IR
fmy —my, -, muy — m) Quy™ of SU, Q UM,

where y ™ is given by

m — nl/(n + 1),
m = "Em;

i=1

(n} __
y =

n
l = Z li ’
i=1
14 H, Weyl, Ref. 13, p. 391. .
15 Such a result has been obtained in g different manner by
I. M. Gelfand and M. L. Cetlin, Dokl. Akad. Nauk SSSR 71,
825 (1950). See also G. E. Baird and L. C. Biedenharn, J.
Math. Phys. 4, 1449 (1963). We thank the referee for having
drawn our attention to these sources.
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once and only once for each distinct (ordered) set
of integers m,, m, - - - m, allowed by the inequalities

ham2bLb-2L2m20.

This also is to be recognized as a nontrivial generali-
zation of a result given by Weyl."

We can now show how the occurrence of fractional
eigenvalues of Y in any IR {I}, of SU,., is re-
lated to the plurality type p{l}. of the representation,
In the case of SU,, the values of Y® = Y that
occur in {l,, l,} follow from (3.9) and (3.10) and are

%(ll + lz) - ln %(lx + lz) -4
+1-- %(lx + lz) - 1: %(ll + lz)-
Herein the spacing in unity and each value y®’

of Y® is of the form

¥y = {l}, + h
for some integer h. Thus, according to whether the
triality type of an IR of SU; is 0, 1, 2, its allowed
hypercharge eigenvalues are of the form “integer”,
“integer plus one-third”, ‘“integer plus two-thirds”.
This can be summarized in the operator relationship

P{l}; = exp 2m Y],

which follows from Egs. (2.9) and (3.13). Similarly,
we see that the allowed values of ¥™ in the IR
{1}, of SU,,, are

l/(n + 1) - ll)

(3.13)

/n+1) -1
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+ 1, "'»l/(n-l_l)_ 1, l/(n+1))

where | = »."_, l.. As expected, the spacing is
unity and each y ™ is of the form

y™ =p{ll/a+ 1)+ h (3.14)
for some integer k. The equivalent operator relation-
ship is

P{l}, = exp [2mY™]. (3.15)

Either Eq. (3.14) or Eq. (3.15) may be regarded
as containing the desired relationship between the
plurality type of the IR of SU,., and the oceurrence
in the representation of fractional eigenvalues of ¥{™.

Finally, we show that the successive definitions
of Q/e, Egs. (1.2), (1.3), ete., each lead to integral
eigenvalues in their appropriate contexts. It is suffi-
cient to consider Eq. (1.2) within the SU,-symmetry
theory which uses only IR’s {i}; of SU, with k =
p{l}s = 0. Consider any representation {m, — ms,
my — mg} ® y* of SU; ® UL, where y® =
my + my + my — 3(l, + 1, + 1), contained within
such an IR {I}; of SU,. We note that iy® is of
the form 3¢ plus an integer where ¢ = m, + m, —
2m; = m; + m, + my;, modulo 3, is the triality of
{m; — ms, m, — my}. Also from (3.11) it follows
that all the values of (I, + 1Y) contained in
{m, — my, my — m,} are of the form integer minus
3t, so that the same is true for all values of (I, + 1Y).
Hence we see that Q/e, as given by Eq. (1.3), has
integral eigenvalues.
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The solution of a singular integral equation of the form

Y(w, wp) = —‘l - 1 f

p(wly wo) 'p(wly wo) do,
w1 W =™ Wy — 'LE

is obtained. The equation first appeared in the attempt of Killén and Pauli to solve V — ¢ scat-
tering in the Lee model. The methods developed by one of us to solve that problem are turned to

solving the integral equation itself.

I. INTRODUCTION

N discussing the Lee model,' Killén and Pauli’
encountered an integral equation for the V — 6

scattering states which they were unable to solve;
this equation was not of the usual singular type
often found in particle physics.>"* Since then, one
of us has solved V — 6 scattering in the Lee model®
by a different approach, which is extended in the
present paper to yield a solution to the integral
equation of KP.

In obtaining the solution, we use physical argu-
ments (such as the relation of the Lippmann-
Schwinger equation to the Schridinger equation)
as a guide, but the result, checked by direct substi-
tution, is quite rigorous. It is not however the most
general solution. Rather than obscure the origin of
our arguments we rely heavily on the previous work
in the Lee model’; we do not wish to imply by this
that our method or results are restricted to that
model.

In Sec. II we present the integral equation and
our solution. In Sec. III, using a method developed
by one of us,® we derive an integral equation for
the scattering amplitude, simply related to the equa-
tion of KP; we then derive an expression for the
scattering amplitude by the methods of VCLM.
In Sec. IV we show by direct substitution the validity
of our solution.

* Supported in part by the National Science Foundation.

t National Science Foundation Cooperative Fellow.

1'T. D. Lee, Phys. Rev. 95, 1329 (1954).

? G. Killén and W. Pauli, Kgl Danske Videnskab. Selskab,
Mat.-Fys. Medd. 30, No. 7 (1955). This paper will be referred
to as KP.

3 R. Omnes, Nuovo Cimento 8, 316 (1958).

4 N. Muskhelishvili, Smgula,r Integral Equations (P.
Noordhoﬁ' Litd., Groningen, The Netherland, 1953).

SR. D. Amado, Phys. Rev. 122, 696 (1961), referred to
as VCLM.

¢ R. D. Amado, Phys. Rev. 132, 485 (1963).

I

The integral equation encountered by KP for the
V — 6 scattering states in the Lee model can be
written in the form’

_ 1 1 Imh)de’ P, w)
\b(w, wo) = w 1r f,. w/ + © — wp — ie h(wo — wl),
)
where we define
h(w) = w + Y (wl) ey AWy Gy )

® wl(wl - w)

U(w,) is an arbitrary real function bounded on the
interval of integration and vanishing at both ends
thereof. U must be further restricted so that the
only zero of h(w) occurs at w = 0, and so that the
quantity Z, defined by

_ % fw Ulw,) do, = lim h(w)

w—ow @

Z =1

exists and satisfies 0 < Z < 1. The lower limit u
is a positive real number. We find that h(w) is
analytic in the complex plane cut along the line
p < w < o, with

Im h(w + 70) = Im k(w) = 0U(w),

and that h(w) is real for < p.°

Equation (1) defines a function ¢ of » with a
pole at w = 0 and a branch cut on the line — o <
o < w, — p, with the discontinuity across the

7 In the notation of KP, we have defined ¢ by

7 (@) ¥o,0)
ok, ko 2V (w0l hlwo — @)

An over-all correction of sign in Eq. (57) of KP has been
included in (1).

8 In the notation of VCLM, U(w) is guf(w)(e? — s2)t/8/4rw
and h(w) is w[l — B(w)]-

) = Oxx. + 577
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branch cut at the point w related to ¢¥(ws — w, wo)-
This equation therefore differs from the standard
singular equation encountered in particle physies®
and elasticity theory* in that the discontinuity of
the function at a point is not related to the function
at that point. For that reason KP were unable to
solve the equation. In this paper we present a
particular solution of Eq. (1) obtained by a means
different from that of Omnes and Muskhelishvili.
That solution is given by

=) [ 2A(e, 00 ]
‘p(wy wo) - ® — W {wh(wo) 1-— h(wo)A(wﬂy wO) '
@)
in which we define
1 ® (o dwl
Aw, w) = _"r_[“ (0 + & — wp — te)h{w, — w;)
1
X Im m @)

In the complex w plane, A is analytic except for
a left-hand cut — » < w < w, — g; the discontinuity
across the cut is purely imaginary if and only if
wo < 2u° The analytic properties possessed by
¥(w, wo) of Eq. (3) are in agreement with the analytic
properties ascribed by the integral equation (1) to ¢,
and we show in Sec. IV by direct substitution that
it satisfies the equation.

I

The problem in obtaining a solution to (1) is to re-
late the equation to the solution for the V — 4 scat-
tering amplitude obtained by a different method.®
Since (1) was encountered by KP in solving for
the state vector—that is, in solving the integral
form of the “Schrodinger equation”—we attempt
to find a corresponding * Lippmann—Schwinger equa-
tion” for the ¢ matrix. This can be derived by
methods recently presented by one of us.® Adapting
these methods to the Hamiltonian for the VN9
system given in VCLM, we may derive an integral
equation for the V — 6 scattering amplitude of
the form

Hw, wo) = blw, wo) + ; blw, @G’ ),  (5)

where the Born term is given, in the notation of
VCLM, by

9" ulwyu(w,) 1
20 (o)) E—m —ow — w’ ®)

1’ This condition corresponds to no production of 6 par-
ticles.

b{w, w,) =

INTEGRAL EQUATION 1341
and the V propagator by
Gw) = 1/ME — m — ). ™
Letting £ = m + wp + ¢, defining
20 }
Vo o) = 220k _ye uy @

g * ulwyulwn)

and writing the summation as an integral, we find
that we have generated Eq. (1).

The dispersion-theoretic methods utilized in
VCLM lead to an expression for the transition
amplitude off the energy shell, which should be
simply related to ¢ of (5). Contracting first the
V particle from the left, and then the 6 from the
left in (VoS | V6i"’), we obtain, in the notation
of that paper, an expression analogous to T(w)
of VCLM.:

T(w, w) = Lj,( ©)

Using the definitions of K and F as given in VCLM,
we obtain

290,)! (0 {f] SXS || V652
uwy) S+ w—w, — m— 1e

W) _K@)FW, o)

o + 0 — wy — e

T(wy wO) = Z

Kk @

(10)

We note that T'(w,, wo) is equal to T'(w,), giving the
correct result on the energy shell.

Results derived or quoted in VCLM lead to an
expression for T in the form

T(w, wo) = (92/ w){wo/hlwo)] + 9*N(eo) A (w, )
= Tl + sz
where A (w, w) is given by Eq. (4) and N(w,) by
N (o) 1+ 9—2h(wo)T(wo; wo) (12)
2[1 — h{wo)Alwo, wo)] ™" (13)
The last expression results from Egs. (11) and (12).
As a function of the complex variable w, T (w, w,)
has a simple pole at w = 0 and a branch cut along
the line — o < w < @y — u; the integral equation
(1) assigns the same analytic properties to ¥ (w, wo).
Attempting to match residues at the pole, and
recognizing that 1 — B represents® the effects of

taking the V particle off the energy shell, we try
a solution of the form

Yo, wo) = (1/¢")[hlwo — w)/ (@ — wo)]T(w, wo),
giving the result quoted in (3).

1)

]

i

(14)

v

The validity of the ansatz (14) is proved by direct
substitution in the integral equation. Defining ¢,
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(2]
ol
ol

b

F1a. 1. Contours of integration.

and N(w,)¢, as the terms generated, respectively,
by T, and T, of (11) upon substitution in the inte-
gral of (1), we seek to show that

Yo, wo) = ¢ + Nop — 07"
To calculate ¢,, given by
—w 1 Im h{w') do’

h(wo) T L 0@+ — w— e —w, — te)’

¢ =
we use the property h(w — #0) = h*(w + 40) to
write

h(o') deo’

o' (@ + @ —wy — 16)(w —wo — t€)’

—Wo 1

¢l = h(wo) :?_‘Il'—i

where the contour (', comes from « to u just below
the real axis and returns to « just above, as in
Fig. 1. Closing the contour by a large circle C,
for which the contribution to the integral vanishes,
we find by the calculus of residues that

1 h(b)o - w) _Wo _ l.

@ W — w h(wo) ®

¢ = (15)

To calculate ¢,, given by

6 = lf Im h{w,) dw,
P x ), (tw— w — o) — w — e
17" o’ do’ -1
X - ],: (@ + @, — wp — T)h(w, — w) h(w')’

we can justifiably reverse the order of integration.
Denoting by I the result of the integration over w,,
we obtain, by the above method,

h(wo — o) | hlw)  hlwo — w)
I= W' (w — w) + waw w(w’ — w)
=1,+4+ 1z + I..

We then define ¢ = ¢os 4+ ¢25 + ¢2¢ in a corre-

R. P. KENSCHAFT AND R. D. AMADO

sponding manner, finding immediately that

(@)™ (16)

-1
Py =0 —
and

G5 = —h(wo) Alwo, wo)‘*’—l (17)

To obtain a recognizable expression for ¢.c,
given by

_ Mao —w) [° o' do’ 1
$zc = wr .[,‘ (o — w)hw, — w) h(w')’

we again attempt to form a closed contour of inte-
gration. Since the integral now has a left-hand
branch cut from w, — p to — «, we must introduce
the contour C; of Fig. 1, obtaining

_ hlwo — w) 9§ o' do'
$ac = w2mi (@ — whlw, — o )h(w)
C14C3—Cs
hw, — ) o’ dow’ .
w2m s (@ — Wh(w, — & )h(w)

The first integral may now be evaluated by residues,
yielding

(18)

where ¢o3; is the integral over C; that, after re-
converting to a line integral and changing the vari-
able of integration, reduces to

bos = h(wo — w) f =

(0 — wp) do’

+ o — w, — te)h{wy — o)

X Im 19)

1
h(w')
h(wo

_ _—_:;“’_) [‘:"f Ao, w) — Aw, wo)j]-

Wo

Collecting terms, and using (13), we find that

¢ + N(‘*’o)‘i’z —w = ¥,

as desired.

Thus we have shown that (3) satisfies the integral
equation (1); it is, of course, a particular solution
of (1). Arbitrary amounts of the solution of the
homogeneous equation corresponding to (1) can be
added; however, we do not know the form of these
homogeneous solutions. Nevertheless, it seems clear
that (3) is the particular solution appropriate to a
unitary V — @ scattering amplitude, for reasons
analogous to those given in VCLM.
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A method is explained for the calculation of the reduction of direct products of irreducible repre-
sentations of SU(3). The method is believed to be simpler and more efficient than the usual algorithms.

HIS note explains a method for the calculation

of the reduction of direct products of irreducible
representations of SU(3). This method is both
simpler in its foundations and more efficient in its
application than the usual methods, based on Young
tableaux or weight diagrams. No attempt has been
made to search the mathematical literature, but I
believe the method to be new.

The method proceeds in two steps: First we
decompose the direct product of two irreducible
representations into a direct sum of certain special
reducible representations, which will be defined
below. Then we decompose the special reducible
representations into a direct sum of irreducible
representations.

We shall use the familiar characterization' of
irreducible representations of SU(3) as the trans-
formations induced on irreducible tensorial sets by
unitary unimodular transformations of a three-
dimensional complex vector space. In particular,
we shall denote by D™™—or, for brevity, simply
by (n, m)—that irreducible representation which
has as its basis the set of all tensors with n upper
indices and m lower indices, that are completely
symmetric among the upper indices, completely
symmetric among the lower indices, and traceless
(the contraction of any upper index with any lower
index gives zero). The dimension of (n, m) is the
number of linearly independent tensors of the speci-
fied type. It is a simple exercise in combinatorics
to calculate that

dim (@, m) =3n+ )m+ D+ m+2). Q)

We shall also need certain special reducible repre-
sentations, which we shall denote by D™ ™" —or,
for brevity, simply by (n, n’; m, m’). The representa-
tion (n, n’; m, m’) is defined as that representation

* Work supported in part by the Air Force Office of Scien-
tific Research, under Contract No. AF 49(638)589.

! See, for example, R. Behrends, J. Dreitlein, C. Fronsdal,
and W. Lee, Rev. Mod. Phys. 34, 1 (1962); J. J. de Swart,
Rev. Mod. Phys. 35, 916 (1963). These articles contain ex-
tensive references to the earlier literature.

which has for its basis the set of all tensors with
n -+ n’ upper indices and m 4 m’ lower indices,
that are completely symmetric among the first »
upper indices, completely symmetric among the lagt
»n’ upper indices, completely symmetric among the
first m lower indices, completely symmetric among
the last m’ lower indices, and traceless. Roughly
speaking, (n, n’; m, m’) may be thought of as the
direct product of (n, m) and (#/, m’) with all traces
removed, but without any symmetrization.

It is a simple matter to decompose the direct
product of irreducible representations into our
special reducible representations. We merely sep-
arate out all tensors that can be obtained by con-
tracting, in all possible ways, indices from the set
of n with indices from the set of m’, and indices
from the set of »’ with indices from the set of m.
That is to say,

(n, m) @ (', m’)
=@m,n;mm)Pn—1,2;mm —1)
Em,n~-1;m—1,m)
-1, ~1,m—1,m —-1DP---.

The process terminates whenever we run out of
indices to contract; that is, whenever a zero appears
in the series on the right. In more compact form,

(n, m) Q @', m')

min(n,m’) min(n’,m)

=Y e m— i — i ),
@)

where the summation sign indicates a direct sum.

We now wish to decompose one of our special
reducible representations into direct sums of irre-
ducible representations. In the language of tensors,
we want to decompose an arbitrary tensor from the
basis of (n, m; n/, m’) into a sum of linear combina-~
tions of completely symmetric traceless tensors. Let
us begin with the upper indices. Let

Tl'x"'ini'n+1"'in+n'
jirecimimtrecimim’
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be an arbitrary tensor of the type under discussion.
Let us choose a pair of upper indices; with no loss
of generality they may be 4, and 7,,,. We may write
the tensor as the sum of two tensors, one of which
is symmetric under interchange of these indices, and
the other of which is antisymmetric. Using the
¢ tensor, we may write the antisymmetrie part in
terms of a tensor of lower rank,

rintn’

fa* infntaintn’ — iz
- eki;iu+xTix"'im+m"

kivreccimimtr  fmim’

The surprising fact, which enormously simplifies the
whole reduction, is that this tensor is already
completely symmetric in its lower indices.

Proof: For example, let us take the indices 7,
and j..;. We prove the tensor is symmetric under
interchange of these indices by showing that their
contraction with the e-tensor vanishes,

*tinsn’

ri1dm+r iy
eki:in+1T1'1"'im+m'

él't'liu-hS;':"‘in-f-u' = ¢

Tmtm’
— 81*67,8im + cyclic perms.)

X T3
But, by the tracelessness of T, the right-hand side

of this equation is zero. Similar arguments work
for any pair of indices. Q.E.D.

Thus, the symmetrization is very simple. We may
remove pairs of upper indices, adding a lower index
whenever we do so; or, alternatively, we may remove
pairs of lower indices, adding an upper index when-
ever we do so—but we can never remove both a
pair of upper indices and a pair of lower indices,
for once we have removed a pair of upper (lower)
indices, the tensor is already completely symmetric
in its lower (upper) indices. The process terminates
when we run out of indices. Returning from the
basis space to the representation, we may write the
decomposition in compact form:

— T of1 qim+1
= (8;0: 810

m,n’;m, m') =@ +n,m+ m)
min(n,n’)

&) m+n —2i,m+m 4+ 1)

i=1

min{m,m’)

® X

i=1

m+n +jm+m —2), @)

SIDNEY COLEMAN

where the summation sign again represents the
direet sum,

To demonstrate the efficiency of this method,
we conclude with two examples. All arithmetic is
shown.

Ezample 1: (1, 1) ® (1, 1)
By Eq. (2),

LHRXAD=0,1;1,D0Dd,0;0,1)
@®©,1;1,0 @ (0, 0; 0, 0).
By Eq. (3),
1,151,1)=2,2D 0,3 D B, 0),
1,0;0,1) =Q,1),
©,1;1,0) = (1, 1),
and
(0, 0;0,0) = (0, 0).

The desired decomposition is the sum of all the
terms on the right. If we use Eq. (1) to write this
in terms of the notation in which representations are
labeled by their dimensions, we find the familiar
result

8R8=21O0PIPSP8P1.

Example 2: (2, 2) ® (3, 0)
By Eq. (2),

2,2® 6,0
=(2,3;2,09D@2,2;1,00P 2, 1,0,0).
By Eq. (3),
2,3;2,00=(5,2)D 6,3 D 1,9,
2,2,1,00=(¢1)D2,2)D 0, 3),
and
2,1;0,00 =@3,00P(1,1).
In the alternative notation,
2T®10=81D64@D33B5D3BP22rP10
@ 10P 8.
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